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ABSTRACT. This paper continues a discussion that arose twenty years ago,
concerning the perturbation of an m-accretive operator by a compact mapping
in Banach spaces. Indeed, if A is m-accretive and g is compact, then the
boundary condition tz ¢ A(z)g(z) for x € 8G N D(A) and t < 0 implies that
0 is in the closure of the range of A + g. Perhaps the most interesting aspect
of this result is the proof itself, which does not appeal to the classical degree
theory argument used for this type of problem.

I. INTRODUCTION

Let X be a (real) Banach space. An operator A : D(A) C X — 2% is said to be
k-accretive (k € R) if for each u,v € D(A) there exists j € J(u — v) such that

(1) (u—wv,j) > kllz -yl
for all w € Az and y € Ay, where J : X — X* is the normalized duality mapping
which is defined by

J(u) = {j € X*: (u,5) = ||ul?, [I7] = [Jull}.

Here (., .) denotes the generalized duality pairing. For k£ > 0 in the inequality (1),
we say that A is strongly accretive, while for k = 0, A is called accretive. In addition,
if the range of I + AA is precisely X for A > 0, then A is said to be m-accretive.
However, mappings of the form I — A are known to be k-pseudo-contractive (see
[10]). Indeed, T is said to be k-pseudo-contractive if for each x,y € D(T) there
exists j € J(z —y) such that

(u—v,j) < kllz —yll*

for all w € Tx and v € Ty. If £k < 1, T is called strongly pseudo-contractive,
while for £k = 1, T is called pseudo-contractive. This latter class of operators was
first introduced by Browder [2], while the accretive mappings were independently
introduced by Browder [I] and Kato [9].

Our main purpose here is to study the existence of solutions for equations in-
volving m-accretive operators perturbed by compact mappings under the Leray-
Schauder condition. For the last twenty years, this problem has been extensively
studied under stronger conditions. Among the contributors we mention Kartsatos
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[6], [7], Hirano [4], Hirano and Kalinde [5], Morales [I2], and Yang [I5]. In fact,
Theorem 1 below represents a significant extension of known results of this nature.
However, the most revealing aspect of this work is the fact of the results are ob-
tained without even indirect recourse to degree theory arguments, which is contrary
to what has been done in previous works of this nature.

II. PRELIMINARIES

We begin with a result that is a special case of Proposition 1 of Morales [14].

Proposition 1. Let X be a Banach space and let K be a closed convex subset of
X. Let D be an open subset of K with 0 € D. Suppose g : D — K is a compact
mapping satisfying the Leray-Schauder condition:

g(x) # Az for all x € OxD and A > 1.

If, in addition, the set {x € D : g(x) = Az for some A\ > 1} is bounded, then g has
a fixed point in D.

Corollary 1. Let X be a Banach space and let K be a closed convex subset of X
with 0 € K. Suppose g : K — K is a compact mapping such that the set

F={xe K:qg(x)=Mx for some > 1}

is bounded. Then g has a fized point in D.

III. MAIN RESULTS

The following proposition will be needed in the proof of our main result.

Proposition 2. Let X be a Banach space, let T : D(T) C X — 2% be strongly
pseudo-contractive with 0 € D(T) and let g : D(T) C X — X be compact. Then:

(i) The mapping A\ — xx with \x € T(x)) + g(zy) for A > 1 is continuous
provided that the set E = {xx : A > 1} is bounded.

(ii) Let G be a bounded and open subset of X containing the origin for which
Az ¢ T(z) + g(x) for x € OGN D(A) and X\ > 1. Suppose x is defined for each
A> X >1and z, € G for some > A\g. Then xx € G for all A

(iii) Suppose there exists Ag > 1 such that \xx € T'(zx) + g(zx) for A > Ao with
{g(zx) : A > Ao} bounded. Then zy — 0 as A — oo.

Proof. (i) Let A,u > 1. Since T is strongly pseudo-contractive, there exists j €
J(xx — ) such that
<A1‘k - ﬂxuaj> = <’LL - U7j> + <g(xk) - g(ﬂ?u),j>
for some u € T(zy) and v € T'(z,,). Hence
(2) A = E)llex = zull < (A= plllzull + [lg(zr) = g(zu)]]-

Since g is compact and FE is bounded, we may easily derive the continuity of the
mapping A — x as a consequence of the line above.

(ii) By part (i), the set {xy : A > Ao} is a path with xz, € G. Therefore the
boundary condition forces the entire path to remain in G.
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(iii) For each € > 0, there exists x € D(T) such that ||z|| < e. Now we choose
j € J(zx—x) and u € T(z) to derive that (Azy — g(xx) —u,j) < k|lzx —||>. This
implies

A = B)ffex =zl < lg(zx) + ull + All]]

Hence ) — 0 as A — oo. [l

Theorem 1. Let X be a Banach space, let A : D(A) C X — 2% be m-accretive

and let G be a bounded and open subset of X. Let g: GN D(T) — X be compact.
Suppose there exists w € GN D(T) such that

(3) tx —w) ¢ A(x) + g(x) for €GN D(A) and t <O.
Then 0 € R(A+ g).

Proof. By replacing A with A(z+w), g(x) with g(z+w), D(A) with D(A) —w and
G with G —w, we may assume that w = 0 in (3). Now, we first solve the following
problem:

0€ A(z) + g(x) +ex for 0 <e<1.

To accomplish this, let T, = (1 —e€)I — A. Then T, is strongly pseudo-contractive
on D(A). Since A is m-accretive, (I — tT.)(D(A)) = X for ¢ € (0,1]. On the other
hand, by Theorem 4.1 of Dugundji [3], there exists a compact extension g : D(A4) —
X of the mapping g such that G(D(A)) C co(g(GND(A))). Consequently, §(D(A))
is bounded.

Let K =[0,1] x X be a subset of the Banach space R x X with norm [|(¢,u)||; =
[t| + ||u||. Since I — ¢T is expansive for each ¢ € [0, 1], then the mapping h; : X —
D(A) defined by hy(z) = (I — tT.)" (=) is single-valued and satisfies

[1he(x) = hi(y)

< sl =il < eyl
T 1-t(l—¢) yih= s

Define the mappings h : K — [0,1] x D(A) and f : [0,1] x D(A) — K by
h(t,x) = (1, he(x)) and f(t,x2) = (¢, —g(x)), respectively. Then f o h maps K into
K. Moreover,

h(tz) — ks, )l < [l @) — bt gl + Bt y) — h(s.9)lh
< i) — he@)l| + lhe() — ha@)]
< eyl 4l — 8]
- 1-tl-¢

for some u € T.(hs(y)). Then h is continuous and bounded on K. On the other
hand, since g is compact, then so is f, which implies that f o h is compact. We
shall now show that r(f o h) has a fixed point for each r € (0, 1]. To see this, we
prove the set

F={(t,x) € K :rf(h(t,z)) = A(t,z) for some A > 1}
is bounded. Let (t,z) € F. Then f(h(t,z)) = u(t,x) with x> 1. This implies

L he(2)) = (1, =g(he(2))) = (ut, pax).
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Hence g(hi(z)) = —px, which implies ||z|| < || — pz|| = ||g(ht(x))]] < ¢ for some
¢ > 0. Therefore, F' is bounded, and by Corollary 1, 7(f o h) has a fixed point. This
means, for each A > 1 there exists (¢,2)) € K so that f(h(t,zx)) = A(t, ), and
thus

F(L () = (1, =g(he(22))) = (AL, Azy).

Hence g(ht(zy)) = —Axy, while Xt = 1. If z) = he(z)), we obtain x) € z) —tT(z))
and thus Azy € T.(zn) — g(2)) Consequently, by Proposition 2(iii), zy — 0 as
A — o0o. This means, z), € GN D(A) for A large enough. Since T, — g satisfies the
Leray-Schauder condition:

At ¢ Te(x) — g(z) for x € 0G N D(A) and A > 1,

Proposition 2(ii) implies that zy € G N D(A) for all A > 1. Therefore Az) €
T.(2)) — g(2)). We now let A, — 1*. Then for each n there exists z, € G N D(A)
such that

Anzn € Te(zn) — g(zn) = (L =€)z — A(zn) — g(2n).

Since {z,} is bounded, we may assume, without lost of generality, that g(z,) — v,
for some y € X. Therefore, by (2), 2z, — 2z € G, and thus A\, 2z, + g(z,) — 2z +v.
Since A is a closed operator, z € D(A) and 0 € A(2) + g(z) + ez. We now choose a
sequence €, — 0 as n — 0o, to conclude that 0 € R(A + g). O

Corollary 2. Let X be a Banach space, let A : D(A) C X — 2% be m-accretive

and let g : D(A) — X be compact. Suppose the set
E={xe D(A):tx e A(x) + g(z) fort <0}

is bounded. Then 0 € R(A+ g).

Proof. Since 0 € D(A) and E is bounded, we may select an open ball B centered
at the origin so that £ C B. Then

ter ¢ A(x) +g(z) for v € 9BND(A) and ¢ < 0.

Therefore, by Theorem 1, the conclusion follows. O

We are now ready to weaken the assumptions of Theorem 2 of Hirano [4]. How-
ever, most significantly, our proof is basically self-contained and uses elementary
arguments.

Theorem 2. Let X be a Banach space, let A : D(A) C X — 2% be m-accretive and

let g : D(A) — X be compact. Suppose there exists a bounded open set G containing
the origin such that for each x € 0G N D(A) there exists j € J(x), for which

4) (u+g(x),j) >0 for all ue€ Ax.

Then 0 € R(A + g).

Proof. In view of Theorem 1, we only need to verify that condition (3) holds for
w = 0. To see this, let to € A(z) + g(z) for some z € G N D(A). Then there exists
u € Az such that tx = u + g(x). From condition (4), we derive t[|z||> > 0 and
consequently, t > 0, which completes the proof. (I
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Theorem 3. Let X be a Banach space, and let A : D(A) C X — 2% be m-accretive
with (A + I)~! compact. Let g : D(A) — X be continuous and bounded. Assume
there exists an open and bounded set G containing the origin such that

ter ¢ A(x) +g(z) for x € IGND(A) and t <O.
Then 0 € R(A+yg).

Proof. As in the proof of Theorem 1, we first solve the problem

0€ A(z) + g(x) +ex for 0 < e < 1.

To see this, we restrict g to G N D(A) and then, using Theorem 4.1 of [3] once
again, we find a continuous extension g : D(A) — X such that

9((D(A)) C co(g(G N D(A))),
which implies that §((D(A)) is bounded. Also, since (I + A)~! is compact, so is
(I —tT.)~!, where T, = (1 —€)I — A and t € (0, 1]. Therefore the proof of Theorem
1 carries over, to conclude that

0€A(z) +g(z) +ex

for some 2z € GND(A). Select a sequence €, — 0F. Then there exists z, € GND(A)
such that 0 € A(z,) + g(2n) + €,2,. Hence,

Zn(l - En) - g(zn) € (I + A)(Zn)7

and thus, z, = (I+A4) 7 [z,(1—€n) —g(2,)]. Since {g(z,,)} is bounded and (I+A4)~*
is compact, we may obtain a convergent subsequence of {z,}, which converges to
a point z € G N D(A). However, the closeness of A, implies that z € D(A) and
consequently 0 € (A + g)(G N D(A)). O

Corollary 3. Let X be a Banach space, and let A : D(A) C X — 2% be m-accretive

with (A + I)~! compact. Let g : D(A) — X be continuous and bounded. Assume
there exists an open and bounded set G containing the origin such that for each
x € 0G N D(A) there exists j € J(x) satisfying (u + g(x),j) > 0 for all u € Az.
Then 0 € R(A+ g).

We should observe that Corollary 3 extends Theorem 3 of Kartsatos [§] and
Theorem 2 of Hirano and Kalinde [5], who assume that the boundary condition (4)
must hold outside of an open ball centered at the origin with radius b.
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