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Abstract. We show that, if an MCP (monotonically countably paracompact)
space fails to be collectionwise Hausdorff, then there is a measurable cardinal
and that, if there are two measurable cardinals, then there is an MCP space
that fails to be collectionwise Hausdorff.

A space X is monotonically countably metacompact (MCM) if there is an op-
erator U assigning an open set U(n, D) to each natural number n ∈ ω and each
closed set D such that:

(1) D ⊆ U(n, D),
(2) if E ⊆ D, then U(n, E) ⊆ U(n, D) and
(3) if (Dn) is a decreasing sequence of closed sets with empty intersection, then⋂

U(n, Dn) = ∅.
If, in addition, U satisfies

(3′) if (Dn) is a decreasing sequence of closed sets with empty intersection, then⋂
U(n, Dn) = ∅,

then X is said to be monotonically countably paracompact or MCP. MCP spaces
were introduced by the authors and Stares [3], and this (somewhat simplified)
definition was shown to be equivalent by Ge and the first author [5], where it was
also shown that one can assume that U(n, D) =

⋃
x∈D U(n, x) (writing U(n, x) for

U(n, {x})). Note also that, if U ′(n, x) ⊆ U(n, x) for all n ∈ ω and x ∈ X, then
U ′(n, D) =

⋃
x∈D U ′(n, x) also defines an MCP operator.

Without the monotonicity condition (2), conditions (1) and (3′) characterize
countable paracompactness, a covering property which plays an important rôle in
the preservation of normality in products [12, 13]. However, MCM and MCP are
really generalized metric properties: MCM is equivalent to Hodel’s notion of a
β-space and MCP is a generalization of stratifiability, rather than a monotonized
covering property (see [3, 5] for details and definitions).

It turns out that a number of set theoretic results concerning the separation
of closed discrete collections in normal spaces have direct analogues for countably
paracompact spaces. For example, Burke [1] extends Nyikos’s elegant ‘provisional’
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592 CHRIS GOOD AND ROBIN W. KNIGHT

solution to the normal Moore space problem by showing that countably paracom-
pact, Moore spaces are metrizable assuming PMEA, and Watson [14] shows that,
assuming V = L, first countable, countably paracompact spaces are collectionwise
Hausdorff.

When normality is replaced by monotone normality (see [8] for a definition), set-
theoretic assumptions are usually not needed for these theorems, and it turns out [3]
that the same is often true if countable paracompactness is replaced by MCP. For
example, every MCP Moore space is metrizable and every first countable or locally
compact MCP space is collectionwise Hausdorff. Of course, every monotonically
normal space is collectionwise normal and hence collectionwise Hausdorff, so it is
natural to ask whether every MCP space is collectionwise Hausdorff. (A space is
collectionwise Hausdorff provided every closed discrete subset can be separated by
disjoint open sets, i.e. for each x ∈ D there is an open set Ux containing x such
that Ux ∩ Uy = ∅ whenever x �= y ∈ D.)

The answer to this question is somewhat intriguing. Whereas results about
monotonic properties rarely involve set-theoretic assumptions, we prove here that
if there is an MCP space which fails to be collectionwise Hausdorff, then there is a
measurable cardinal, whilst if there are two measurable cardinals, there is an MCP
space that is not collectionwise Hausdorff. We also observe that PMEA does not
imply that MCP spaces are collectionwise Hausdorff.

Our notation and terminology are standard as found in, say [6, 10]. We denote
the set of all natural numbers by ω and the power set of a set A by P(A). All
spaces are regular and T1. An uncountable cardinal κ is measurable if there exists
a κ-complete free ultrafilter on κ (i.e. an ultrafilter, which has empty intersection,
with the property that the intersection of fewer than κ many elements of the filter
is again in the filter). The existence of any countably complete free ultrafilter on
any set implies the existence of an uncountable measurable cardinal.

Theorem 1. If there is a regular MCP space that is not collectionwise Hausdorff,
then there is a measurable cardinal.

Proof. Let X be a regular MCP space and D a closed discrete subset of X that
cannot be separated by disjoint open sets. Let V be an MCP operator such that
V (n, C) =

⋃
x∈C V (n, x), for every closed subset C of X, and (by regularity)

V (n + 1, x) ⊆ V (n, x), for each x ∈ X.

Claim 1. There is a finer regular topology on X with MCP operator U with respect
to which:

(1) D is closed discrete and cannot be separated by disjoint open sets;
(2) each x ∈ X \ D is an isolated point with U(n, x) = {x} for all n ∈ ω;
(3) for each x ∈ D, U(1, x) ∩ D = {x} and U(n + 1, x) ⊆ U(n, x);
(4) U(n, C) =

⋃
x∈C U(n, x), for each closed C ⊆ X;

(5) U(n, A) ∪ U(n, B \ A) = U(n, B), whenever A ⊆ B ⊆ D.

Proof of Claim 1. Refine the topology on X by adding the collection
{
{x} : x /∈ D

}
of new open sets: it is easy to see that the resulting space is again regular, MCP
but not collectionwise Hausdorff.

Define U(n, x) = {x} for each x /∈ D. Since X is regular and D is closed
discrete, for each x ∈ D there is an open Vx such that Vx ∩ D = {x}. Define
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U(n, x) = V (n, x) ∩ Vx. Note that whenever A ⊆ B ⊆ D

U(n, A) ∪ U(n, B \ A) = U(n, A) ∪ U(n, B \ A) = U(n, B).

The other conditions are easy to verify. �

Now, for each x ∈ D, define

Ux =
⋃
n∈ω

[
U(n, x) \ U(n, D \ {x})

]
.

Claim 2. The collection {Ux : x ∈ D} is a pairwise disjoint collection of open sets.
Moreover, there is some x ∈ D such that x ∈

⋂
n∈ω U(n, D \ {x}).

Proof of Claim 2. By monotonicity, if y �= x, then U(n, y) is a subset of the open
set U(n, D\{x}) for each n ∈ ω, so that Ux∩Uy = ∅ and {Ux : x ∈ D} is a pairwise
disjoint collection of open sets. Obviously, as D cannot be separated by open sets,
there must be some x ∈ D such that x /∈ Ux so that x ∈

⋂
n∈ω U(n, D \ {x}). �

Fix such an x and consider the collection

Dx =
{

E ⊆ D \ {x} : x ∈
⋂
n∈ω

U(n, E)
}

.

By the above comments, to show that there is a measurable cardinal, it is enough to
find a subset of Dx that forms a countably complete free ultrafilter on some subset
of D. Certainly, since x is not in Ux, (D \ {x}) ∈ Dx �= ∅, but Dx itself need not
be a filter since, quite possibly, it contains disjoint subsets.

Claim 3. If D a collection of subsets of D such that
⋂

U(n, Gn) �= ∅, whenever
{Gn : n ∈ ω} ⊆ D, then there is some F ∈ D such that G ∩ H �= ∅ whenever
G, H ∈ D and G ∪ H ⊆ F .

Proof of Claim 3. We build a tree T of elements of D with root D and levels Tn,
n ∈ ω, as follows. Given E ∈ Tn, choose if possible some disjoint FE, GE ⊆ E
such that both FE and GE are in D and let the successors of E be FE and GE .
If no such F exists, E has no successors. T is a finitely (two) branching countable
tree and, by König’s Lemma, if it is infinite, then it has an infinite branch, D =
E0 < E1 < E2 < · · · such that (re-labelling as necessary) En+1 = FEn

. Note that
En < GEn

∈ D and {GEn
: n ∈ ω} is an infinite, pairwise disjoint, subcollection of

D. But now {Dn =
⋃

j≥n GEj
: n ∈ ω} is a decreasing sequence of closed subsets of

X with empty intersection, which is impossible, since U is an MCP operator and
yet

∅ �=
⋂
n∈ω

U(n, Gn) ⊆
⋂
n∈ω

U(n, Dn).

Hence T is finite and has some maximal element F ∈ D. �

As x ∈ U(n, E) for all E ∈ Dx, Claim 3 implies that there is some F ⊆ D such
that G ∩ H �= ∅ whenever G, H ∈ Dx and G ∪ H ⊆ F . It remains to show that

F = {E ⊆ F : x ∈
⋂
n∈ω

U(n, E)}

is a countably complete free ultrafilter.
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Since F ∈ F , F �= ∅ and clearly G is in F whenever G ⊇ H ∈ F . Suppose that G
and H are in F . Since x ∈

⋂
n∈ω U(n, G), x ∈ U(n, G) = U(n, G ∩ H)∪U(n, G \ H)

and U(n + 1, A) ⊆ U(n, A) for any A ⊆ D, x is in either G0 =
⋂

n∈ω U(n, G ∩ H)
or G1 =

⋂
n∈ω U(n, G \ H). If G ∩H is not in F , then x is not in G0 but is in G1.

This implies that both G\H and H are both in F , which contradicts the definition
of F . Moreover, if G ∈ F and K ⊆ G, then

x ∈
⋂
n∈ω

U(n, G) ⊆
⋂
n∈ω

U(n, K) ∪
⋂
n∈ω

U(n, G \ K),

so either K or G \ K is in F . Hence F is an ultrafilter.
To see that F is free note that x /∈

⋂
n∈ω U(n, {y}) for any y ∈ F , so that

G \ {y} ∈ F , for any G ∈ F , and
⋂
F = ∅.

Finally, to see that F is countably complete, suppose that Gn ∈ F and G =⋂
n∈ω Gn. If

⋂
n∈ω Gn = ∅, then

⋂
U(n, Gn) = ∅, which is impossible since

x ∈ U(n, Gn) for each n. But then G must be in F , since otherwise Gn \ G ∈ F
and certainly

⋂
n∈ω(Gn \ G) = ∅. �

As a partial converse to Theorem 1 we have the following example.

Example 2. If there are two measurable cardinals, then there is a regular MCP
space that is not collectionwise Hausdorff.

Proof. We use an idea from [4]. Let κ < λ be two measurable cardinals, U a κ-
complete ultrafilter on κ and V a λ-complete ultrafilter on λ. Defining Sα = {β ∈
λ : (α, β) ∈ S } and Sβ = {α ∈ κ : (α, β) ∈ S } for each S ⊆ κ × λ, we have filters

U · V = {S ⊆ κ × λ : {α ∈ κ : Sα ∈ V } ∈ U },
U ∗ V = {S ⊆ κ × λ : {β ∈ λ : Sβ ∈ U } ∈ V },

on κ × λ. Moreover, since U is κ-complete and V is λ-complete, U · V = U ∗ V is a
κ-complete free ultrafilter. For details we refer the reader to [2, 4].

Let the set K = κ + 1 = {α : α ≤ κ} have the topology generated by isolating
each α ∈ κ and declaring open sets of the point κ to be of the form {κ}∪U for any
U ∈ U . Similarly, topologize L = λ + 1 by declaring each α ∈ λ to be isolated and
open neighbourhoods of λ to have the form {λ} ∪ V for some V ∈ V . Let K × L
have the usual product topology and let X be the subspace (K ×L) \ {(κ, λ)}. Let
K0 = {(α, λ) : α ∈ κ} and L0 = {(κ, α) : α ∈ λ}.

Since K and L are both regular, X is regular. The set K0 ∪ L0 is clearly a
closed discrete subset of X and, if X were collectionwise Hausdorff, then the two
disjoint closed sets K0 and L0 would have disjoint open neighbourhoods UK and
UL. Clearly UK ∈ U ·V and UL ∈ U ∗V , but this is a contradiction as U ·V = U ∗V ,
so that UK ∩ UL �= ∅.

To see that X is MCP, note first that it suffices to consider only decreasing closed
subsets of K0 ∪ L0, since all other points are isolated. For each n ∈ ω and each
α ∈ κ let U(n, (α, λ)) = {α} × L and for each β ∈ λ let U(n, (κ, β)) = K × {β}. If
{Dn} is a decreasing sequence of (closed) subsets of K0 ∪L0 there must be some N
such that for all n ≥ N neither {α : (α, λ) ∈ Dn} ∈ U nor {β : (κ, β) ∈ Dn} ∈ V .
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But then, for n ≥ N ,

U(n, Dn) =
⋃

(α,λ)∈Dn

U(n, (α, λ)) ∪
⋃

(κ,β)∈Dn

U(n, (κ, β))

=
⋃

{α:(α,λ)∈Dn}
{α} × L ∪

⋃
{β:(κ,β)∈Dn}

K × {β}

=
⋃

{α:(α,λ)∈Dn}
{α} × L ∪

⋃
{β:(κ,β)∈Dn}

K × {β}.

Hence
⋂

n∈ω U(n, Dn) = ∅. �
So is the existence of an MCP space that is not collectionwise Hausdorff equiv-

alent to the existence of one or of two measurables? This appears to be a hard
question, as the next two results suggest. Theorem 3 says that in any case the car-
dinality of the closed discrete, unseparated set in any example must be greater than
the first measurable, whilst Proposition 4 implies that the structure of the space
described in Example 2 is, without loss of generality, canonical. The construction
of the example really requires the existence of two distinct countably complete ul-
trafilters U and V such that U · V = U ∗ V . We do not know whether this follows
from the existence of a single measurable.

Theorem 3. Let κ be the first measurable cardinal and suppose that X is a regular
MCP space that is not collectionwise Hausdorff. If D is a closed discrete subset of
X that cannot be separated by open sets, then κ < |D|.
Proof. Without loss of generality, suppose that X is as in the conclusion of Claim
1 of Theorem 1 with MCP operator U .

Suppose that D has cardinality no greater than κ and is indexed as D = {xα :
α ∈ λ} for some λ ≤ κ. For each α < κ, let Dα = {xβ : β < α} and let λα be the
cardinality of α. Arguing as in Theorem 1, if xα ∈

⋂
n∈ω U(n, Dα), then there is a

countably complete free ultrafilter on the set α of cardinality λα, contradicting the
fact that κ is the least measurable. Hence there is some open Vα and some nα ∈ ω
such that xα ∈ Vα and Vα ∩ U(n, Dα) = ∅ for all n ≥ nα.

Let Dn = {xα : nα ≤ n} and, for each α, let W (α, n) = Vα ∩ U(n, xα). If xα

and xβ are in Dn, then n is at least as big as both nα and nβ and without loss of
generality β < α. But then Vα ∩ U(nα, Dα) = ∅, which implies by monotonicity
that Vα∩U(n, xβ) = ∅. Hence W (α, n) and W (β, n) are disjoint and Dn is screened
by {W (α, n) : xα ∈ Dn}.

Now let W be the MCP operator defined by W
(
n, {x}

)
= {x}, for x /∈ D

and for x ∈ D, W (n, {xα}) = W (α, nα), n ≤ nα, and W
(
n, {xα}

)
= W (α, n),

for each n ≥ nα. Arguing as in Theorem 1, there is some x ∈ D such that
x ∈

⋂
n∈ω W (n, D \ {x}) and some subset F of D\{x} on which there is a countably

complete ultrafilter F = {E ⊆ F : x ∈
⋂

n∈ω W (n, E)}. Since {W (α, n) : xα ∈ Dn}
separates Dn, if x ∈ Dn,

x /∈ W
(
n, Dn \ {x}

)
=

⋃{
W (α, n) : xα ∈ Dn \ {x}

}
.

This implies that Dn∩F is not in F , so that Fn = F \Dn is in F . But
⋃

n∈ω Dn = D
so that

⋂
n∈ω Fn = ∅, contradicting the fact that F is countably complete. �
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Proposition 4. Let X be a regular MCP space, D a closed discrete subset and A a
subset of D such that A and D \A cannot be separated by disjoint open sets. Then
there is a regular space Y with underlying set X and MCP operator U with respect
to which

(1) U and D satisfy conditions (1)-(5) of Claim 1 of Theorem 1,
(2) A and D \ A cannot be separated by disjoint open sets,
(3) {U(1, x) : x ∈ A} and {U(1, x) : x ∈ D\A} are pairwise disjoint collections.

Proof. Again without loss of generality we may assume that X is as in the conclusion
of Claim 1 of Theorem 1 and has MCP operator V . (The refinement of the topology
in Claim 1 does not introduce a separation of the disjoint closed sets A and D \ A
by disjoint open sets.)

Let X0 = X \D and B = D \A. Choose distinct points zx,y (not in X) for each
x ∈ A, y ∈ B and z ∈ V (1, x)∩V (1, y) ⊆ X0. Let Y = D∪{zx,y : x ∈ A, y ∈ B, z ∈
V (1, x) ∩ V (1, y)}. We topologize Y as follows. If z ∈ Y \ D, then z is isolated. If
x ∈ A, then a basic open set about x takes the form

UW = {x} ∪ {zx,y : z ∈ W ∩ V (1, y) ∩ X0, y ∈ B},

where W is a basic open neighbourhood of x in X. Similarly, basic open neigh-
bourhoods of y ∈ A take the form

UW = {y} ∪ {zx,y : z ∈ W ∩ V (1, x) ∩ X0, x ∈ A},

where U is an open neighbourhood of y in X.
It is easy to check that Y with this topology is T1 and 0-dimensional, hence regu-

lar. Let U(n, z) = {z} for all z ∈ Y \D and U(n, x) = UV (n,x). It is clear that both
{U(1, x) : x ∈ A} and {U(1, x) : x ∈ B} are pairwise disjoint collections. To check
that U defines an MCP operator, it is enough to assume that (Dn) is a decreas-
ing sequence of subsets of D with empty intersection. As V is an MCP operator,⋂

n∈ω

⋃
z∈Dn

V (n, z) = ∅. Suppose that x ∈
⋂

n∈ω

⋃
z∈Dn

U(n, z). Then x ∈ D and
there is some open neighbourhood W of x in X such that W ∩

⋃
z∈Dn

V (n, z) = ∅

for all n larger than some N , which implies that UW ∩
⋃

z∈Dn
UV (n,z) = ∅. Hence⋂

n∈ω

⋃
z∈Dn

U(n, z) = ∅. A similar argument shows that A and B cannot be
separated by disjoint open sets in Y , which, in turn, implies that the points of D
cannot be separated by disjoint open sets. �

Finally we note that PMEA does not imply that MCP spaces are collectionwise
Hausdorff. Levy and Solovay [11] prove that measurability is preserved in mild
Cohen extensions (that is, if λ is a measurable cardinal and P is a forcing poset
of < λ conditions, then λ is measurable in the forcing extension). PMEA holds in
any model obtained by adding supercompact many random reals (see [7]). Hence,
if κ < λ < µ, where κ is supercompact and λ and µ are measurable, then adding
κ many Cohen reals results in a model of PMEA containing two measurables and,
by Example 2, an MCP space that is not collectionwise Hausdorff.
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[11] A. Lévy and R. M. Solovay, Measurable cardinals and the continuum hypothesis, Israel J.
Math., 5 (1967), 234-248. MR0224458 (37:57)
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