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SPECTRAL RADIUS INEQUALITIES
FOR HILBERT SPACE OPERATORS

FUAD KITTANEH

(Communicated by Joseph A. Ball)

Abstract. We prove several spectral radius inequalities for sums, products,
and commutators of Hilbert space operators. Pinching inequalities for the
spectral radius are also obtained.

1. Introduction

Let B(H) denote the algebra of all bounded linear operators on a complex Hilbert
space H. For A ∈ B(H), let r(A) and ‖A‖ denote the spectral radius and the usual
operator norm of A, respectively. It is well known that for every A ∈ B(H), we
have

(1) r(A) ≤ ‖A‖
and that equality holds in the inequality (1) if A is normal.

In addition to the inequality (1), the most important properties of the spectral
radius are the spectral radius formula

(2) r(A) = lim
n→∞

‖An‖1/n,

a special case of the spectral mapping theorem, which asserts that

(3) r(An) = (r(A))n for every positive integer n,

and a commutativity property, which asserts that

(4) r(AB) = r(BA) for every A, B ∈ B(H).

The property (4) is an immediate consequence of the fact that the spectra of the
operators AB and BA have the same nonzero elements.

It follows easily from the spectral radius formula (2) that if A, B ∈ B(H) are
such that AB = BA, then

(5) r(A + B) ≤ r(A) + r(B)

and

(6) r(AB) ≤ r(A)r(B).
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However, for noncommuting operators, the two-dimensional example A = [ 0 1
0 0 ],

B = [ 0 0
1 0 ] shows that the spectral radius is neither subadditive nor submultiplica-

tive. For additional properties of the spectral radius, the reader is referred to [1].
In Section 2 we establish a general spectral radius inequality, which yields spec-

tral radius inequalities for sums and commutators of operators. Pinching inequali-
ties for the spectral radius are also given. In Section 3 we present a spectral radius
inequality for products of operators.

2. A general spectral radius inequality

Our general spectral radius inequality is based on the property (4) and the fol-
lowing very useful lemma concerning 2×2 operator matrices, regarded as operators
on H ⊕ H. For generalizations and applications of this lemma, we refer to [2], [5],
and the references therein.

Lemma 1. If A, B, C, D ∈ B(H), then

(7) r

([
A B
C D

])
≤ r

([
‖A‖ ‖B‖
‖C‖ ‖D‖

])
.

Now we are in a position to present our general spectral radius inequality.

Theorem 1. If A1, A2, B1, B2 ∈ B(H), then

r(A1B1 + A2B2) ≤
1
2

(‖B1A1‖ + ‖B2A2‖(8)

+
√

(‖B1A1‖ − ‖B2A2‖)2 + 4‖B1A2‖ ‖B2A1‖
)

.

Proof. We have

r(A1B1 + A2B2) = r

([
A1B1 + A2B2 0

0 0

])

= r

([
A1 A2

0 0

] [
B1 0
B2 0

])

= r

([
B1 0
B2 0

] [
A1 A2

0 0

])
(by property (4))

= r

([
B1A1 B1A2

B2A1 B2A2

])

≤ r

([
‖B1A1‖ ‖B1A2‖
‖B2A1‖ ‖B2A2‖

])
(by Lemma 1)

=
1
2

(‖B1A1‖ + ‖B2A2‖

+
√

(‖B1A1‖ − ‖B2A2‖)2 + 4‖B1A2‖ ‖B2A1‖
)

,

as required.

Theorem 1 includes several spectral radius inequalities as special cases. Among
these inequalities, we obtain spectral radius inequalities for sums and commutators
of operators. Pinching inequalities for the spectral radius are also obtained.

Corollary 1. If A, B ∈ B(H), then

(9) r(A + B) ≤ 1
2

(
‖A‖ + ‖B‖ +

√
(‖A‖ − ‖B‖)2 + 4 min(‖AB‖, ‖BA‖)

)
.
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Proof. Letting A1 = A, A2 = B1 = I, and B2 = B in Theorem 1, we have

(10) r(A + B) ≤ 1
2

(
‖A‖ + ‖B‖ +

√
(‖A‖ − ‖B‖)2 + 4‖BA‖

)
.

By symmetry, it follows from inequality (10) that

(11) r(A + B) ≤ 1
2

(
‖A‖ + ‖B‖ +

√
(‖A‖ − ‖B‖)2 + 4‖AB‖

)
.

The desired inequality (9) now follows from the inequalities (10) and (11).
Norm inequalities for sums of positive operators that are sharper than the tri-

angle inequality and that are related to the inequality (9) have been recently given
in [3]. It should be mentioned here that the spectral radius in the inequality (9)
cannot be replaced by the usual operator norm. To see this, consider A = [ 1 1

1 1 ] and
B =

[
1 1
−1 −1

]
. Then

r(A + B) =
1
2

(
‖A‖ + ‖B‖ +

√
(‖A‖ − ‖B‖)2 + 4 min(‖AB‖, ‖BA‖)

)
= 2,

but ‖A + B‖ = 2
√

2.
Recall that the commutator of the operators A and B is the operator AB−BA.

The celebrated Kleinecke-Shirokov theorem says that if the commutator AB −BA
commutes with A, then r(AB − BA) = 0. See, e.g., [1, p. 130]. The following two
corollaries give estimates for r(AB−BA) without any commutativity assumptions.

Corollary 2. If A, B ∈ B(H), then

(12) r(AB ± BA) ≤ 1
2

(
‖AB‖ + ‖BA‖ +

√
(‖AB‖ − ‖BA‖)2 + 4‖A2‖ ‖B2‖

)
.

Proof. The inequality (12) follows from Theorem 1 by letting A1 = B2 = A, B1 =
B, and A2 = ±B.

Corollary 3. If A, B ∈ B(H), then

(13) r(AB ± BA) ≤ ‖AB‖ +
√

min(‖A‖ ‖AB2‖, ‖B‖ ‖A2B‖)

and

(14) r(AB ± BA) ≤ ‖BA‖ +
√

min(‖A‖ ‖B2A‖, ‖B‖ ‖BA2‖).

Proof. Letting A1 = I, A2 = B, B1 = AB, and B2 = ±A in Theorem 1, we have

(15) r(AB ± BA) ≤ ‖AB‖ +
√
‖A‖ ‖AB2‖.

Similarly, letting A1 = AB, A2 = B, B1 = I, and B2 = ±A in Theorem 1, we
have

(16) r(AB ± BA) ≤ ‖AB‖ +
√
‖B‖ ‖A2B‖.

The inequality (13) now follows from the inequalities (15) and (16). The in-
equality (14) follows from inequality (13) by symmetry.

In view of the unitary invariance and the submultiplicativity of the usual operator
norm, utilizing either Corollary 2 or Corollary 3, we conclude the following spectral
radius inequality, which can be used to derive pinching inequalities for the spectral
radius.
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Corollary 4. If A, U ∈ B(H) and U is unitary, then

(17) r(AU ± UA) ≤ ‖A‖ + ‖A2‖1/2.

The pinching inequalities for the usual operator norm assert that if A, B, C, D ∈
B(H), then

(18)
∥∥∥∥
[
A 0
0 D

]∥∥∥∥ ≤
∥∥∥∥
[
A B
C D

]∥∥∥∥
and

(19)
∥∥∥∥
[

0 B
C 0

]∥∥∥∥ ≤
∥∥∥∥
[
A B
C D

]∥∥∥∥ .

It should be mentioned here that the usual operator norm in the inequalities
(18) and (19) cannot be replaced by the spectral radius. To see this, consider
T =

[
1 1
−1 −1

]
. The inequality (17) enables us to obtain pinching inequalities for the

spectral radius.

Theorem 2. If A, B, C, D ∈ B(H), and if T = [ A B
C D ], then

(20) max(r(A), r(D)) ≤ 1
2

(
‖T‖ + ‖T 2‖1/2

)
and

(21)
√

r(BC) ≤ 1
2

(
‖T‖ + ‖T 2‖1/2

)
.

Proof. Let U =
[

I 0
0 −I

]
. Then U is a unitary operator on H ⊕ H,

2
[

A 0
0 −D

]
= TU + UT,

and

2
[

0 −B
C 0

]
= TU − UT.

Thus

2 max(r(A), r(D)) = 2r

([
A 0
0 D

])

= r

([
2A 0
0 −2D

])
= r(TU + UT )

≤ ‖T‖ + ‖T 2‖1/2 (by Corollary 4),

and hence

max(r(A), r(D)) ≤ 1
2

(
‖T‖ + ‖T 2‖1/2

)
.

This proves the inequality (20).
To prove the inequality (21), first observe that r ([ 0 B

C 0 ]) =
√

r(BC). In fact, by
the properties (3) and (4), we have(

r

([
0 B
C 0

]))2

= r

([
0 B
C 0

]2
)

= r

([
BC 0
0 CB

])
= r(BC).
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Thus

2
√

r(BC) = 2r

([
0 B
C 0

])

= r

([
0 −2B

2C 0

])
= r(TU − UT )

≤ ‖T‖ + ‖T 2‖1/2 (by Corollary 4),

and hence √
r(BC) ≤ 1

2

(
‖T‖ + ‖T 2‖1/2

)
.

This completes the proof of the theorem.

We remark that the inequalities (20) and (21) can also be obtained by employing
Theorem 1 in [4], the numerical radius counterparts of the pinching inequalities (18)
and (19), and the fact that the spectral radius of an operator is dominated by its
numerical radius.

3. A spectral radius inequality for products of operators

Our spectral radius inequality for products of operators can be stated as follows.

Theorem 3. If A, B ∈ B(H), then

r(AB) ≤1
4

(‖AB‖ + ‖BA‖(22)

+
√

(‖AB‖ − ‖BA‖)2 + 4 min(‖A‖ ‖BAB‖, ‖B‖ ‖ABA‖)
)

.

Proof. We have

2r(AB) = r

([
2AB 0
B 0

])
(see Problem 71 in [1])

= r

([
I A
0 I

] [
AB 0
B 0

])

= r

([
AB 0
B 0

] [
I A
0 I

])
(by property (4))

= r

([
AB ABA
B BA

])

≤ r

([
‖AB‖ ‖ABA‖
‖B‖ ‖BA‖

])
(by Lemma 1)

=
1
2

(
‖AB‖ + ‖BA‖ +

√
(‖AB‖ − ‖BA‖)2 + 4‖B‖ ‖ABA‖

)
,

and hence

(23) r(AB) ≤ 1
4

(
‖AB‖ + ‖BA‖ +

√
(‖AB‖ − ‖BA‖)2 + 4‖B‖ ‖ABA‖

)
.

By symmetry and the property (4), it follows from the inequality (23) that

(24) r(AB) ≤ 1
4

(
‖AB‖ + ‖BA‖ +

√
(‖AB‖ − ‖BA‖)2 + 4‖A‖ ‖BAB‖

)
.

The inequality (22) now follows from the inequalities (23) and (24).
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We remark that an alternative proof of Theorem 3 can be based on Theorem 1.
Finally, we remark that the spectral radius inequalities presented in this paper

have diverse applications. For example, it is possible to obtain new bounds for the
zeros of monic polynomials by applying some of these spectral radius inequalities
to the Frobenius companion matrices of these polynomials. For relevant analysis,
we refer the interested reader to [4], [5], and the references therein.
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