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ABSTRACT. We determine formulas for Ramanujan’s 7-function and for the co-
efficients of modular forms on I'g(2) in terms of finite field 3 F>-hypergeometric
functions. Using these formulas we obtain a new congruence of 7(p) (mod 11).

1. INTRODUCTION

Ramanujan’s 7-function is defined as the coefficients of the power series in ¢,

2

(1) A=q [JA=gm* =) r(n)g"

m=1

After setting ¢ = ?™*, the function A(z) is the unique normalized cusp form of
weight 12 for the full modular group SLy(Z).

The function 7(n) possesses many fascinating arithmetic properties, and Ra-
manujan [§], [I0] showed that 7(n) satisfies several congruences modulo powers of
2,3, 5,7, 23, and 691. Notably

7(n) =o11(n) (mod 691), Vn >1,

where 011(n) is the sum of the eleventh powers of the divisors of n.

Based on numerical evidence, D. H. Lehmer [0] conjectured that 7(n) # 0 for
any n. Lehmer’s conjecture remains open. Somewhat weaker, one may consider
whether 7(p) = 0 (mod p) for any prime p, and one indeed finds that

(2) 7(p) =0 (modp), p=2,3,57,2411,

but that these are the only primes p < 107 for which this congruence holds [4].

In this paper, we consider traces of Hecke operators on spaces of cusp forms of
level 2, starting with a formula obtained in [3]. We obtain new formulas and con-
gruences for certain cusp forms in terms of Gaussian s Fa-hypergeometric functions,
and in particular prove a new formula and a new congruence for 7(p).
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334 MATTHEW PAPANIKOLAS

Theorem 1.1. Let p be an odd prime. Choose a, b > 0 satisfying p = a® + b2, if
p=1 (mod 4), ora=b=0, if p=3 (mod 4). Then

7(p) = —1— (14 §o(=1))p° + 40p°a’b? — 128pa’d*

p—1

— 53" Rua(p, 61 = Np? sFo(N)),
A=2

where Ryz(p, x) = 2° — dpa* + 2p?23 + 5p3a? — 2ptx — po.

Here ¢ = () is the Legendre symbol modulo p, and 3F(}) is the value of a
finite field hypergeometric function defined in §2

Remark 1.2. One finds that p® 3F5()\) € Z for all A € F,, (see 2 in particular (@)).
Reducing the above formula modulo p reveals immediately the congruence

(3) T(p) =—-1- 1OZ¢ 1—X\)3F(N)°  (mod p), Vp> 3 prime.

Computing values of 3F5 ()\) is simple in principle but is computationally intensive
for large primes. Thus unfortunately this congruence does not directly lead to
improvements on the bounds in ().

The formula from Theorem [[.1] also simplifies nicely modulo 11. As usual, (ﬁ)
denotes the Legendre symbol modulo 11.

Corollary 1.3. Let p be an odd prime. Choose a, b > 0 satisfying p = a* + b?, if
p=1(mod4), ora=b=0, if p=3 (mod 4). Then

T(p)= —1— (14 3¢(— ( ) + 7p*a®V? — Tpa*d*

§Z< pleQ(A)Sp) (mod 11).

Remark 1.4. The formula for 7(p) in Theorem [[1] can also be interpreted in terms
of counting points over F, on certain varieties defined over Q (cf. [3} §3]). In
forthcoming work, K. Paranjape and D. Ramakrishnan have shown that 7(p) can
be used to count points over F,, on a particular 11-dimensional Calabi-Yau variety.
It would be interesting to compare these two formulations.

After defining Gaussian hypergeometric functions and noting some of their basic
properties in §2, we recall in §3 a formula for the Hecke trace Try(To(2),p) from
[3] and derive a reformulation of it in terms of hypergeometric functions (see Theo-
rem [3.2). Theorem [[Tlis an application of Theorem In 44l we use Theorem
to prove a general congruence for traces of Hecke operators on I'g(2) (see Theo-
rem 1)), and we obtain Corollary [[.3] as an immediate consequence. We also use
these methods to find formulas and congruences for coefficients of other modular
forms (see Theorem B4 and Corollary E.2)).

2. GAUSSIAN HYPERGEOMETRIC FUNCTIONS

Following the definitions of J. Greene [5] we define hypergeometric functions over
finite fields that are sums of products of Jacobi sums. Let I, denote the finite field
with ¢ elements, where ¢ is a power of a fixed prime p. If A is any multiplicative
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RAMANUJAN’S 7-FUNCTION 335

character on Fy, we extend it to A : F;, — C by setting A(0) = 0. Then for

characters A, B on F; we define

(4) (g) =By - é S A@B(E-1).

q teF,
Given characters Ao, ..., A, and By,..., B, on F, we define for A € F),
Ay A - A, D Aox\ (Aix Anx
n-',—an < Bl e Bn /\> o }?Tl < X BIX o BnX X<>\)7
X

where x runs over all characters on ;. Using the classical hypergeometric func-
tions as a guide, Greene showed that these hypergeometric functions satisfy many
interesting transformation laws and presented evidence that these functions serve
as useful analogues for hypergeometric functions over finite fields.

Throughout this paper we will consider the following specialization of these hy-
pergeometric functions. Let p be an odd prime. Let € be the trivial character on
F), and let ¢ = ( ) denote the unique quadratic character on FS. For A € F,, we

P
set
B » (bX n+1
Dm0 e

Using basic properties of Jacobi sums (cf. [B, §3]), it follows that for all A € F,,,
(6) p" i1 Fn(N) € Z.

Values of p™ - ,11F, () are closely connected to various arithmetic objects such as
the traces of Frobenius of elliptic curves [7], counting points on varieties over finite
fields [1], [2], [3], and the coefficients of modular forms [I], [2], [3].

In particular, if we consider the family of elliptic curves

(7) E\) :y? = (z —1)(2® + \),

(5) nt 180 (A) == i1 by <¢ e - £

then after setting

) A = p 41— [EQ),

we have the following result of K. Ono [7].

Theorem 2.1 (Ono [7, Thm. 5]). For an odd prime p and X € F, \ {0, -1},

pafs (145 ) = 6-NAG - ).

3. TRACES OF HECKE OPERATORS ON Sj(I'9(2))

For positive integers k and N, we let Si(I'o(N)) denote the complex vector space
of cusp forms of weight k& and level N with trivial character. For any integer n,
we let Trg(To(N),n) denote the trace of the n-th Hecke operator T, acting on
Sk(To(N)).

Let £ > 4 be even, and let p be an odd prime. Throughout we will use the
following convention: we choose integers a, b > 0 by p = a® + b if p =1 (mod 4),
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336 MATTHEW PAPANIKOLAS

and by a =b=0if p =3 (mod 4). We set

vl

-1

9) Gi(p,s) = (=1)7 (k —2- j) pigh—22

=0 J

<.

and

(10) 51(p) ;{ LGi(p,2a) + $Gi(p,2b) ifp=1 (mod 4);

(—p)s—! ifp=3 (mod 4).
The following theorem is the starting point for our considerations.

Theorem 3.1 (Frechette-Ono-Papanikolas [3| Thm. 2.3]). For a prime p > 3 and
k > 4 even,

Trp(o(2),p) = —2 — dk(p Z Gr(p, A

For integers d, r > 0, we define c4(r) by the generating function

z+1 = )
- @i - 2l
j=—d
Then, for k > 2 even, define polynomials
k1
(12) Ry (p,x) := cd(g — 1) pgflfd:cd.
d=0

We now state our main theorem, which expresses Try(I'o(2),p) in terms of 3Fs-
hypergeometric functions.

Theorem 3.2. For p > 3 prime and k > 4 even,

p—1

Tre(To(2),p) = =2 = 0k(p) — Y Ri(p, ¢(1 = N)p*sFa(N)).
A=2

Before proving this theorem we require a combinatorial lemma.

Lemma 3.3. For all non-negative integers d, r, with r > d,

Proof. We consider the generating function defined by the right-hand side of the

proposed formula,
D=3 S 1y o) ()
d

r=d j=0
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RAMANUJAN’S 7-FUNCTION 337
Taking m =r —d — j, we have
=221 L

m

W,&(d;m)ufw

—_ | =

(x+

B 1 . 2 —(d+1)
BNCESVECE (x+1)2

- z+1
C (22 x4 14

where in the second and third equalities we have used the binomial expansion
(24 1)+ = 5552 (=17 (57 ) ad. =

Proof of Theorem B2l Let tx(p) := Trr(To(2),p) + 2 + dx(p). By substituting (@)
into Theorem [B.I] and then applying Theorem 2.1}, we have

0 == X1 (FTE ) st ana 1)

By Lemma [3.3] we are done. O

We now consider applications of Theorem 3.2 to modular forms of level 2 of small
weight. Specifically, from [9] Prop. 1.43 and Thm. 2.24], we see that dim Si(I'(2)) =
0if k£ =2, 4, 6; also,

(13) dim S10(I'o(2)) = 1,
dim 512(F0(2)) = 2.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



338 MATTHEW PAPANIKOLAS

Of note is that A(z) and A(2z) form a basis of S12(I'g(2)), and in particular
S12(T(2)) contains no newforms. We let

(14) > am)g" =q [] (=™ - ™) € Ss(To(2)),
n=1 m=1

(15) S B(n)a" € S10(To(2)
n=1

be the unique newforms on I'g(2) of weights 8 and 10, respectively. As companions
to Theorem [I.Il we have formulas for the coefficients of these forms.

Theorem 3.4. Let p be an odd prime. Choose a, b > 0 satisfying p = a® + b?, if
p=1 (mod4), ora=b=0, if p=3 (mod 4).

(a) We have
p—1
a(p) = =2 — (1+2¢(—1))p® + 16pa®b*> = Y Rs(p, p(1 — Np® 3F2(N)),
A=2

where Rg(p,x) = 2° — 2px? — p*x + p°.

(b) We have
Blp) = =2 — (3+26(=1))p" + 80p*a”b? — 256a"b"
p—1
- Z Rig(p, (1 — Np” 3F2(N)),
A=2

where Rio(p,z) = x* — 3pa® + 3p3x.

Proofs of Theorems[LIl and B4l We apply Theorem B2l using Trg(I'y(2), p) = a(p),
Tri0(To(2),p) = B(p), and Tr12(To(2),p) = 37(p). We first observe that when
p=1 (mod 4), it follows from (@) and ([I0) that

ds(p) = 3p® — 16pab?,
(16) S10(p) = 5p* — 80p°a®h? + 256a*b",
S12(p) = 5p° — 80p®a®b® + 256pa’b’.

Thus to complete the proof, we compute the array of numbers c4(r) for 0 < d <

r <b5:

co(r) ci(r) ca(r) e3(r) ca(r) cs(r)
1
0 1
-1 -1 1
1 -1 -2 1
0 3 0 -3 1
-1 —2 5 2 —4 1

4. CONGRUENCES FOR Try(T'0(2),p)

In this section we investigate further congruence properties of Trg(T'o(2),p) and
prove the following theorem.
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RAMANUJAN’S 7-FUNCTION 339

Theorem 4.1. Let ¢ > 3 be prime, let n be a positive integer, and let k = ™ + 1.
Finally let p > 3 be prime.

(a) Ifn is odd,

Tri(To(2),p) = —2 — 6x(p) — z_: <¢(1 — )\)pQZFQ()\) - 3p> (mod ¢),

A=2
where (2) denotes the Legendre symbol modulo ¢.
(b) Ifn is even,

Trg(To(2),p) = =2 — dk(p) — z_: eo(p(1 = N)p? 3F2(N) = 3p)  (mod £),

A=2
where €4 s the trivial character modulo £.

Corollary [[3]is an immediate application of this theorem. We also obtain corol-
laries for a(p) modulo 7 and 3(p) modulo 3.

Corollary 4.2. Let p be an odd prime. Choose a, b > 0 satisfying p = a® + b2, if
p=1(mod4), ora=b=0, if p=3 (mod 4).
(a) Forp >3, we have

alp) = =2 — (1 +2¢(-1)) (1—77) + 2pa’b?

p—1 . 2 .
(AP PO=0)
A=2

(b) For p>5, we have
B(0) = ~(1+ G(~1)(1+6(3) ~ [{A € A (0,1} | sF(A) £ 0 (mod 3)}|  (mod 3).
Proofs of Corollaries 3 and[X2l The congruences for a(p) and 7(p) follow from
part (a) of Theorem 1] using Euler’s criterion to calculate d;(p) (mod ¢) via (I6).
The congruence for 3(p) follows from part (b) of Theorem ET] and the formula
1 (mod3), ifp=1 (mod 12),

2+9 =
+ o) {0 (mod 3),  otherwise (p # 3),

which is straightforward to check. O

The proof of Theorem [£.]] relies on special properties of the polynomials
kE_q
2

(17) Ry(x) := Ri(l,z) = ca(b - 1)xd.

We proceed by proving a series of lemmas.

Lemma 4.3. Define H(x,t) by
H(z,t)== Y Rp(a)t: "
k>2,even

Then
t+1

Ht) = — "
@0 = A —rt1
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340 MATTHEW PAPANIKOLAS

Proof. By applying Lemma [B3] and setting k = 2n + 2, we have

-5 () ()

Sy () eg (M)
—RZOZO ( . )t"(x+1)"J

We reorder the sum and, after setting n = m + 7, we find that

H(z,t) = g(—wﬂ gjo <2mj+ j) (@ + 1) ™
:i:zH—lmtmz <2m+3>tj
m=0

(z+1)™t™(t+1)72m!

e 117

0
t+1

24+ (1—x)t+1

3
]

Lemma 4.4. Let k > 2 be even. Then

x— (¢F ¢ —|—1))

i ::M'”

where ( 1= (p—1 = exp( 2mi )

Proof. By Lemma 3]
S Ri(w+a '+t = Hz+a + 1)

k>2even

k>2even Iz

Therefore, for any j with 1 < j < £ —1, (9 + (77 4+ 1 is a root of Ry(z). Since
Ry,(z) is monic and has degree £ — 1, the lemma holds. O

Remark 4.5. Tt follows from Lemma 4] that the splitting field of Ry(z) is the
maximal real subfield of the cyclotomic field Q(¢x—1).

Lemma 4.6. Let £ > 3 be prime, let n be a positive integer, and let k = £ + 1.
Then

n

Ri(z) = (x — 3)sz1 (mod ¢).
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RAMANUJAN’S 7-FUNCTION 341

Proof. The product in Lemma F4 holds in Q((=), in which £ is totally ramified.
The lemma then follows by reducing the product for Ry (z) modulo the prime above

¢ in Q(Con). O
Proof of Theorem 1l Since Ry(p,x) is the homogenization of Ry (z), Lemma
gives

Ri(p,x) = (x — 3p)£Tf1 (mod ¢).

Parts (a) and (b) then both follow from Theorem when n is odd, we observe
that 25:11 is odd, and so (a) follows from Euler’s criterion; when n is even, e;:ll is

even, and so part (b) follows from Fermat’s little theorem. O
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