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ABSTRACT. We give some sufficient conditions for normal structure in terms
of the von Neumann-Jordan constant, the James constant and the weak or-
thogonality coefficient introduced by B. Sims. In the rest of the paper, the
von Neumann-Jordan constant and the James constant for the Bynum space
l3,0c are computed, and are used to show that our results are sharp.

1. INTRODUCTION

If C is a subset of a Banach space X, a mapping T: C' — X is called nonexpansive
if |T(z) —T(y)|| < |z —yl| for all z,y € C. We say that X has the fixed point
property (FPP) if every nonexpansive self-mapping T: C' — C of each nonempty,
closed, bounded and convex subset C' of X has a fixed point. The weak fixed point
property (WFPP) is defined similarly by replacing closed and bounded by weakly
compact. Obviously, for a reflexive Banach space (FPP) and (WFPP) are the same.

In the last forty years the question of whether a Banach space X has, or has not,
the (WFPP) has been intensively studied and although the list of sufficient condi-
tions for (WFPP) (in most cases of geometrical type) is still increasing, perhaps the
most celebrated result in this direction is the one given by W.A. Kirk [Ki], which
states that those Banach spaces with weak normal structure have the (WFPP). Re-
call that the Banach space X has weak normal structure ((WNS) for short) if every
nonempty convex and weakly compact subset C' of X, with diam(C) > 0, contains a
nondiametral point, that is, there exists xg € C such that sup{||lx — x| : x € C} <
diam(C). If we replace weakly compact by bounded and closed, we obtain the
definition of normal structure (NS), which for reflexive spaces equals (WNS). For
more information on this topic we refer the interested reader to [G-K], [Kh Ki] and
[Ki S|, for instance.

In a recent paper, M. Kato, L. Maligranda and Y. Takahashi [KMT] gave a
sufficient condition for (NS) in terms of the von Neumann-Jordan constant Cyny(X),
which was defined in 1937 by J.A. Clarkson as

Iz + ylI? + ||z — y?
Cnj(X) = sup {
2([=[1% + llylI*)

.2,y € X and ]| + [y # o}.
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Although some properties of X such as uniform nonsquareness, superreflexiv-
ity, type, and cotype can be described in terms of the constant Cxn;(X) (see [KT],
[KMT] and the references therein), fixed point theorems in terms of this constant
are uncommon in the literature. The only exception is, perhaps, Corollary 3 in
[KMT] where the authors showed that if Cnj(X) < 5/4, then X has normal struc-
ture. (Even more, they proved that X and X* have uniform normal structure.)
This result has been recently improved by S. Dhompongsa, P. Piraisangjun and
S. Saejung in [DPS|, where among other things, the authors show that X has
normal structure whenever Cny(X) < 3+T\/5.

Another coefficient which was used to give sufficient conditions for normal struc-
ture is the James constant J(X) defined as

J(X) = sup{min(||lz +yl, [lz — y[) : =[] = 1, ||=[| = 1}
= sup{min(||z +y|, [z —yl}) - =[] <1, [l=]| <1}.

J. Gao and K.S. Lau proved in [GL2] that a Banach space X has normal structure
if J(X) < %, and again this result has been recently improved by S. Dhompongsa,
A. Kaewkhao and S. Tasena, who proved in [DKT] that the constant % can be
replaced by #

Let us mention another sufficient condition for normal structure given by B. Sims
[S] in terms of a coefficient of weak orthogonality w(X). As in [JL], we prefer to
use its inverse, u(X), which is defined as the infimum of the set of real numbers
r > 0 such that

limsup ||z 4+ z, || < rlimsup ||z — 2, ||
n n

for all x € X and for all weakly null sequences (z,,) in X.
B. Sims proved in [9] that a sufficient condition for normal structure is the
following: there exists ¢ € (0,2) such that

ﬁ > max{%,l féx(s)} ,

where 0x : [0,2] — [0, 1] is the usual modulus of convexity of X defined as
) 1
ox(e) =mf{l - Jllz+yll: 2,y € Bx, [z —yll = <}

In Section 2 we give two sufficient conditions for normal structure in terms of
Cni(X), J(X) and pu(X), and in Section 3 we give the exact value of Cnj(X) and
J(X) when X is the Bynum space f3 . This solves a question posed in [KMT]
and also shows that our results are sharp.

2. TWO SUFFICIENT CONDITIONS FOR NORMAL STRUCTURE

As stated in the introduction, in this section we give two sufficient conditions
for normal structure, and in the proof we shall use the following result (see, for
instance, [KMT]): if Cnj(X) < 2 or J(X) < 2, then X is reflexive.

Theorem 1. If X is a Banach space with Cxj(X) < 1+ ﬁ, then X has normal
structure.

Proof. Observe that Cny(X) < 2 since u(X) > 1. Thus, X is reflexive, and then
normal structure equals weak normal structure.
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VON NEUMANN-JORDAN CONSTANT, NORMAL STRUCTURE 357

Suppose, looking for a contradiction, that X lacks weak normal structure. Then,
it is well known (cf. [G=K] or [P]) that there exists a bounded sequence (x,,) in X
such that the following statements hold.
(i) (x) is weakly convergent to Ox.
(ii) diam({z, :n=1,2,...}) =1.
(iii) For all x € cleo({z,, : n=1,2,...}) we have

n—oo
Fix € > 0 as small as needed. Then, using the above properties of (x,,) and the
definition of (X)) (for short: p = u(X)), we obtain two positive integers m and n,
with m greater than n, such that
1) oal = 1—c.
2) |lxm — xn| < 1.
3) |lzm + xn2|| <p+e.
we—1
4) me u2+1x
5) (1® = D — (1 + Danll > (12 + 1l|zal e
Next, put x = ,ug(xm — 2p) and y = x,, + 2, and use the previous estimates to
obtain that ||z| < u?, |ly|| < 1+ ¢, and also that

lz+yll = 1(4® + Darm — (4 = Daa|
P =1
2+ 1xn

nll =1 —e.

=1+ N2) T —

Z (1 + :u2)(1 - S)v

2 = yll = |(1* = Dam — (1 + Dz

> (u* + 1)l — €

> (24 1)(1—2) e
Then, by definition of Cn;(X),
& +ylI* + [l — y[*

2(]J[|* + llyl?)
A+p2)?A - +[A+pH)A—c) — ¢
2pt +2(p +¢)? '
Finally, letting ¢ — 0%, we obtain that
(L4 p2)%+ (14 )
2'u4_|_2'u2

Ony(X) >

>

CNJ(X) >

1
= ]_ —+ —,
112
which contradicts the hypothesis. O

Theorem 2. If X is a Banach space with J(X) < 1+ ﬁ, then X has normal
structure.

Proof. As in the previous theorem, our hypothesis implies that X is reflexive be-
cause J(X) < 2, so we just need to prove that X has weak normal structure. We
do it again by contradiction: suppose that X lacks weak normal structure. Then,
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obtain a sequence (x,) satisfying the conditions i), ii) and iii) listed in Theorem 1.
Now, fix € > 0 sufficiently small and obtain two positive integers n, m, with m > n,
such that (for short: pu = u(X))

) llznll > 1 —e.

) me _an <1l

) 1w + x| < p+e.
)

1 1 1
P Ty — 1+u+6 Tp|| = 1+m znll —e.

8
B S A N

Next, put © = 2, — 2, and y = (u+¢) (2, +2,) and use the previous estimates
to obtain that ||z]| <1, |ly|| < 1, and also that

1 1
ool = |(1+ 2 ) om = (1= ) o
pw+e w+e
1 1
le =yl =|{1- Ty — (14 Tn
u+e e

> (14 ) Gl - 2
> (1+L> (1—¢)—e

(1
2
(3
(

4

Y
7 N
+

=
+ |~
™
N————
_
|
J

n+e
Then, by definition of J(X),

1
J(X) > min{||x + |, ||z — >l1l+—— | (1—¢)—c¢,
(0 2 minflo+ ol o -yl 2 (14— ) (1 -2)
1
and letting ¢ — 07 we obtain that J(X) > 1+ —, which is a contradiction. O
i

Remark 1. S. Dhompongsa, P. Piraisangjun and S. Saejung proved in [DPS] that
a Banach space X has normal structure whenever Cyx;(X) < %. If we compare
this result with Theorem 1, we observe that for those spaces with p(X) close to
1 the result in [DPS] does not apply but our Theorem 1 still gives information on
the normal structure of X. The same can be said about Theorem 2 and the result
given by S. Dhompongsa, A. Kaewkhao and S. Tasena, who proved in [DKT] that

X has normal structure if J(X) < 1*—2‘/5

Remark 2. Theorem 2 recovers a result by B. Sims [S]. In this paper the author
introduced the so-called property (K) and proved that any Banach space with
property (K) has normal structure. Recall that a Banach space has property (K)
if there exists a real number &, with 0 < k < 1, such that

x, — 0
[zn| — 1 = ||z|| < k.

liminf ||, —z| <1
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Moreover, Sims showed that the Banach space X has property (K) whenever
(%)

for some 7 € (0,2).
Observe that for any Banach space X we have that

1
a(x) > InELX{ET, 1—0x(7)}

(e €10,2]), and then for every 7 € [0, 2],

1 1 2 5
maX{ET, 1—0x(m)} > max{gr, 1— TZ} > g

Thus, if x#(X) > /2, that is, if ﬁ < g, the above Sims’ sufficient condition for
property (K) (and hence for WNS) cannot be fulfilled.
To see that the result of B. Sims is contained in Theorem 2 we need to prove

that property (*) implies that J(X) < 1+ —L~. In fact we shall prove a stronger

w(X)
result (observe that %X) <1+ ﬁ because u(X) > 1).
Claim. Condition (x) is equivalent to J(X) < ﬁ

Indeed, if J(X) < ﬁ, then for any real number 7 with J(X) < 7 < ﬁ we

have that
1 1 1
max{ET7 1-0x(m)}= 37 < X
because J(X) = sup{e € (0,2) : § < 1 —dx(e)} (see [GLI] for instance) and
T > J(X).

For the converse suppose that
1 1
X > max{gT, 1—-0x(7)}
for some 7 € (0,2).
Consider two vectors z,y in the closed unit ball of X and let us see that

min{|z + yl, [l — y[|} < max{r,2(1 - dx(7))}.

The argument is easy: if || — y|| < 7 we have finished; otherwise, the definition
of dx(-) gives that
1

5(304‘?/)

that is, ||z+y|| < 2(1—0x(7)). Now, use the relation (%) to obtain that J(X) <

5x(7)<1—

)

_2
wX)*

In [DPS], [DKT] and [KMT] the authors give conditions which guarantee that
both X and X* have normal structure. We mention that under the hypothesis of
our Theorem 1 we can also conclude the normal structure of X*. To achieve this
conclusion it suffices to bear in mind that Cn;(X) = Cny(X*) and that p(X) =
w(X*) when X is reflexive. The first fact is a well-known result and the second is
proved in the following theorem.

Theorem 3. If a Banach space X is reflezive, then pu(X) = p(X™*).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



360 A. JIMENEZ-MELADO, E. LLORENS-FUSTER, AND S. SAEJUNG

Proof. Let (x,) C X be a weakly null sequence and z € X. Take f,, € Sx~ so that
fulxn —x) = ||Jzn — z||. We choose subsequences (x,, ) of (z,) and (fn,) of (frn)
such that limy, ||z, — | = limsup,, ||z, — 2| and f,, = f for some f € X*. The
last convergence follows from the reflexivity of X. Then

limsup ||z, —z| = lim|z,, —z|
. k

h]gn fnk (:an - :C)
m((fu, = f) = )@, + )
lim:up |(fr = f) = Fllllzn, + |

IN

IN

(X7 1imksup (e 1imksup [0, + ]

p(X) limsup [, + 2.

and hence p(X) < p(X*). By the reflexivity of X again, we have the assertion. [

Remark 3. The reflexivity cannot be dropped. For example, it can be shown that
w(ly) =1 while p(lo) > 1.

Corollary 1. If On;(X) <1+ ﬁ, then X and X* have normal structure.

Remark 4. The above argument cannot be emulated in Theorem 2 because in
general J(X) # J(X*) (see [KMT]).

3. THE BYNUM SPACE {3 o

W.L. Bynum [B] showed that a Banach space X has normal structure whenever
the Banach-Mazur distance from X to £,, 1 < p < oo, satisfies d(X,¢,) < 2%, but

it still has the (FPP) if d(X, ¢,) < 27 A sort of “limiting case” of Bynum’s result
is the space £j o, which is ¢, renormed according to ||z|y 0o = max{||z™||, ||z~ [},
where 7 and z~ are the positive and the negative part of =, respectively, defined as
xzt (i) = max{x(i),0} and 2~ = 2t — 2. In [KMT] the authors posed the question
of finding the exact value of Cnj(f2,00) and J(f2,00). It was noted there that
Cni(l2,00) > % and J(ly00) > 1+ % To obtain the first inequality just consider
the vectors z = (1,1,0,0,...) and y = (2,—2,0,0,...) and use the definition of the
norm || - ||2,00- For the second inequality consider the vectors x = (%, %, 0,0,...)
and y = (1,—1,0,0,...). In this section we answer the question posed in [KMT] by
showing that the inequalities obtained in that paper are indeed equalities. Then we
use this computation to conclude that the space ¢3 o is a limiting space for both
Theorem 1 and Theorem 2, i.e., that both theorems are sharp.

Theorem 4. Cn;(l2,00) = % and J(la,00) =1+ %
Proof. We just need to prove that Cnj(42,00) < % and J(f200) <14 % Consider

any two vectors x and y in {3 o, not simultaneously equal to zero, and let us see
that

lzt+y

o(z,y) =

13,00 + ll7 = yll3 o
2[5 00 + Y113 00)

3
<_a
-2
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and also that if ||z|]2,00 < 1 and ||yl|2,c0 < 1, then

1
<14 —.
2,00} 7

Our initial strategy will be to reduce the general situation to a more restrictive
and easier to handle one.

j(a,y) = min{[[z + yll2.c0. | =yl

Step 1. It suffices to prove that c(z,y) < 2 and j(z,y) <1+ %, for z,y € By,
satisfying the conditions (a.1), (a.2) and (a.3) below.
(@1) [z +yll2.c0 = Iz +y) |-

(a2) [l —yl200 = [[(z —y)F|2.
(a.3) z=at.

The reason why this can be done is based in the following claim. For any

u,v € By, . there exist x,y € By,  such that the following conditions are satisfied:
(@) [lzll2,00 < [lll2,005 [¥ll2.00 < [[V]l2,00,
(b) x,y satisfy the conditions (a.1), (a.2) and (a.3),
(c) c(u,v) < c(z,y) and j(u,v) < j(z,y).

Indeed, for u,v € B, ., we may assume without loss of generality that
[+ vll2,00 = (w4 v)*l2 and [Ju = vll2,00 = [[(u = v)¥2. Now, put = = u*
and y = v. Then we have that (a) and (b) hold. Moreover, (c) also holds by means
of the following inequalities:

((a.3.1)) (@ + )7 ll2 < [[(w+0)"lla < [(u+v) 2 < (= +y)7 |2
and
((a.3.2)) 1@ —y)"ll2 < l(w =) ]l2 < [(u—2v)Fl2 < [[(z —y) "2

Let us observe that u(i) < z(7) for all positive integer i. To prove the third inequal-
ity in (a.3.1), it suffices to show that, by definition of the norm || - ||2,

(u+0)" (i) < (2 +y)" ()
for each positive integer ¢ with u(é) + v(7) > 0. Indeed, for such i,
0 < (u+v)" (i) = uli) +v(i) < 2(i) +y(i) = (@ +y) " (i).
To prove the first inequality in (a.3.1), it suffices to observe that
(+y)" (i) < (ut0)" (i)
for each positive integer ¢ with z(i) + y(¢) < 0, since, for such i,
0<(z+y) (i) = —2() —y() < —u(@) —v(@) = (u+v)" (i)

The second inequality of (a.3.1) is trivial, so the inequalities in (a.3.1) follow.
Similarly, we obtain (a.3.2).

Step 2. If « and y satisfy (a.1), (a.2) and (a.3), then
(1) 2+ 13 00 + 2 = yll3 00 < 201213+ 2]yll3 — (IPW)]l2 = [1P(@)]]2)*,
where, for u € {5, P(u) € {5 is defined as

u(@), it [y(@)] = [z ()],

0, otherwise.

P(u)(i) =
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To be convinced that the relation (1) is true, check the following inequalities
using the definition of the norm || - ||z, the parallelogram law, some arithmetic
calculus and the Cauchy-Schwarz inequality:

12+ Y1300 + 12 = yll3 00 = @ + ) TNZ + (@ = )72
= llz+yl3 + o =yl — @+ 9713 = Iz — ») 7113
= 2|13 + 2[lyll3 — Iz + )73 — Itz — )73
= 2||z[13 + 2llyl3 — 1P@)II3 — 1PW)I3 + 2(P(2), P(y)* + P(y)7)
< 2||z]13 +2llyll3 — 1P@)II3 — IPW)3 + 21 P@) = P()]l2
= 2||z[13 + 2llyl3 — (IP@)]l2 = [[1P(x)]2)* -

Step 3. Let us see now that c(z,y) < % Of course, we assume that = and y satisfy
(a.1), (a.2) and (a.3), and hence inequality (1).
Observe that
2 1012 2
lyllz = llyll2,00 +m(y)”,
where m(y) = min{|ly"||2, [y~ |2}, which combined with (1) gives that
gy VR
’ 2()12[13 00 + Y113 00 )
< 2003 + 2llyl3 = APz — [P(2)]2)?
2/l 113 + l1y113 o)
2m(y)* = (I1PW)ll2 — [1P()]|2)*
2([1z 013 + 1113 o)

Before we continue with the chain of inequalities (2), we shall control some terms
appearing there. Observe that ||y||3 > 2m(y)? and that ||y — P(y)||3 < ||lx — P(2)||3.

Thus
1
m(y)® < < lyl3
. =5 (ly= PGB +1PG)IB)
<3 (o= P@IB+1Pw)IR)

Sl + 5 (PR~ 1P@)13)

Then, using the above inequality and the fact that ||P(x)]|2 < ||z]2,
m(y)® = (1PW)llz = |P(x)]2)*
< %llﬂ«“ll% + % (P — I1P@)]13) = (IP@)l2 — [1P()]]2)°

1 1 3
= 5l=l3 = SIPW)I5 + 21P@)Il=)P)]l2 = 51 P@)]3

IN

1 1
Sllall3 + S IP@)3

IN

13-
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With this last estimate, and having in mind that m(y) < ||y||2,00, We can continue
with the inequalities (2) as follows:

m(y)? + ||=[13
(13 + l1y113,0)
Y113 00 + 12113
(3 + lyl3 o)

c(r,y) <1+ 5

1
_+2

N W

Step 4. Let us see that j(x,y) <1+ %, provided that x and y are in the closed
unit ball of /5 .

By Step 1, we may assume that = and y satisfy (a.1), (a.2) and (a.3). Then
relation (1)-(3) holds. Also, since ||y — P(y)|2 < ||z — P(z)||2 and ||z|l2 = |z]|2,00 <
1, we deduce from (3) that

lyll3 <1+ (P13~ [1P@)]3)-
Thus, using this last estimate and (1), we obtain
2j(2,9)* < llo + 93 00 + llz = yll3
< 2|23 + 2[lyll3 — (IPW)ll2 = [[P(2)[l2)?
<4+2(|PW)3 — 1P@)]I2) — (IPW)]2 — [1P(x)]|2)*-

Hence, we have obtained a bound of the form

2(5)? <4+ 20— ( 1P@)3 +a— |P(x>||2) ,

where a = [[P(y)| — [|P(2)[|3 > 0, and 0 < || P(z)[]2 < 1.
We can continue our argument as follows: since ¢ > 0 and |P(z)|2 < 1, an
elementary calculation shows that

[P@)I3+a—[P@)]:>VI+a—1,
and then
2j(z,y)? <4+2a— (V1+a—1)>°
=2+4+a+2V1+a.

This last inequality solves our problem for a < 1: 2j(x,y)? < 3 + 2v/2 and then
Jlzy) <1+ % But it does not work for a > 1. In this final case, since ||z|j2 <1

and [|y[2 < V2,
L<a=|P@y)l; - 1P
= (IPW)ll2 = 1P@)[2)([[PW)ll2 + [|1P(2)]]2)
< (IP@)2 ~ 1 P)l2)(V2+1),

and hence, using (1),

2
1

from which j(z,y) <1+ % O
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Remark 5. It is easy to see that p(f2,.00) = V2, and since 03,00 lacks normal struc-
ture [B] we conclude from Theorem 4 that the results obtained in Theorem 1 and
Theorem 2 are sharp.
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