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FIXED POINT THEOREMS
UNDER THE INTERIOR CONDITION
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(Communicated by Joseph A. Ball)

ABSTRACT. We show a fixed point theorem for condensing mappings under a
new condition of the Leray-Schauder type. We call it the Interior Condition.
We also discuss examples that demonstrate the independence of these two
conditions.

1. INTRODUCTION

Let X be a real Banach space, G an open subset of X with 0 € G and T a
mapping defined on the closure G of G and taking values in X. It is well known
that if G is bounded and if T is a condensing mapping, then the Leray-Schauder
boundary condition

(L-S) T(x)# Az for £ € 0G and A >1

(OG denotes the boundary of G) is sufficient to guarantee existence of a fixed point
for T'. Indeed, this result is due to Petryshyn [Pe 71] who observed that it follows
easily from Nussbaum’s degree theory [Nu]. For an elegant non-degree-theoretic
proof see [Sch].

In this paper, we introduce a new condition which resembles the Leray-Schauder
condition mentioned above. However, in this case, it holds for the interior points
of G, which lie near to the boundary of G. Specifically, this interior condition may
be formulated as follows.

We say that a mapping 7 : G — X satisfies the Interior Condition if there exists
6 > 0 such that

(I-C) T(z) # Mz forx € G*,A\>1and T(z) ¢ G,

where G* = {z € G: dist(z, 0G) < §}.
Following [Kul, we define the set-measure of noncompactness of a bounded subset
Aof X as

~v[A] = inf{d > 0: A can be covered by finitely many sets of diameter < d}.
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In what follows, some well-known properties of v will be needed, and these are:
7[A] < y[B] whenever A C B, 7[A U B] = max{y[A],[B]}, 7[e(A)] = ~[4],
v[AA] = |A|y[A] and y[A] = 0 if and only if A is compact. A mapping T : G — X
is called a condensing mapping (see [Sal) if it is continuous and [T'(A4)] < v[4]
for all bounded subsets A of G whose y[A] > 0. However, if £ > 0, we say that
T : G — X is k-set-contractive if T is continuous and [T(A)] <ky[4] for each
bounded set A C G. On the other hand, if £ = 1, T is called a 1-set-contraction.
It follows that every condensing mapping, as well as every nonexpansive mapping,
is 1-set-contractive (recall that T is nonexpansive if ||T'(z) — T'(y)| < ||= — y|| for
all z,y € G).

In section 2, we observe that a fixed point theorem similar to the one obtained
by Petryshyn does not necessarily hold true under this new Interior Condition. In
fact, it fails whenever G is an arbitrary bounded open set, even for the case that G
is a star-shaped set. Then we introduce a type of domain, which appears to be the
best in this context, for the purpose of obtaining fixed point results. To end the
section we prove that this class of domains remains between the star-shaped sets
and the convex sets.

In section 3, we state and prove our main result for condensing mappings satis-
fying the condition (I-C) and, following standard arguments, we derive a result for
nonexpansive mappings defined on uniformly convex spaces.

In section 4, we compare the conditions (L-S) and (I-C). We exhibit some exam-
ples which show that, in general, none of these conditions implies the other, even
for compact operators. Despite this, we show that for nonexpansive mappings in
Hilbert space, condition (I-C) implies condition (L-S).

2. THE INTERIOR CONDITION

We begin this section with an example of a fixed point free compact operator
which satisfies the Interior Condition on a star-shaped set with respect to the origin.

Example 1. Consider the euclidean space R? and let G be a subset of R? obtained
by removing from the open unit disk the closed segment of vertices (0, %) and (0, 1).
Define T: G — R? as T(a,b) = (a,b) + (0,3). Then G is a bounded open star-
shaped set with respect to the origin and 7' satisfies the Interior Condition, but T
has no fixed point in G.

A routine computation would allow the reader to verify the details of the above
example. We remark that the crucial fact used to obtain this somewhat disap-
pointing example is that the boundary of G contains the segment [(0, 1), (0,1)].
Consequently, there is a need for a more restricted domain for the operator 7. We
introduce a class of star-shaped sets whose boundary does not contain segments.

Definition 1. Let X be a Banach space and let G be a bounded open subset of X
with 0 € G. We say that G is strictly star-shaped with respect to the origin if for
each z € 0G, {tx: t >0} NOG = {z}.

From now on, we will assume without lost of generality, that the star-shaped
assumption will always be considered with respect to the origin, unless the contrary
is mentioned.

Proposition 1. Let X be a Banach space and let G be a bounded open subset of
X with 0 € G.
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(a) If G is convex, then it is strictly star-shaped.
(b) If G is strictly star-shaped, then it is star-shaped.

Proof. To prove (a) suppose that G is convex but not strictly star-shaped. Then
there exist x € G and 0 < ty < t; such that t;x € 0G, i = 1,2. Since G is
open and 0 € G, there exists r > 0 such that B(0;r) C G and we may choose
u € G with |ju — tyz|| < r(t; —t2)t;*. Then the point v = ta(t; — to) ' (t1z — u)
belongs to G, from which we conclude that tox € G because G is convex and
tox = (t1 — tg)tl_l’U + tgtl_lu. This contradicts that tsx € 9G, since G is open.
Now, we prove part (b). Suppose that G is not star-shaped. Then there exists
x € G and 0 < p < 1 such that pr ¢ G. Define tg and ¢; by to = sup{t > 0 :
sz € G for all s € [0,t]} and ¢ = sup{t > 0 : tz € G}. Then toz,t;2 € 9G and
tox # tiz, contradicting that G is strictly star-shaped. O

3. A FIXED POINT THEOREM

An important step in the proof of our main theorem is the well-known fixed point
theorem of Petryshyn [Pe 71], mentioned earlier, which for the sake of completeness
we state as a lemma.

Lemma 1 (Proposition 1 of [Pe 71]). Let X be a real Banach space, G a bounded
open subset of X with 0 € G and T : G — X a condensing mapping satisfying the
condition (L-S). Then T has a fized point in G.

Theorem 1. Let X be a real Banach space and let G be a bounded open and
strictly star-shaped subset of X with 0 € G. If T : G — X 1is a condensing mapping
satisfying the condition (I-C), then T has a fized point in G.

Proof. Let M = sup{||z|| : z € dG}. Since T satisfies the condition (I-C), there
exists § € (0, M) such that T(x) # Ar whenever A > 1, T(z) ¢ G and x € G* =
{z € G: dist(2,0G) < 6}. Let t € (1 — 2,1). Then by the assumptions on G,
the set Gy = {tx: x € G} is an open subset of G, and G; = tG. Additionally,
tG C G. Otherwise, there would exist x € G with tz ¢ G, which would imply that
x,tx € OG. However, this would contradict the fact that G is strictly star-shaped
since ¢ < 1.
Therefore, we may assume that there exists z; € 0G; such that

(1) T(x¢) = Mgy for some Ay > 1;

otherwise, due to Lemma 1, T would have a fixed point in G and hence the proof
would be complete. Now, using the fact that G is strictly star-shaped and that
x; € 0G¢y C G, we obtain the existence of a unique z; € 9G such that x; = tz;.
Then we have that

d(z,0G) < |lzy — 2|l = QA =) |lz|| < Q1 —-t)M < 6,

and consequently, by the condition (I-C), \2; € G. Using again that G is strictly
star-shaped, we conclude that A\ix; € seg[zy, 2], which implies that

el < [[Asel] < 2]l -

Therefore, t||z:|| < tA]|zt]| < [|2¢]|. Since the z; with ¢ € (0,1) are bounded away
from the origin, Ay — 1% as t — 17. Define the subset F as

E = {z; € G: z; satisfies (1), 1 —J/M <t < 1}.
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Then E C co(T(E) U {0}). However, since T is condensing, E is precompact, and
hence there exists a convergent sequence {z,} in G, say, ©, — x, and a sequence
{An} in R such that

T(zn) = My Wwith A, — 17,
Therefore, z is a fixed point of T', which completes the proof. (I

In the next corollary we first recall that our result includes the convex case and
then, following the pattern of Petryshyn [Pe 73], we give a fixed point theorem for
nonexpansive mappings satisfying the Interior Condition in the setting of uniformly
convex spaces. The essential key will be a result of Browder [Br] which asserts that
if T: M — X is a nonexpansive mapping defined on a closed, bounded and convex
subset M of a uniformly convex space X, then I — T is demiclosed. This means
that if (z,) is a sequence in M which converges weakly to z and z,, — T'(z,) — vy,
then x — T'(z) = y.

Corollary 1. Let X be a real Banach space, G a bounded and open subset of X,
with 0 € G, and T: G — X a mapping satisfying the condition (I-C). Then we
have:

(a) If G is convex and T is condensing, then T has a fized point in G.

(b) If G is strictly star-shaped and T is 1-set-contractive, then there exists a
sequence {x,,} in G such that z,, — T(z,) — 0.

(¢) If G is convex, T is nonexpansive and X is uniformly convex, then T has
a fized point in G.

Proof. Part (a) follows from Proposition 1 and Theorem 1. To prove part (b) define,
for any positive integer n, T, : G — X as Ty, (x) = (1 — %)T(I) It is clear that T,
is condensing since, in fact, it is k-set-contractive with k = (1 — %) Also T,, satisfies
the condition (I-C) since T itself satisfies the same condition and G is star-shaped.
Then, by Theorem 1, there exists x,, € G such that z,, = T),(z,) = (1 — %)T(mn)
Hence, x,, — T'(z,) — 0, since G is bounded.

To prove part (c) we follow standard arguments. A result of Browder [Br] guar-
antees that I — T is demiclosed because G is closed, bounded and convex, T is
nonexpansive and X is uniformly convex. On the other hand, T is 1-set-contractive
because it is nonexpansive and hence there exists a sequence {z,} in G such that
Zn — T(x,) — 0. Since X is reflexive, {x,} has a weakly convergent subsequence,
and thus the demiclosedness of I — T implies that T has a fixed point. (I

4. COMPARISON BETWEEN (L-S) AND (I-C)

To start this section we give some examples which show that none of the geo-
metric conditions studied in this paper implies the other.

Example 2. Let X be R? with its usual euclidean norm, | - ||, and let K be the
closed unit ball, K = {z € R?: ||z|| < 1}. Define T: K — X as T(z) = 2A(||z|))=,
where for ¢t € R, A(t) is the matrix

A(t) = (Cos(27rt) sin(27rt)> .

sin(27t)  cos(27t)
Then T satisfies the Interior Condition but not the Leray-Schauder Condition.
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T does not satisfy the Leray-Schauder Condition because for any x in the unit
sphere we have T'(z) = 2z. Let us see that T satisfies the Interior Condition. Indeed,
we shall prove that T'(z) # Az, whenever A > 0, 0 < |lz|]| < 1 and | T(z)]] > 1:
suppose on the contrary that T'(z) = Az, for some A > 0, 0 < ||z]| < 1 and
IT(x)] > 1. Since = # 0 and |T(z)|| = 2||=||, we have that A = 2 and then
A(]|z||)x = x, with « # 0. Hence, the matrix

<008(27T||96||) —1  —sin(2r|z]]) >

sin(27||z||) cos(2rm||z|) — 1

has null determinant, which is impossible because 0 < ||z|| < 1.

The mapping 7T in the above example does satisfy the Leray-Schauder condition
in any ball B(0;r), with 0 < r < 1, but it can be used to provide an example
without this deficiency.

Example 3. Let E be the usual euclidean space (R? | -||) and consider the space
X = £y (F) of all sequences x = (z,,) with x,, € E and ||z|lec = sup ||z,] < co. It
n>1

is well known that X is a Banach space with the norm || - [|co.
Let B be the closed unit ball of X and define H : B — X as [H(x)], = Tn(xy),
where T7 =T, as defined in Example 2, and

Lo [ sl
)= i ) if ful] < &

for n > 2. Then H is a compact operator that satisfies the Interior Condition in
B but it does not satisfy the Leray-Schauder condition in any ball B(0;r), with
0<r<l1.

To see that H does not satisfy the Leray-Schauder condition in B(0;r) for any
r € (0,1], we first observe that for » = 1 the assertion follows from the above
Example 2. Suppose now that 0 < r < 1 and select a positive integer n > 2 with
L <y < L. Consider the element z € OB(0;7) defined as z; = (0,0) for i # n
and x,, = (r,0). Then

- { 00, i

n—1’

and hence H(x) = Az, with A = ﬁ > 1.

Next, we verify that H satisfies the Interior Condition in B. Suppose that there
exists x € B with 0 < ||z]lec < 1 such that H(z) = Az, for some A > 1 and
|H(z)|loo > 1. Since ||T;(x;)]] < 1 for all ¢ > 2, we should have ||T1(z1)] > 1
with Ty (x1) = Az1. Observe that we also have that 0 < ||z1]| < 1, which enters in
contradiction with what was proved for the mapping 7' = T} in Example 2 above.

The compactness of the operator H can be argued as follows: first of all, its
continuity is a consequence of the fact that each T; is continuous and the fact that
diamT,,(K) — 0. Secondly, by observing that H(B) C Ty (K) x T5(K) x - - -, where
K is the closed unit ball in F and diamT,,(K) — 0, we may derive that H(B) is
relatively compact.

Example 4. Consider the mapping T': [-1,1] — R given by T'(z) = 2 — 22. Then
T satisfies the Leray-Schauder Condition but not the Interior Condition.
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Clearly T satisfies the Leray-Schauder condition since |T'(x)| = |z| if || = 1. On
the other hand, T" does not satisfy the Interior Condition. This follows from the
fact that for any « with 0 < |z| < 1 we have T'(z) > 1.

Remark 1. If T: [-1,1] — R is continuous, then 7T satisfies the Leray-Schauder
condition whenever T satisfies the Interior Condition. The converse is not true, as
Example 4 shows. However, for a Hilbert space the former implication holds when
T is nonexpansive, as is shown in the following theorem.

Theorem 2. If X is a Hilbert space, B is the closed unit ball of X andT : B — X
is nonezrpansive, then T satisfies the Leray-Schauder condition whenever T satisfies
the Interior Condition.

Proof. Suppose that T does not satisfy the Leray-Schauder condition. Then there
exists a point « € dB(0;1) and a real number A > 1 such that T'(xz) = Az. Select
an arbitrary real number § such that 0 < § < min{2, 3HT( x) — z||}, and define
K =0B(0;1 - %) N B(x;6). Then K # () and B(T(x);6) N B(0;1) = ().

Consider the radial projection R : X — B(0;1) given by
g A llull =1,

[

w i flu] <1

R(u) = {

and define h : K — X by h(u) = (1 — §2)R(T(u)). We claim that MK) C K. To
see this, we first observe that since 7' is nonexpansive, then T(K) C B(T(z); ) and
consequently h(K) C dB(0;1 — §2). It just remains to show that h( ) C B(x;0).
To see this, let » = 1 — §2. Then

1A (u) — 2]

2 +1—2rRe (R(T(u)), R(T(z)))
24 l4r (HR(T(U)) R(T(Z))H2 — | R(T())II* = [|IR(T(x))|1?)
< rP4l+r(6-2) =

Therefore h(K) C K. Since h is also a contraction, it follows that h has a fixed
point zg € K. This means

T(xo)
2 0
xo=(1-06%)—1—+,
1T (o) |
which implies that ||zg|| = 1 — 62 and T(z¢) = pxo, with p = ”T(wéo)” > 1 and
T(x0) ¢ B, which contradicts the Interior Condition. O
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