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LINKING IN HILBERT SPACE
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(Communicated by Jonathan M. Borwein)

ABSTRACT. We present the most general definition of the linking of sets in a
Hilbert space and, drawing on the theory given in earlier papers by Schechter
and Tintarev, give a necessary and sufficient geometric condition for linking
when one set is compact.

1. INTRODUCTION

Many nonlinear problems in the physical and social sciences can be reduced to
finding critical points (minima, maxima and minimax points) of functionals (real-
valued functions on various spaces). The first critical points to be studied were
maxima and minima, and much of the activity in the calculus of variations has
been devoted to the finding of such points. A more difficult problem is to find
critical points that are neither maxima nor minima. In [I4] our goal was to prove
a theorem of the form:

Theorem 1.1. Let G be a C'-functional on E, and let A, B be subsets of E such
that A has a certain relationship to B. Assume that

(1.1) ap :=sup G < by := inf G.
A B

Then there is a sequence {ur} C E and an a > by such that
(1.2) G(ug) — a, G'(u) — 0.

The reason for the requirement that A have a relationship to B is that the
theorem is obviously false if A and B are two arbitrary sets. The problem facing
us was to find a very general relationship that would make the theorem true. We
defined a relationship which indeed made the theorem true and was the most general
known hypothesis that did so. We termed this relationship “linking.” (Previous
authors used this term to describe more restrictive definitions.) We suspect that
our definition of linking is the most general possible, and in this paper we obtain
a condition which is both necessary and sufficient for Theorem [L.I] to hold under
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404 MARTIN SCHECHTER AND KYRIL TINTAREV
mild assumptions on A. Our starting point is to define linking directly as existence
of critical levels. We have

Definition 1.2. Let A, B be subsets of a Banach space E. We shall say that A
links B if the class of G € C};(E;R) satisfying

(1.3) ap :=supG < bp :=inf G
A B
is non-empty, and for every such G there is a sequence {u;} C F and a constant ¢
such that
(1.4) bp <c< oo
and
(1.5) G(ug) — ¢, G'(ug)— 0.

(In this definition, as well as in the rest of the paper, we consider functionals
of the class Cf € C™, i.e. functionals whose Fréchet derivatives up to the order
m are uniformly continuous on bounded sets.) The importance of the concept of
linking stems from the fact that in many applications, a sequence satisfying (L)
(called a Palais-Smale sequence) leads to a critical point of G. In particular, this
is true if any sequence satisfying (LH]) has a convergent subsequence. (If this is the
case, then G is said to satisfy the Palais-Smale condition.) Thus, a useful method
of finding critical points of G is to find two subsets A, B of E such that A links B
and (LH) holds.

There are several sufficient conditions given in the literature which imply that a
set A links a set B in this sense (cf., e.g., [2, B 6], [7, &, @] [13] 14, 15]). The most
comprehensive is that of [T4]. In this paper we give a characterization of linking
sets that is both necessary and sufficient under mild assumptions on A. Thus,
under these circumstances, our characterization of linking sets is the most general
possible. We use the following maps.

Definition 1.3. We shall say that a map ¢ : E — E is of class ® if it is a
homeomorphism and both ¢, ¢~! are bounded on bounded sets. If, furthemore,
0,07t € CL(E; E), we shall say that ¢ € ®p. If, in addition, the linear span of
(¢ —id)(F) is finite-dimensional, we shall say that ¢ € ®q. If ¢ € O (resp.Py, Do)
and supp(y —id) C E'\ B, we shall say that ¢ € ®(B) (resp. Oy (B), ®o(B)).

We will denote the flow E x R — E generated by a bounded locally Lipschitz
vector field X : E — E as exp(tX).

Definition 1.4. We shall say that a map ¢ : Ex [0, 1] — E is a flow concatenation,
Y € U (resp. ¥y, ¥y), if there exist a finite collection of bounded locally Lipschitz
vector fields X; : E — E (resp. X; € CH(E;E); dim X;(E) < 00), such that
P(-,0)=1id, 0 =1ty <t; <--- <ty =1 and either

(1.6) V(s t) = v (-, tr) o exp((t — te) Xpq1), t € [t trta]

or

(1.7) V(1) = exp((t — ti) Xpt1) o P (-5 tk), t € [ths total.
Definition 1.5. We shall say that a set A is chained to a set B if
(1.8) g le@)ll < suplie(@)ll, ¢ € Po(B).
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Definition 1.6. We shall say that a set A is free from a set B if it is not chained
to it, i.e., if there is a ¢ € ®o(B) such that

(1.9) sup [[¢(z)]| < inf [jo(z)]]
zEA zeB

holds.
Our main theorem is

Theorem 1.7. Let E be a Hilbert space, let A,B C E and assume that A is
compact and d(A, B) > 0. Then A links B if and only if it is chained to B. The
necessity remains true also if A is not required to be compact.

Definition 1.8.
(1.10) Uo(A,B) :={¢ € ¥y : (A, 1) is free from B}.

Remark 1.1. If A, B are bounded, then it is easy to see that Wy (A, B) is not empty.
In particular, it contains a map exp(tX), where X (u) = y, y € E\{0} and |y||
is sufficiently large. It is also easy to see that the class Uy(A, B) is not empty
when the set A is compact. Fix a point y € A and let P,, be a monotone sequence
of n-dimensional orthogonal projectors on E, strongly convergent to I. By the
compactness of A, diam(/ — P,)A — 0 as n — oco. Moreover, for any € > 0 there
are an n and an M > 0 such that y + (I — P,)A + e (P, A —y) C Vi(y). (An
open ball of radius R centered at y € E will be denoted by Vg(y).) Fix e > 0 (and
thus n), so that Vaoc(y) N B = 0. Then ¢(x,t) = (I — Py)x +y +e M(P,x —y) is
in \IIQ(A, B)

We also have

Theorem 1.9. Under the hypotheses of Theorem [, A links B if and only if
P(A,(0,1)) N B # 0 for every ¢ € ¥o(A, B).

The necessity in Theorem [I.7] follows from
Lemma 1.10. If A links B, then it is chained to B.

Proof. Assume that ¢ € ®(B) satisfies (L), and let G(u) = ||¢(u)||>. Then by
the definition of the class ®(B), G € C},(E,R), supG(A4) < inf G(B) and G has
no critical level ¢ > inf,cp G(x) > 0. To show the latter, assume that there is a
sequence uy, satisfying (L3). Then we have, for any bounded sequence vy, € E,

(1.11) (" (ur)vr, p(ur)) — 0.

Let vy, := (' (ug)) 1 (¢(ug)). Then (¢’ (ur)vk, p(ur)) = G(ug) — c. However, the
sequence vy is bounded: G(uy) — ¢ implies that ¢(uy) is bounded, which implies
that uy, and consequently (¢'(uy))~! and vy are also bounded. Hence, G'(uy) — 0
implies G(uy) — 0, showing that ¢ = 0. Thus, A does not link B. O

The sufficiency part of Theorem [l will be proved in the next section. Theorem
will be proved there as well. We note that if the values of A and B are separated
by G € CY(E,R) (i.e., (L3) holds), then d(4, B) > 0.
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406 MARTIN SCHECHTER AND KYRIL TINTAREV

2. PROOF OF SUFFICIENCY

In this section we prove sufficiency in the statement of Theorem [[L7] namely

Theorem 2.1. Let E be a Hilbert space, let A,B C E, let G € CL(H) such that
sup G(A) < inf G(B) and assume that A is compact and is chained to B. If

2.1 c:= inf sup - G(¢(z,t)),
(2.1) wewo(A,BueAté)[OAJ Wit

then inf G(B) < ¢ < 0o and (L) holds. In particular, A links B.
The proof of Theorem 2.I] will be based on several lemmas. First, we have

Lemma 2.2. If the set A is chained to B, then for every map i € Wy such that
(A, 1) is free from B, we have (A, (0,1)) N B # ().

Proof. Assume that there is a ¢ € Wy such that (A4,1) is free from B and
(A, (0,1))N B = (. Let X; be the bounded locally Lipschitz vector fields that de-
fine 1 according to a particular sequence of left and right concatenations (L6), (7).
Let x : E — [0,1] be a locally Lipschitz function supported in the complement of
B that equals 1 on (A4, [0, 1]). Let now #; be the function (L6),[L7) with every
X; replaced by xX;. Then ¥1|axj0,1] = ¥|axjo,1) and ¥ (-, 1) € $o(B). Thus (-, 1)
frees A from B. O

Next, we let
(2.2) Gs:=G c—s,c+s]),5>0.
We have
Lemma 2.3. Let G € C}(E). Assume that there exists an € > 0 such that
(2.3) u € Gae = ||G'(u)]| > 2e.
Assume that A C F is a compact set such that
(2.4) max G(A) < c+¢€/2,

and let R > 0 be such that A C Vg (0). Then there exists a map X € C35(E; E) with
finite-dimensional range and a p > 0, depending on G, € and R, but independent
of A and subject to the conditions above, such that

(2.5) supp X C Gae,

(2.6) exp(—tX)A C Vr4,(0), tel0,p],

and

(2.7) max G(exp(—pX)A) < max{c — ¢/2, max G(A) — pe}.

In proving Lemma [2.3] we shall use

Lemma 2.4. Letx; € E,v1=1,...,N, let p> 0 and let

N
(2.8) Cri=|JVili), r>0.
i=1
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Then there exists a x € C55(E;[0,1]) such that

(2.9) zeCy=x()=1
and
(2.10) xz ¢ C3, = x(x) =0.

Proof. Let Y C E be the span of the z;, : =1,..., N, and let P be the orthogonal
projector onto Y. Let n € (0,p/6), and let, using the sets (28], relative to the
Euclidean space Y x R with the norm ||(y, )||2 lyll? + 2,

d(z, (Y xR)\ C3—y)
d(z, (Y x R)\ C3p—p) + d(@, C2piry)’

Let now xn be a convolution of 1 with a standard radially symmetric mollifier on
Y x R supported in a ball of radius 7, and let

(2.12) x(z) = xn (P, ||(I — P)zl]).
It is easy to see that x has the required properties. ([

2.11)  (z) = zeY xR.

We now give the proof of Lemma

Proof. Let us first define p. Let wg be the sum of respective moduli of continuity
for G’ and G'/||G’| on Vgry1(0) N Ga.. Let p € [0, 1] satisfy

(2.13) wrt1(p) < 1/4.
It is easy to see that there exists an open cover {O,} of Vgy1(0) N Gy such that
for every «,
G'(u) (v)
(2.14) sup H <1/4
uEOa,UEVR+1(O)|’TG2€ HG/(U)” ||G/ v ||

and
!
(2.15) inf (G’(u) G,( v) ) > €
€O, vEVR4+1(0)NGac ||G( )”

Let us now consider a renamed locally finite refinement of {O,}, which obviously
inherits (Z.T4)),(2T5) and an associated locally Lipschitz partition of unity {xa}.
Select an arbitrary v, € O, N VR+1( ) N Gae and set

(2.16) X(u) = ZXam, u € Vg41(0) N Gae.
Then || X|| < 1, and from ZI4),([ZIH) it follows that whenever u € Vg, 1(0) N Gy,
we have
(2.17) (X (u), G'(u) > €
and
o G
(2.18) [1X (u) — @ | <1/4.
We can now define
(2.19) X(u) = x0((G(u) = ¢) /)X (u),
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where xo € C§°(R;[0,1]), xo = 1 on [—1, 1] and supp xo C [—2,2]. Let

(2.20) A= | exp(—tX)A | NGpe.
t€[0,p]

Since | X|| < 1, A, C Vr4,(0). Compactness of A, is immediate. Let {V,(u;)},
u; € Ap, be a finite cover of A,. Let x, be the cut-off function relative to the
collection {B,(u;)}, as provided by Lemma 24 Let

lu—uill\ G’ (us)

zX - (w,

(2.21) X, (u) ==y (U)EZ o755 ) e
’ P ]
> XO(T)

Note that supp X, C C3,, so that X, admits a C*°-extension by zero to the whole

of E. Note also that whenever d(u, A,) < p, there is an 4 such that u € Va,(u;), so
that u € Cy, and x,(u) = 1. In other words,

, uc C5p.

(2.22) Xp(u) =1 whenever d(u, 4,) < p.
Then, if d(u, 4,) < p and u € G, by 218), (221,
1 1 1

. - <-4 =-.
(223) 1, (0) ~ X)) < 45 = 2
Let
(2.24)

ti:=sup{d < p:m(f):= max |exp(—tX,)(u)—exp(—tX)(u)| < p/2}.

u€A,tel0,0]

Note that the function m(6) defined above is a continuous function of 6 > 0 and
m(0) = 0, so that t; > 0 and the value ¢; is attained. If we assume that t; < p, we
will easily arrive at a contradiction: if m(6) < p for 6 € [0, 2], t2 € (1,06], then by

223),
[l exp(—t2X,)(u) — exp(—t2.X) (u)

< [ IXp(exp(-t,) () = X (exp(~tX)w)]de < 22 < 5.
0

We conclude therefore that for all u € A, ¢t € [0, p], d(exp(—tX,)(u), A,) < p, and
therefore, by ([2.21)),

(2.26) sup G(exp(—pX,)A) < supG(A) — pe.
This completes the proof. (Il

(2.25)

—_

Corollary 2.5. There exists a map 1 € Wy such that
(2.27) max G o (A, 1) <c—¢€/2.

Proof. Let A; = exp(—pX,)A and rename X, as X;. Let k € N, k € [%,
% + 1], and define X;;, as the map X provided by Lemma for A = Aj,
while setting A1 = exp(—pX;11), j=1,...,k—1. Note that A; C Vry;,(0), so
that U?Zl Ay C Vgy41(0). Thus, the selection of p in Lemma 23] is independent of
j (see (ZI3)). Then we can set 1(-,0) = id and

(228) 1/’(7t) = eXp(_th-‘rl) © w(a]p)at € [.]7.] + 1}
The proof is complete. O
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We can now give the proof of Theorem [Z11

Proof. For every ¢ € Wo(A, B) we have (A,[0,1]) N B # 0 and so ¢ > inf G(B)
(Lemma [22]). If we assume that ¢ is not a critical level, we adopt the deformation
1 from Corollary 28 and, with its argument range rescaled to [0, 1], we will rename
it ¢1. By the corollary, if ¢ € Ug(A, B) satisfies sup G(¢(A x [0,1])) < ¢ + €/4,
then sup G (11 (-, 1) 01(-,[0,1](A))) < ¢ —€/4. Consider now a map (-, t) = b1 (-, )
for t € [0,1] and (-,t) = b1 (-, 1)(-,t — 1) for t € [1,2]. Then the function (-, 2t)
remains in the class Wo(A, B), but sup G(¢(A4 x [0,1])) < ¢ — €/4, a contradiction.
This completes the proof. O

We can now give the proof of Theorem [
Proof. Apply Theorem [2.1] and Lemma O
We can also give the proof of Theorem

Proof. The sufficiency in Theorem [[L9] follows from Lemmas and The
necessity follows from the proof of Theorem 2.1 O

We also have

Theorem 2.6. If A links B, then

(2.29) inf [lp(z)]| < sup [|e(@)]l, ¢ € Pu(B),
zeB z€A
even if A is not compact.
Proof. Lemma [L.I0l O
REFERENCES

1] A. Ambrosetti and V.C. Zelati, Periodic Solutions of Singular Lagrangian Systems,
Birkh&user, 1993. MR1267225/ (95b:58054)

[2] P. Bartolo, V. Benci and D. Fortunato, Abstract critical applications to some nonlinear
problems with “strong” resonance at infinity, Nonlinear Analysis TMA, 7(1983) 981-1012.
MRO0713209)/(85¢:58028)

[3] H. Brezis and L. Nirenberg, Remarks on finding critical points, Comm. Pure Appl. Math.
44(1991) 939-964. MR1127041/(92i:58032)

[4] V. Benci and P.H. Rabinowitz, Critical point theorems for indefinite functionals, Invent.
Math. 52(1979) 241-273. MR0537061/(80i:58019)

[5] K.C. Chang, Infinite dimensional Morse theory and multiple solution problems, Birkhauser,
Boston, 1993. MR1196690)/(94e:58023)

[6] J. Mawhin and M. Willem, Critical Point Theory and Hamiltonian Systems, Springer-Verlag,
1989. MR0982267//(90e:58016)

[7] L. Nirenberg, Variational and topological methods in nonlinear problems, Bull. Amer. Math.
Soc. 4(1981) 267-302. MR0609039/(83¢:58015)

[8] P.H. Rabinowitz, Minimax methods in critical point theory with applications to differential
equations, Conf. Board of Math. Sci. Reg. Conf. Ser. in Math. No. 65, Amer. Math. Soc.
1986. MR0845785|(87j:58024)

[9] M. Schechter, The intrinsic mountain pass, Pacific J. Math., 171(1995) 529-544. MR1372243
(97a:58032)

[10] M. Schechter, New linking theorems, Rend. Sem. Mat. Univ. Padova, 99(1998) 255-269.

[11] M. Schechter, Linking Methods in Critical Point Theory, Birkhduser Boston, 1999.
MR1729208|/(2001£:58032)

[12] S. Shi, Ekeland’s variational principle and the mountain pass lemma. Acta Math. Sinica
(N.S.) 1 (1985), no. 4, 348-355. MR0867907|(87m:49039)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=1267225
http://www.ams.org/mathscinet-getitem?mr=1267225
http://www.ams.org/mathscinet-getitem?mr=0713209
http://www.ams.org/mathscinet-getitem?mr=0713209
http://www.ams.org/mathscinet-getitem?mr=1127041
http://www.ams.org/mathscinet-getitem?mr=1127041
http://www.ams.org/mathscinet-getitem?mr=0537061
http://www.ams.org/mathscinet-getitem?mr=0537061
http://www.ams.org/mathscinet-getitem?mr=1196690
http://www.ams.org/mathscinet-getitem?mr=1196690
http://www.ams.org/mathscinet-getitem?mr=0982267
http://www.ams.org/mathscinet-getitem?mr=0982267
http://www.ams.org/mathscinet-getitem?mr=0609039
http://www.ams.org/mathscinet-getitem?mr=0609039
http://www.ams.org/mathscinet-getitem?mr=0845785
http://www.ams.org/mathscinet-getitem?mr=0845785
http://www.ams.org/mathscinet-getitem?mr=1372243
http://www.ams.org/mathscinet-getitem?mr=1372243
http://www.ams.org/mathscinet-getitem?mr=1729208
http://www.ams.org/mathscinet-getitem?mr=1729208
http://www.ams.org/mathscinet-getitem?mr=0867907
http://www.ams.org/mathscinet-getitem?mr=0867907

410 MARTIN SCHECHTER AND KYRIL TINTAREV

[13] E.A. de B.e. Silva, Linking theorems and applications to semilinear elliptic problems at res-
onance, Nonlinear Analysis TMA 16(1991) 455-477. MR1093380 (92d:35108)

[14] M. Schechter and K. Tintarev, Pairs of critical points produced by linking subsets with appli-
cations to semilinear elliptic problems, Bull. Soc. Math. Belg. 44(1992) 249-261. MR1314040
(95k:58033)

[15] K. Tintarev, Isotopic linking and critical points of functionals. Proceedings of the Second
World Congress of Nonlinear Analysts, Part 7 (Athens, 1996). Nonlinear Anal. 30 (1997), no.
7, 4145-4149. MR1603558 (99d:58037)

[16] M. Willem, Minimax Theorems, Birkhauser, 1996. MR1400007|(97h:58037)

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, IRVINE, CALIFORNIA 92697-3875
E-mail address: mschecht@math.uci.edu

DEPARTMENT OF MATHEMATICS, UPPSALA UNIVERSITY, P.O. Box 480, 751 06 UPPSALA,
SWEDEN
E-mail address: kyril.tintarev@math.uu.se

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=1093380
http://www.ams.org/mathscinet-getitem?mr=1093380
http://www.ams.org/mathscinet-getitem?mr=1314040
http://www.ams.org/mathscinet-getitem?mr=1314040
http://www.ams.org/mathscinet-getitem?mr=1603558
http://www.ams.org/mathscinet-getitem?mr=1603558
http://www.ams.org/mathscinet-getitem?mr=1400007
http://www.ams.org/mathscinet-getitem?mr=1400007

	1. Introduction
	2. Proof of sufficiency
	References

