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ABSTRACT. We consider the question of which of the major classes defined by
topological diagonalizations of open or Borel covers is hereditary. Many of the
classes in the open case are not hereditary already in ZFC, and none of them
are provably hereditary. This is in contrast with the Borel case, where some of
the classes are provably hereditary. Two of the examples are counter-examples
of sizes 0 and b, respectively, to the Menger and Hurewicz Conjectures, and
one of them answers a question of Steprans on perfectly meager sets.

1. INTRODUCTION

1.1. Selection principles. Let &/ and £ be collections of covers of a topological
space X. The following selection hypotheses have a long history in the case where
the collections &/ and £ are topologically significant.

S1(«/, %) For each sequence {Uy, ey of members of o7, there exist members
U, € U,, n € N, such that {U, },en € B.
Stin(, %B): For each sequence {U, }nen of members of o7, there exist finite (pos-
sibly empty) subsets 7, C Up, n € N, such that | J, . Fn € Z.
Utin (o, %): For each sequence {Uy, } nen of members of .7 which do not contain a
finite subcover, there exist finite (possibly empty) subsets F,, C U,,,
n € N, such that {UF, }nen € B.

1.2. Special covers. Let X be a set of reals. In the following definitions, we
always require that X is not contained in any member of the cover. An w-cover
U of X is a cover of X such that each finite subset of X is contained in some
member of U. U is a T-cover if it is large (that is, each member of X is contained
in infinitely many members of the cover), and for each z,y € X, (at least) one
ofthesets {U eU :x €Uy U} and {U e U : y € U,x ¢ U} is finite. U is
a ~y-cover if it is infinite, and each element of X belongs to all but finitely many
members of the cover. Let O, Q, T, and I' denote the collections of countable open
covers, w-covers, T-covers, and y-covers of X, respectively, and let B, Bo, B, Br be
the corresponding countable Borel covers. The diagonalization properties of these
types of covers were extensively studied in, e.g., [I8 [I1] 20, 24]. Many of these
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606 TOMEK BARTOSZYNSKI AND BOAZ TSABAN

properties turn out to be equivalent [I1l [24]; the classes which survived thus far
appear in Figure [I] (for the open case). Some of the classes which are distinct in
the open case coincide in the Borel case [20].

In the diagram, each property P appears together with its critical cardinality
non(P), that is, the minimal size of a set of reals which does not satisfy that
property. (See [6l 4] for the definitions of these and other constants mentioned in
the paper.) The arrows in this diagram denote inclusion.

Ufm(F 0 VYpin@T) _ Upn(@Q) _ Upn(T,0)
max{s b} 0 0
Spn(TT) __ Spin(T,Q)
b 0
S1(T,T) sl(r T) T 51(F Q9__ 0 . 5((T0)
b ‘ N
Sfin (T, T) o Sfin(T, Q)
min{s, b} ! 0
S.(T,T) S (T, T) T Si(T, ) =~ $1(T,0)
t t ‘ ? ?
Sfin(22,T) L Srin(Q2,Q)
p 0
$1(2,T) $1(0,T) 1.9 50,0
p p cov(M) cov(M)

FIGURE 1. The surviving classes for the open case

1.3. Hereditary properties. If &/ and Z are collections of open covers and II €
{S1,Sfin, Usin}, then II(o7, ) is closed under taking closed subsets [11]. Similarly,
if &/ and A are collections of Borel covers and IT € {S1,S¢in, Ufin }, then II(o7, #)
is closed under taking Borel subsets [20]. We say that a class (or a property) is
hereditary if it is closed under taking arbitrary subsets. A natural question which
rises is: Which of these classes is provably hereditary? We show that some of the
classes in the Borel case, but none of the classes in the open case, are provably
hereditary.

For some of the classes in the open case, no additional axioms beyond ZFC are
required in order to disprove their being hereditary. We describe two nontrivial
examples which are in particular counter-examples to conjectures of Menger and
Hurewicz.

2. THE BOREL CASE
Proposition 1. S;(B,B) is hereditary.

Proof. Assume that X satisfies S (B, B) and that Y is a subset of X. Assume that
{Un }nen is a sequence of countable Borel covers of Y.

For each n, define V,, = U, U {X \ UU,}. Then each V), is a countable Borel
cover of X, and we can choose for each n an element V,, € V,, such that {V,}nen
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HEREDITARY TOPOLOGICAL DIAGONALIZATIONS 607

is a cover of X. Define U,, =V, if V,, # X \ UU,,, otherwise let U,, be an arbitrary
element of U,,. Then {U, },en is a cover of Y and for each n, U, € U,. O

All classes in the Borel case of the top plane of Figure [[] are hereditary.

Proposition 2. For each I1 € {S1,Sfin,Usin} and each B € {B,Bq,Br,Br},
II(Br, B) is hereditary.

Proof. The proof for this is similar to that of Proposition [} If i = {U, }nen is a
countable Borel ~-cover of a subset Y of X, then

By = {x € X : for infinitely many n, x & U, }

is a Borel subset of X disjoint from Y. We claim that V = {U, U By}nen is a
(countable Borel) y-cover of X. It is easy to see that each z € X is contained in
all but finitely many members of V. It remains to show that the cover is infinite.
As Y is not contained in any element of i and By, is disjoint from Y, X is not
contained in any member of V. Moreover, each finite subset of X is contained in
some element of V. Thus, V is an w-cover of X, and in particular it is infinite. O

Problem 3. Which of the remaining classes (which involve Borel covers) are prov-
ably hereditary?

Recently, Miller answered a part of this problem by showing that no class between
S1(Ba, Br) and Sy, (12, T) (inclusive) is provably hereditary [15].

Consistency facts. Borel’s Conjecture, which was proved consistent by Laver,
implies that the class S1(O, O) (and the classes below it) reduces to contain only
the countable sets of reals. Thus, it is consistent that all classes below S;(O, O)
are hereditary.

A set of reals X is a o-set if each Gs set in X is also an F, set in X. By
[20], every element of Sy(Br,Br) is a o-set. It is consistent that every o-set of
real numbers is countable [I4]. Consequently, it is consistent that all classes below
S1(Br, Br) are hereditary.

It is a major open problem whether it is consistent that every uncountable set of
real numbers can be mapped onto a dominating subset of "N by a Borel function.
Such a consistency result would imply the consistency of all classes considered in
this paper for the Borel case being hereditary.

3. THE OPEN CASE

A quasiordering <* is defined on the Baire space "N: f <* g if f(n) < g(n)
for all but finitely many n. A subset Y of "N is dominating if for each ¢ in "N
there exists f € Y such that ¢ <* f. It is bounded if there exists g € VN such
that for each f € Y, f <* g. Cantor’s space “{0, 1} of infinite binary sequences is
equipped with the product topology. Identify N{0,1} with P(N) by characteristic
functions. Also, denote by [N]®° (respectively, [N]<®¢) the collection of all infinite
(respectively, finite) sets of natural numbers.

Assuming Martin’s Axiom (or just p = ¢), there exists X C P(N) of size ¢ such
that X satisfies S; (2, T') but X \ [N]<® does not satisfy S;(2,T) [§]. We will modify
the construction of [§] to get a stronger result. A space X is a 7-set [22] if each
clopen 7-cover of X contains a ~y-cover of X.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



608 TOMEK BARTOSZYNSKI AND BOAZ TSABAN

Theorem 4. Assume that p = c. Then there exists X C P(N) such that X satisfies
S1(Q,T) but X \ [N]<®0 does not satisfy Usin (L, O). (Moreover, X is a T-set and
X\ [N]<®0 is not a T-set.)

Proof. For y C N, define y* = {z CN:z C* y}.

Lemma 5 ([8]). Assume that G is an open w-cover of [NJ<No. Then for each infinite
x C N there exists an infinite y C x such that G contains a y-cover of y*.

Identify P(N) with the collection of strictly increasing functions in "N by taking
increasing enumerations. When a € [N]¥, @ denotes the increasing enumeration of
a.

Let {G, : a < ¢} enumerate all countable families of open sets in P(N), let
{d, : @ < ¢} be a dominating subset of "N, and let {a, : @ < ¢} C [N]*° enumerate
all infinite coinfinite subsets of N. For convenience, for z,y € [N]¥ we define

x’ €T g* y’

z\y, otherwise.

sub(z,y) = {

Thus sub(z,y) € [N]¥, sub(z,y) C z, and either sub(z,y) C* y or else sub(x,y) C*
N\ y.

We construct by induction a dominating subset {#, : @ < ¢} of "N, such that
{xo 1 a < ¢} C[NJ¥ is a (special type of a) tower, as follows.

For a limit «, use @ < ¢ = b = t to get a pseudo intersection p of {z3 : 8 < a}
and a function b € "N which bounds {d_:g : 8 < a}. Choose an infinite ¢ C p such
that b <* ¢, e.g., ¢(n) = min{k € p: §(n—1),b(n) < k}. Then set z, = sub(q, aq).

The successors x,1 are constructed as follows. If G, is not an w-cover of X, =
{zg + B < a} UIN]<Mo| set 2441 = sub(za,anr1) (this case is not particularly
interesting). Otherwise do the following: As |X,| < p, G, contains a ~y-cover of
Xo. By Lemma Bl there exists an infinite p C z,, such that this y-cover (which is
in particular an w-cover of [N]<®¢) contains a y-cover {G}, }en of p*. Observe that
{Gp}nen is a y-cover of {zg : f < a}Up*. Now, as in the first case, take an infinite
q C p such that ¢ bounds {cfg : B < a+1}, and set x411 = sub(q, an41)-

Set X = {7, : @ < ¢} U[N]J<®o. The properties follow, as in Theorems 2.14 and
3.7 of [22]. Briefly: To prove that X satisfies S;(£2,T"), it suffices to show that each
w-cover of X contains a y-cover of X [9]. By the construction, if G, is an w-cover
of X, then it contains a v-cover of {z5: 5 <a}Ux}, DO X.

Each v-set is a 7-set. However, a tower is never a 7-set [22]. X \ [N]<M is a
tower: Let a € [N]¥. Take an infinite coinfinite a, C a. Then either z, C* a,, or
else o, C* N\ ay. Therefore, a €* x,,.

Finally, by a theorem of Hurewicz, a zero-dimensional space X satisfies Uy, (T", O)
if, and only if, for every continuous function ¥ : X — NN, U[X] is not dominating.
As X \ [N]<®0 is dominating, it does not satisfy U ;, (T, O). O

A construction as in Theorem [ cannot give information in the Borel cases: e.g.,
if X satisfies S1(Bq, Br) and A is countable, then X \ A is a Borel subset of X and
therefore satisfies S;(Bgq, Br), too. However, this construction can be strengthened
to obtain a strong y-set [§]. A set X of reals is a strong y-set if, and only if, for each
sequence {U,}nen, where for each n U, is an n-cover of X, there exist elements
U, € Uy, n € N, such that {Up, }nen is a y-cover of X [25].
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HEREDITARY TOPOLOGICAL DIAGONALIZATIONS 609

Theorem 6. Assume Martin’s Aziom. Then there exists X C P(N) such that X
is a strong y-set but X \ [N]<¢ does not satisfy Uy, (T, O) and is not a T-set.

Proof. We carry out the same construction as in Theorem [l but replace Lemma
with the following one, which is also due to Galvin and Miller [§].

Lemma 7 (MA). Assume that X C P(N) is such that |X| < ¢, and x € [N]Y.
Then for each sequence {Up}nen of open n-covers of X U [N]<N0 there ewists an
infinite subset y of x and a sequence {V,}nen such that for each n, V,, € U, and
{Va}nen is a y-cover of X Uy*.

This allows us to carry out the construction where we consider all possible se-
quences of n-covers instead of all possible w-covers. O

4. THE MENGER AND HUREWICZ CONJECTURES
Some of the classes can be treated without any special hypotheses.

Lemma 8. Assume that J C P(R) is closed under taking subsets and continuous
images, and assume that [0,1] € J. Then J = P(R).

Proof. The subset (0, 1) of [0, 1] belongs to J and can be mapped continuously onto
R. Thus, every subset X of R is a continuous image of some subset of (0,1). O

By the definition, every o-compact set of reals satisfies Uy, (I',I"). Moreover,
every o-compact set satisfies Sy;, (€Q2,€2) [II]. Since all of the properties in Figure[Il
are closed under taking continuous images and Uy, (', O) # P(R), we have the
following.

Corollary 9. None of the classes in Figure[ll which contain U, (T, T') orS rin (€2, 2)
is hereditary.

A natural question is whether all nonhereditary sets in these classes are o-
compact. Related questions were raised by Menger and Hurewicz. Menger [13]
conjectured that each set of reals satisfying U ¢;,, (T', O) is o-compact. Hurewicz [10]
had a weaker conjecture that Uy, (I',T") implies o-compactness. A Sierpinski set
is a counter-example to both conjectures [L1], but it was only recently [7, [I1] that
these conjecture were disproved in ZFC. Both refutations use a dichotomic argu-
ment: For an appropriate cardinal k£ > Ry, two independent examples are given for
the case k = N; and for the case k > N;. Our goal in the sequel is to explore the
properties of two axiomatic-independent counter-examples to these conjectures.

We adopt the following setting from [2]. Let N = N U {cc} be the one point
compactification of N. A subset A C N is open if A C N, or co € A and A is
cofinite. Thus, if A is a compact subset of N and oo ¢ A, then A is finite.

Let Z C NN consist of the nondecreasing functions f such that for each n with
f(n) < oo, f(n) < f(n+1). Z is a zero-dimensional metrizable compact space
without isolated points, thus by a classical theorem of Brouwer it is homeomor-
phic to the Cantor space N{0,1}. For each increasing finite sequence s of natural
numbers, let ¢; € Z be defined as

(k) = {s(k) if k< |s],

00 otherwise

for each k£ € N. The set @ of all these elements g5 is dense in Z.
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610 TOMEK BARTOSZYNSKI AND BOAZ TSABAN

The following example is only a minor modification of the one given in [2], but
the properties derived here for this example are stronger.

Theorem 10. There exists a (non-c-compact) subset H of Z, such that:
(1) [H[=b,
(2) H satisfies S1(T', O) and all finite powers of H satisfy Uy (T, T),
but H \ Q does not satisfy Uy, (I',T), and
(3) If b =0, then H\ Q does not satisfy Uz (T, O).

Proof. First, observe that an uncountable o-compact set of reals contains a perfect
set, and this is ruled out by the property S;(I",O) [11]. The rest of the proof is
divided into several lemmas. We take H = B U (), where B is the set described in
the following lemma.

Lemma 11. There exists an unbounded subset B = {g, : o < b} of "N where:
Each go is increasing, go <* g for each o < 3, and if b =0, then B is dominating.

Proof. Start with {f, : @ < b} unbounded and {h, : @ < 0} dominating, and by
induction on «, choose g € "N bounding {gs : 8 < a}, and if possible choose also
h € "N bounding {hg : 3 < a} (otherwise take h = 0). Let g, be an increasing
function such that g, h, fo <* g4- O

According to a theorem of Hurewicz (see Rectaw [I7]), a zero-dimensional set of
reals X satisfies U, (I, T") (respectively, U, (I', O)) if, and only if, each continuous
image of X in NN is bounded (respectively, not dominating). As H\ Q = B is
unbounded, it does not satisfy Uy, (I, T'). If b = 9, then B is dominating, thus
H \ Q does not satisfy Ug;, (T, O).

We now show that H satisfies S1(I', ©). A subset A of "N is strongly unbounded
if for each f € "N, [{g € A : g <* f}| < |A|. Observe that B is strongly unbounded.
For a cardinal k, a set of reals X is k-concentrated on a set Y if for each open set
UDY, |A\U| < k.

Lemma 12. Assume that A is a strongly unbounded subset of "N and xk = |A|.
Then:

(1) A is k-concentrated on Q, and
(2) for each family o of open covers of AU Q, if k < non(S1(«,0)),
then AU Q satisfies S1(<7,O).

Proof. (1) Assume that U 2O @ is open. Then Z \ U is a closed and therefore
compact subset of Z. Since Z\ U is disjoint from @), it is a compact (and therefore
bounded) subset of "N. As A is strongly unbounded, |A\ U| = |AN (Z\U)| < k.

(2) Assume that U,, € o/, n € N. Enumerate @ = {g, : n € N}, and choose
for each n Uy, € Us, such that g, € Us,. Let U = J,, Usz,. Then [A\ U| <
k < non(S1(«7,0)), thus A\ U satisfies S1(«, O). For each n choose an element
Uspt1 € Uan41 such that A\U C |J,, Uzpn41. Then {U, }nen is a cover of AUQ. O

We need the following extension of Lemma 2 of [2].

Lemma 13. Assume that Q C X C Z and ¥ : X* — NN is continuous on Q.
Then there exists g € "N such that for each n and each x1,. ..,z € X,

if g(n) < min{xi(n),...,xx(n)}, then ¥(xq,...,25)(n) < g(n).
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Proof. For each ACNN,let A|n={x|n:xc A}. Z|nisa closed and there-
fore compact subset of N'. Foro € Z [ n, write ¢, for ¢s;m where m = 1+
max{i < |o| : 0(i) < co}. If 0 € Z [ n and I is a neighborhood of ¢,, then
there exists a natural number N such that for each x € Z with x [n € I [ n and
x(n) > N,z el

Fix n. For each & = (01,...,0k) € (£ | n)k, choose a basic open neighborhood

Ig=1, x...x1I, CZF

of ¢z = (¢o,, - - -, 4o, ) such that for each (z1,...,2x) € X*N Iz, ¥(xq,...,21)(n)
U(gz)(n) (this is possible because ¥ is continuous on Q). For each i = 1,..., k,
choose N; such that for all x € Z with [ n € I, | n and z(n) > N;, © € I,,.
Define N (&) := max{Ny,...,Ni}. (So that if (z1 [n,...,zx [n) €I, [nX...X
I, Inand z1(n),...,xx(n) > N(&), then U(xy,...,25)(n) = ¥(gz)(n)).

The set Ién) ={(z1 | ny...,x% | n): (21,...,25) € Iz} is open in (Z | n)" and
the family {I((?n) 3 € (Zn)"} is a cover of (Z | n)". By compactness it contains
a finite subcover {14, ... 10"} of (Z [ n)". Take N = max{N(G1),...,N(5m)},
and define

g(n) = max{N,¥(qz,)(n),...,¥(gz, )(n)}.
For each 1, ...,2; € X, let i be such that (zq [ n,...,zx [ n) € Ig:). If x1(n),...,
zi(n) > N, then U(xq,...,2x)(n) = ¥(gz,)(n) < g(n). O

It remains to show that all finite powers of H satisfy Uy, (I',T"). We will show,
by induction on k, that all continuous images in "N of the finite powers H* of H
are bounded.

Assume that ¥ : H*+1 — NN is continuous. We may assume that all elements
in the image of ¥ are increasing. Let g € "N be (increasing, and) as in Lemma
3 By Lemma [IT] there exists o < b such that the set A = {n : g(n) < go(n)}
is infinite, and for each § > a, A C* {n : g(n) < gg(n)}. Let {a,}nen be an
increasing enumeration of A, and define h € "N by h(n) = g(a,,).

By Lemma [I3] for all a1,...,a; > « and all but finitely many n,

U(gars- -+ 9a.) (1) < ¥(gays - gax ) (@n) < glan) = h(n).
For each f € {gs: B < a}UQ and each m = 1,...,k + 1 define ¥,, ; : H* — NN
by
\Ilm,f(xla o 71'16) = \Il(xla v 7xm—1afaxm+lv <o axk)'

By the induction hypothesis, the image of each function ¥, ; is bounded. As there
are less than b many such functions, we have that W[H**1] is bounded.

The proof that H satisfies U, (I',T') is similar [2]. This completes the proof of
Theorem O

To state the following corollary, we need some preliminaries. Consider the collec-
tion Q9 of open w-covers U of X such that there exists a partition P of U into finite
sets such that for each finite F' C X and all but finitely many F € P, there exists
U € F such that F' C U. S, (2, Q%) is strictly stronger than U, (I',T'), and it is
also strictly stronger than Sz, (€,€). A set X C R is meager additive if for each
meager set M C R, X + M is meager. If X satisfies Us;,(I',T") and has strong
measure zero (both properties follow from S;(€2,)), then it is meager-additive
[16], but S1(2,Q9) is strictly stronger than being meager additive: Consider the
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set X of Theoremdl Then X is meager additive [§], and therefore so is X \ [N]<No,
but X \ [N]<® does not even satisfy Uy, (I, O). Let SMZ denote the collection
of strong measure zero sets of reals. cov(M) < non(SMZ), and strict inequality is
consistent. A set of reals X is perfectly meager if for each perfect set P, X N P is
meager in the relative topology of P. It is universally meager if it does not contain
an injective Borel image of a nonmeager set of reals.

Corollary 14. The set H has the following properties:
(1) Sfin(2,Q%) and S¢(T, O).
(2) It is universally meager (in particular, it is perfectly meager).
(3) If b < non(SMZ), then H satisfies S1(2, Q). In particular, in this
case it is meager-additive.

Proof. (1) X satisfies Sy (€, Q) if, and only if, all finite powers of X satisfy
(2) An uncountable set of reals X satisfying S; (I', O) cannot contain a perfect set
of reals [1I]. Zakrzewski [27, Proposition 2.3] proved that if X satisfies U;,, (I',T")
and does not contain a perfect set, then X is universally meager.
(3) If b < non(SMZ), then H is non(SMZ)-concentrated on the countable set
@, which implies that H has strong measure zero. By [26], S, (€2, Q%) N SMZ =
S1(Q, Q). O

Corollary [T4)(3) extends Theorem 2(1) of [I], which asserts that if b = Xy, then
there exists a meager-additive set of reals. Corollary[[4)(2) implies a negative answer
to Steprans’ Question 5 from [21]: Does the inequality non(M) > X; imply that
no set of size greater than N is perfectly meager? The answer is “No”, since H is
universally meager, and b > N; is consistent with the assumption of the question.

Problem 15. (1) Does the set H constructed in Theorem [I0 satisfy
S.(ILT)?
(2) Do all finite powers of H satisfy S1(T, 0)?

The methods of [19] may be relevant to Problem [I5[1). A positive answer to
Problem [[5)2) would imply that H satisfies Sq (T, ).

We now treat Menger’s Conjecture. A set of reals X satisfies Sz, (2, Q) if, and
only if, all finite powers of X satisfy Uy, (I', O) [11]. We do not know whether
there exists in ZFC a (non-o-compact) set of size d satisfying Sy (2,€). It is
known that cov(M) = ¢ is enough to deduce the existence of such a set [II]. We
will show that this can also be deduced from an assumption which contradicts
cov(M) = ¢. A subset F of "N is finitely dominating if for each g € NN there
exist k and fi,..., fr € "N such that g(n) <* max{fi(n),..., fe(n)}. Let Dgn
denote the collection of sets F of increasing elements of "N, which are not finitely-
dominating, and let add(®Dg,) = min{|F| : F C Dy, and UF & Dgp}. If cov(M) =
¢, then add(Dgy,) = 2, but NCF is equivalent to add(Dg,) > 2, and if u < g, then
add(Dsy) = ¢ [3} full version].

Theorem 16. There exists a (non-o-compact) subset M of Z, such that:
1) M| =,

(2) M satisfies S1(I', O), but M\ Q does not satisfy Uz (', O),

(3) if NCF holds, then M satisfies U, (I, Q); and

(4) ifb= ol or add(Dgy,) =0, then M satisfies Syin (€, ).

IEquivalently, a union of less than 0 nondominating subsets of VN is not dominating.
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Proof. The proof is similar to that of Theorem [I0l We describe only the differences.
Here, we take M = D U Q, where D is defined in the following lemma.

Lemma 17. There exists a dominating subset D = {g, : @ < 0} of "N where each
Ja is increasing, and for each f € NN there exists ag < 0 such that for any finite
set F Co\ ag, f(n) <min{gs(n): B € F} for infinitely many n.

Proof. Let {fo : @ < 0} be a dominating subset of "N. We construct g, by
induction on o < 9. Assume that gg are constructed for 3 < o, such that for each
{3 < a and each finite set F' C o\ 3, the set

Xpr={n: fg(n) <min{g,(n):v € F}}

is infinite. For each 3 < a and finite F C o\ 3, let hg p € "N be the increasing
enumeration of Xz r. The collection

{fsohgr:B <a, F afinite subset of o\ 5}

has less than @ many elements, thus there exists an increasing g, € "N such that
fa <* ga, and for each § and F, g, £* fgohg . Therefore g, o hg r £* fgohs,F,
thus

Js(n) < min{g,(n) : v € FU{a}}
for infinitely many n. This completes the inductive step. O

We need to prove that if add(Dg,) > 2, then M satisfies U, (Q,€), and if b =0
or add(Dg,) = 9, then M satisfies Sz, (€2, Q). The proof of the first assertion uses
arguments similar to the following ones, and we omit it.

Assume that add(®Dg,) = 0 (respectively, b = ?). Assume that MF* satisfies
Uin(T, ) (vespectively, U, (I, O)). Assume that ¥ : M ! — NN is continuous
and all elements in its image are increasing. By [23] (respectively, by Hurewicz’
Theorem), it suffices to show that W[M**1] is not finitely dominating (respectively,
not dominating).

Let g € "N be increasing and as in Lemma [[3, and take ag < 9 as in Lemma
M7 Assume that F = {g% :i <m,j <k} C {ga : @ €0\ ap}. Then there exists an
infinite set A C N such that g(n) < min{gi(n) : i <m,j < k} for each n € A, and
if y; = W(g},...,q.) for each i < m, then by Lemma [[3]

max{yo(n), ..., ym-1(n)} < g(n)
for each n € A. Thus, ¥[{gs : @ € 0\ ag}**1] is not finitely dominating. It
follows that W[M**1] is a union of less than ® many sets which are not finitely
dominating. O

Remark 18. If one only wants to obtain (1) and (2) of Theorem [I0], then it suffices
to take M = W[D] U Q, where D is any strongly unbounded subset of "N and
¥ : NN — R\Q is a homeomorphism. Essentially, this idea goes back to Rothberger.
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Chaber and Pol proposed another approach to the Menger and Hurewicz con-
jectures; see [5].
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