PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 134, Number 2, Pages 521-530

S 0002-9939(05)08009-3

Article electronically published on July 18, 2005

FUNCTIONAL EQUATIONS INVOLVING MEANS
AND THEIR GAUSS COMPOSITION

ZOLTAN DAROCZY, GYULA MAKSA, AND ZSOLT PALES

(Communicated by Carmen C. Chicone)

ABSTRACT. In this paper the equivalence of the two functional equations
f(Mi(z,y)) + f(Ma(z,y) = f(z) + f(y)  (z,y€T)

and
2f(My ® Ma(z,y)) = f(x) + f(y)  (z,y€1)

is studied, where M; and Ms are two variable strict means on an open real
interval I, and M; ® Ms denotes their Gauss composition. The equivalence
of these equations is shown (without assuming further regularity assumptions
on the unknown function f : I — R) for the cases when M; and M3y are the
arithmetic and geometric means, respectively, and also in the case when M7,
Mz, and M1 ® Ms are quasi-arithmetic means. If M; and M2 are weighted
arithmetic means, then, depending on the algebraic character of the weight,
the above equations can be equivalent and also non-equivalent to each other.

1. INTRODUCTION
Let I C R be a non-void open interval. A function M : I? — I is called a strict
mean on I if it is continuous on I? and, for all z,y € I with z # ¥,
min{z,y} < M(z,y) < max{z,y}.
It is obvious that M(z,z) = x for all x € I. Let M; : I? — I (i = 1,2) be strict
means on [ and z,y € I. Consider the sequences (z,) and (y,) defined by the
Gauss iteration in the following way:
T =, vy =Yy,
T4l = Ml(xn,yn)a Yn+1 = MQ(xn,yn) (n € N)
It is known (see [2], [6]) that the sequence of the intervals
In(z,y) = [min{@n, yn }, max{z,, yn}] (R €N)

is decreasing, and the intersection of these intervals is a singleton whose unique
element is denoted by M; ® My (z,y). Then the function My ® My : I? — I so
defined is a strict mean on I, and the invariance equation
(11) M1®M2(M1(ﬂc,y),M2(:E,y)) :M1®M2(l’,y)
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522 7. DAROCZY, GY. MAKSA, AND ZS. PALES

holds for all z,y € I ([2], [6], [13], [I5]). The strict mean M; ® My constructed in
this way is called the Gauss composition or the compound mean of the strict means
Ml and MQ.

In this paper we discuss the following problem. Let M; and My be two strict
means on [ and let f: I — R be a function such that functional equation

(1.2) f(My(z,y)) + f(Ma(x,y)) = f(x) + f(y)

holds for all x,y € I. Our main purpose is to find further conditions on the means
M, and My under which the equation

(1.3) 2f(My @ My(2,y)) = f(z) + f(y)

is equivalent to (L2)). We emphasize that we do not assume f to have any further
(regularity) properties. The invariance equation immediately implies that if f : I —
R satisfies (L3) for all z,y € I, then f is also a solution of (LZ). Indeed, due to
(1), the repeated application of (L3 yields

f@) + fly) =2f (M1 & Ms(z,y))
= 2.]“(]\41 0 M2(M1($7y))’M2(xay>) = f(Ml(x’y» + f(MQ(x’y»'

On the other hand, if f is a continuous solution of (L2]), then the repeated appli-
cation of (L2)) and the definition of the Gauss iteration yields that f satisfies (L3))
as well. Therefore the basic problem is to find conditions on the means involved so
that arbitrary (not necessarily continuous) solutions of ([L2]) also satisty (L3)).

In Section 2 we consider the case when the two means are the arithmetic and
geometric means. It will turn out that f solves (L2) and (L3) if and only if it is
constant, thus the two equations are equivalent in this case. The case when My,
Ms, and My ® M, are quasi-arithmetic means is considered in Section 3. In this
setting we also obtain an affirmative answer to our problem. In the last section we
investigate the case when the two means are weighted arithmetic means. Depending
on the algebraic character of the weight as a parameter, the two equations can be
equivalent and also non-equivalent to each other.

2. THE ARITHMETIC-GEOMETRIC MEAN

The arithmetic-geometric mean is the Gauss composition of the arithmetic and
geometric means defined by

T+
5 y and G(x,y) == /xy (z,y € Ry)

on I =Ry :=]0,+oo]. It is known that

.A(x,y) =

- —1

2 [= dt
ARG(x,y) = —/ z,y €R
(=.9) <7T 0 VaZcos2t+ y2sin’t ( +)

(cf. [2], [8], [, [B]). In this case the following theorem holds.

Theorem 2.1. A function f: Ry — R is a solution of the functional equation

(2.1) f(A(z,y) + f(G(z,y) = fl2) + Fly)  (z,yeRy)

if and only if f is constant on R,.
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FUNCTIONAL EQUATIONS INVOLVING MEANS 523

Proof. We apply the following more general result due to Maksa [12]. If (a,b,c) :
R, — R3 is a solution of the functional equation

(2.2) a(x +y) +b(zy) = c(z) +cly) (2,5 €Ry),
then there exist additive functions A, B : R,y — R and a logarithmic function
L : Ry — R (that is, A(x +y) = A(z) + A(y), Bz +y) = B(z) + B(y), and
L(zy) = L(z) + L(y) for all x,y € R} ) and constants k1, ks € R such that
a(z) = A(e?) + B(z) + k1,
(2.3) b(z) = L(z) — 2A(z) + k.
c(x) = A(2®) + B(x) + L(z) + (k1 + k2)/2
for all x € R;.
It is obvious that, if f : R; — R is a solution of ([21I), then, with the definitions

a@):=f(3), @)= SWE)  cla)i=f@)  (2eRy),

the triplet (a,b,c) is a solution of equation ([Z2)). Therefore it follows from (23)

that

(2.4) 1(3) = AGH + Ba) + ki,

(2.5) f(Vz) = L(z) — 2A(z) + ko,

(2.6) f(z) = A(2®) + B(z) + L(x) + (k1 + k2) /2,

for all x € R4, where A, B : Ry — R are additive and L : R, — R is a logarithmic
function, and k1, ko are real constants. We will prove that our statement follows
from (Z4) and Z0) (i.e., it is not necessary to take (23] into consideration).
Indeed, (24) and (2.6) imply, for all z € R, that

4A(2%) + 2B(x) + k1 = A(2?) + B(x) + L(x) + (ky + k2)/2,

that is,

(2.7) 3A(2%) + B(z) + (k2 — k1)/2 = L(x).

Replacing z by 2z in ([27), we get that

(2.8) 12A(2?) + 2B(x) + (ky — k2)/2 = L(z) + L(2).

Subtracting (27) from (28], we deduce the equation

(2.9) 9A(2*%) + B(z) = L(2).

Again replacing x by 2z and eliminating B(x) from (2.9]) and the equation obtained,
we get that

18A(2?%) = —L(2).
Hence L(2) = 0 and A(x) = 0 for all # € Ry. Thus also B = 0. Therefore, by
[24), we obtain that f(x) =k for all x € Ry, that is, f is constant. O

We immediately get the following corollary.

Corollary 2.2. If f : Ry — R is a solution of the functional equation
(2.10) 2f(A@G(z,y) = flz)+ fly)  (zyeRy),

then f is a constant function.
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Proof. If f is a solution of ([ZI0)), then it is also a solution for (21I), thus by virtue
of Theorem 2.1, f is constant which is obviously a solution for (2.I0). O

The statement of the above corollary can also be expressed in the following way.

Corollary 2.3. If M; is the arithmetic mean and Moy is the geometric mean on
R, then the functional equations (L2) and (L3) are equivalent.

3. QUASI-ARITHMETIC MEANS

Let I € R be a non-void open interval. Denote the class of all continuous and
strictly monotonic functions defined on I by CM(I). A function M : I? — [ is
called a quasi-arithmetic mean if there exists ¢ € CM(I) such that

(3.1) M(x,y) = ¢’1(M) =t Ay(z,y)

for all z,y € I. The function ¢ in BI)) is called the generating function of the
quasi-arithmetic mean M ([9], [I4], [6]). It is obvious that quasi-arithmetic means
are strict means on I.

The arithmetic, geometric, and harmonic means are obviously quasi-arithmetic
means with the generators (x) = z, ¢(x) = In(x), and p(z) = 1/z, respectively.

If Mi = A and My = H (the harmonic mean), then it is immediate to see
that their Gauss composition is the geometric mean. In this particular case, the
equivalence of the functional equations ([2) and (I3]) was conjectured by Dardczy
[5] and proved by Ebanks [7]. This result is recalled in the following lemma and
will be used in the proof of Theorem 3.2 below.

Lemma 3.1. Let J be an open subinterval of Ry. A function g : J — R is a
solution of the functional equation

(3.2) 9(A(z,y)) + g(H(z,y)) = g(z) +9(y)  (z,y € J)
if and only if it is a solution of
(3.3) 29(G(z,y) = g(x) +g(y)  (v,y€J).

Now we can state the main result of this section.
Theorem 3.2. If M, : I? — I (i = 1,2,3) are quasi-arithmetic means satisfying
(3.4) Ms = My ® Mo,
then the functional equations (L2) and [L3)) are equivalent.

Proof. The quasi-arithmetic means satisfying identity ([B4) are derived from the
solution of the so-called Matkowski-Suté problem ([6]). Then there exist a function
@ € CM(I) and a constant p € R such that, with the notation

x if p=0,
Xp(x) = { ep:r: 1f§ 7& O (I S R))

(3.5)
Ml(xvy) = AXpOQO(x?y)v MQ(x7y) = ‘AX—pO@(x7y)7 M3(x7y) = Atp(xvy)

hold for all z,y € T (cf. [6l Theorem 4.14]). By substituting the means M; and M,
into equation (LZ), we have that

(3.6) F(Axpop(@,9) + F(Ax_ o0 (2,9)) = f(2) + f(y)
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for all z,y € I. If p =0, then (B8] implies that

2f(Ap(z,y) = f() + fly)  (z,yel).
Thus, we obtain (L2)). In the case p # 0, (3:6) is equivalent to

(3.7)
/1 ePe(@) o epe(y) B 1 e Pe(@) 4 o=pe(y)
fop ! =log ————— ) +fop " —=log = flx)+f(y)
p 2 p 2
for all x,y € I. Now define
w = ew(x), v = eW(y)7
where u,v € eP?() =: J C R, and J is a non-void open interval. Furthermore,

define )
g(t) == fop! (5 logt) (teld).
Then it follows from B.7) that, for every u,v € J,

(38) o("50) + o) = gtw) +9(o).

Applying Lemma 3.1, ([3.8)) implies that
2g(vuv) = g(u) + g(v) (u,v € J).

Therefore,

2f 07! (5 log Verrere ) = fla) + f() (w1,

Thus, we obtain, for all x,y € I, that

2 (Ag(e.)) = 2f 0 o (PPN _ ) 4 10y,

Therefore, by the last equation in (&3]), the functional equation (I3]) holds. O

Remark 1. With the notation h:= f o o~ and K := ¢(I), equation (L3)) implies
that h satisfies the Jensen functional equation

2h(t;rs) = h(t)+h(s) (tseK)

on the non-void interval KX C R. This equation has continuous and also discon-
tinuous (particularly non-constant) solutions (cf. [10], [I4]). Thus the functional
equations ([2) and ([3]) have a much richer joint solution set in this setting.

4. WEIGHTED ARITHMETIC MEANS

In the following we shall prove that negative answers can also be given to our
problem. That is, (I3) does not follow from equation (I2)), in general. As a basic
result we need the following theorem due to Lajké [11]. (For the terminology, see
Székelyhidi [16]).

Theorem 4.1. Let 0 < p < 1. If f: I — R satisfies the functional equation

(4.1) fpz+ (1 —p)y) + f(L—p)z+py) = f(z)+ fly) (z,y€),

then there exist k-additive, symmetric functions A : R¥ — R (k = 0,1,2) such
that

(4.2) As(pz,(1—p)z) =0 (x €R)
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and
forallxz e 1.

Lajko, in his paper [11] mentioned above, studied neither the problem of finding
a parameter p for which there exists such a symmetric and biadditive function
A : R? — R that satisfies (E2)) nor the conditions under which the term As(z, x)
in ([£3)) is not identically zero. It is obvious that if p € Q in ([£.2), then As(z,z) =0
for all x € I. It is also clear that, for 0 < p < 1,

(44) M(z,y):=pr+(1-py,  M(z,y):=1-pa+py (z,y€l)

are strict means on any non-empty open interval I C R, and their Gauss composi-

tion is

r+y
2

Observe that in this setting (L2) is equivalent to (41 and (L3 reduces to the
Jensen functional equation
Tty

(4.6) 2/(50) = f@) + fw)  (@yeD.

We claim that the following two statements hold:

(I) @&8) follows from @I if any symmetric and biadditive function As : R? —
R with property [&2) is identically zero.

(IT) [@E8) does not follow from [@Il) if there exists a symmetric and biadditive
function As : R?2 — R with property @2) that is not identically zero.

(4.5) My @ Ma(x,y) = = A(z,y).

Statement (I) immediately follows from Theorem 4.1. To prove (II) we need the
following lemma.

Lemma 4.2. Let Ay : R? — R be a symmetric biadditive function and let I C R
be a non-void open interval. Then the function

d(z) = Ay(z,x) (x €1

satisfies the functional equation

2d(* ; Y)=d@) +d)  (ryeD

if and only if As is identically zero.
Proof. The “if” part is obvious. To prove the “only if” part, we have
T + x +
2A2< 2y; 2y) :A2($,$)+A2(y,y)

for all x,y € I. Due to the biadditivity of A, this is equivalent to

Az —y,x—y)=0 (z,yecl).

Thus there exists 6 > 0, such that for all ¢ €] -4, d[, A2(¢,t) = 0holds. If x € R and
x # 0 is arbitrary, then there exists a number r € Q, r # 0 such that rz €] — 4§, d[.
Therefore

0= Ay(ra,rz) = r’As(z, z),
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thus Ay(z,x) =0 for all z € R. Finally
0=As(x+y,z+y) =As(z,x) + 245(x,y) + As(y,y) = 245(z, )
holds for all x,y € R, that is, As is identically zero. O

Proof of Statement (II). Let As : R? — R be a function whose existence is stated
n (IT). It is enough to prove that the function d defined by d(x) := As(z,z) (z € I)
is not a solution for (6] since, by virtue of Theorem 4.2, it is a solution of (@.T]).
However if d is a solution for (4G, then, by Lemma 4.2, A, is identically zero,
which is a contradiction. O

Theorem 4.3. Let 0 < p < 1 be either a transcendental number or an algebraic
number such that q = 2p’:1 is an algebraic conjugate of p. Then there exists
a symmetric, biadditive function As : R? — R with property [@2) which is not

identically zero. Consequently [E8]) does not follow from (&Il in this case.

Proof. If p is transcendental, then ¢ = % is also transcendental since the al-

gebraic numbers form a field. If p is algebraic, then, by our assumption, ¢ is an
algebraic conjugate of p, i.e., it is the root of the defining polynomial of p. In
both cases, due to the result of Dardezy [4] (see also Kuczma [10]), there exists an
additive function a : R — R which is not identically zero such that

(4.7) a(pr) = qa(z)
for all x € R. Now define the function Ay by
Az(z,y) = alz)y +aly)r  (z,y €R).

Then A, : R? — R is symmetric, biadditive, and non-identically zero. Therefore,

by @1,
As(pr, (1 =p)r) = alpzr)(1 —p)z+a((l-p)z)pz
= qa(z)(1 —p)z + a(z)pr — qa(z)pz
a(x)r(q — Qp +p—ap)
(w)a?( 7 (1 —p—p)+p)=0
for all z € R. That is, (£2)) holds. Therefore, by Statement (II), (Z6) does not
follow from (&T]). O

)
)

Summarizing our results obtained so far we have that
(i) (@) follows from (@I for all rational 0 < p < 1.
(ii) ([@6) does not follow from ([T for all transcendental 0 < p < 1.
(iii) There exist algebraic numbers 0 < p < 1 of second degree (for example
p=+2—1 and then ¢ = —/2 — 1) such that (8] does not follow from
@) for this p.
In our last result we precisely characterize those algebraic numbers p €]0, 1] of
second degree such that ({8 does not follow from [@I)). In particular, it follows
from this result that there are also algebraic numbers of second degree such that

([&5) follows from (4.1)).
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Theorem 4.4. Let p €]0, 1] be an algebraic number of second degree whose defining
polynomial is x2 + sx +t, where s,t € Q. Then there exists a non-identically zero,
symmetric, and biadditive function Ay : R? — R with property [@2)) if and only if

(4.8) 2 -4t >0, \s2—4t¢Q and s+2t=0.

Proof. Tt is easy to see that, under conditions ([8]), equation 2%+ sz +t = 0 always
has a root p in the interval |0, 1[. Let ¢ be the algebraic conjugate of p. According to
the well-known relationships between roots and coefficients and by the last equality
in ([A.38]), we obtain that

p+q=—s=2t pg =t,

whence p+ q —2pg = 0. Therefore ¢ = 217%1' Applying Theorem 4.3, it follows that
there exists a biadditive function A, : R? — R with property (£Z). Thus we have
proved that condition (€8] is sufficient.

To prove the necessity of the condition we note that s>—4¢ > 0 and v/s2 — 4t ¢ Q
are necessary for p to be an algebraic number of exactly second degree. Therefore,
we only have to prove the necessity of the condition s + 2t = 0.

From identity (£2]), we get

(4.9) 0= As(p(z —y), (1 —p)(z —y)) = 242(pz, py) — A2(pr,y) — A2(7, py).
Define € R so that As(z,z) =: o # 0. Furthermore, let As(pz,x) =: 8 and
As(p*x,2) =: v. Then
(4.10) yHsBrta = Ay(p’x,x) + sAs(pr,x) + tAs(2, x)
Ay((p? + sp+t)x, ) = Ay(0,z) = 0.
By (@), we obtain
Az (pr,pr) = Az(pr,2) = 3

and

As(p*w, pr) = %[Az(pzx,w) + Ag(pz, pr)] = #
whence
(4.11) # +sf+tf = Ax(p’x,pr) + sAs(pr, pr) + tAs(z, pr)

= Ag((p2 + sp+t)x, pr) = A2(0, pz) = 0.

Finally, applying (@3] again, we have that

AP, pPa) = 220 ;F 13
Therefore
+ +
(4.12) Ftn + su +ty = Ax(p’x,p®x) + sAs(px, p’x) + tAy(z, p’x)

2
= Ay((p® + sp+t)z,p°z) = A»(0,p’z) = 0.

Equations ({10), (@I1)), and (£IZ) form a homogeneous, linear system of equations
for the unknowns «, 8, and +, that has non-trivial solution (a, 3,7) since a # 0.
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Therefore the determinant of the system of equations vanishes. That is,

t S 1
1 1
0 t+ = — =
s+ +2 5 0.
1+s 1+s
0 t
2 2 +

Thus we have that
t
5(2t+ s)(t+s+1)=0.

On the other hand ¢ # 0 since vs? —4t ¢ Q. If t +s+1 =0, thent = —s — 1,

whence
V2 —dt=\/s2+4s+4=1/(s+2)%2 =|s+2 € Q,
which is also not possible. Therefore, 2t + s = 0, which was to be proved. (I

Remark 2. Using the approach followed in the proof of the last theorem, one can
prove that, for all algebraic numbers 0 < p < 1 of cubic order, [@I]) and (Z0)
are equivalent functional equations. Unfortunately, we were not able to get similar
results for algebraic numbers of order higher than 3. We conjecture that (@1]) and
([#8) can be non-equivalent only either for transcendental or for those second-order
algebraic numbers that are described in Theorem 4.3. This problem is left as an
open question for the interested reader.
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