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ABSTRACT. We classify positive, tight contact structures on closed Seifert
fibered 3—manifolds with base S2, three singular fibers and eg > 0.

1. INTRODUCTION

The classification of positive, tight contact structures on lens spaces is due to
K. Honda and E. Giroux [8,[5]. Let M be a closed, small Seifert fibered 3—manifold
which is not a lens space. Then, M has base S? and exactly three singular fibers.
Equivalently, M is orientation—preserving diffeomorphic to M (ry,r9,r3) for some
r1,72,73 € Q\ Z, where M (r1,72,73) denotes the oriented 3—manifold given by the
surgery diagram of Figure [
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FIGURE 1. Surgery diagram for the Seifert fibered 3—manifold M (ry,72,73)

Applying Rolfsen twists to the diagram of Figure [l it is easy to show that
(1.1) M(r1,ro,m3) = M(ri —h—k,ro+ h,r5+ k), h,k€Z.

The integer
3

eO(M(Tla T2, T3)) = Z[n}
i=1
is an invariant of the Seifert fibered 3—manifold M (ry, 72, 73).
Recently H. Wu obtained the classification up to isotopy of positive tight contact
structures on M (r1,72,7r3) (and therefore on small Seifert 3—manifolds) assuming
ep # —2,—1,0 [13]. He used convex surface theory to derive an upper bound for
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the number of isotopy classes of tight contact structures, and produced Legendrian
surgery diagrams which show that the upper bound found in the first step is sharp.

In this note we extend Wu’s results to the case eg = 0. More precisely, we classify
positive tight contact stuctures on M (rq,r2,73) assuming ey > 0, by using a set of
Legendrian surgery diagrams which is slightly different from the one used in [I3].
We will assume the reader’s familiarity with the standard techniques of contact
topology [2] Bl [§].

Observe that if eg(M (s1, s2, s3)) > 0, then by (LI) we have

M (s1, s2,83) = M(r1,7r9,73) for some 711 >0 and 1> ry,r3>0.

For each of the three rational numbers 71, 19, 3, we can write

L iy i 1 i —1.9
___[G'Oaala"'?ani] =0y =1, 737
T i 1
al — 7
T
Clm
for some uniquely determined integer coefficients
5< -1 and a,a} <=2, i=1,2,3
ay < —1 an ao,ao,al,-u,am_—, i=1,2,3.

We define

3 3 3 ny
T(T’l,’f'g,’f'g Ha0+1 H HH ak+1
i=1 i=1  i=lk=1
The following is our main result.

Theorem 1.1. Suppose r1 > 0 and 1 > ro,r3 > 0. Then, M = M(r1,7r2,73)
carries exactly T(r1, 12, 13) positive tight contact structures up to isotopy. Moreover,
each tight contact structure on M has a Stein filling whose underlying 4—manifold
has the handlebody decomposition given by Figure 2l
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FIGURE 2. Handlebody decomposition of Stein fillings of M (ry,ra,r3)
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2. UPPER BOUNDS

In this section we establish an upper bound on the number of isotopy classes of
tight contact structures on the Seifert fibered 3—manifold M = M (ry,r2,73). Let
¢ be a tight contact structure on M. Then, a Legendrian knot in M smoothly
isotopic to a regular fiber admits two framings: one coming from the fibration
and another one coming from the contact structure £. The difference between the
contact framing and the fibration framing is the twisting number of the Legendrian
curve. We say that £ has mazimal twisting equal to zero if there is a Legendrian
knot L isotopic to a regular fiber such that L has twisting number zero.

Proposition 2.1 ([I2], Theorem 1.3). If ri,7r9,73 > 0, then any tight contact
structure on M (r1,72,7r3) has mazimal twisting equal to zero. ([

We can give an explicit construction of the Seifert manifold M(rq,rs,73) as
follows. Let ¥ be an oriented pair of pants, and identify each connected component
of

—I(ExSHY =T UTL, UT;3
with R?/Z2, so that (é) gives the direction of —9(Ex{1}) and (?) gives the direction
of the S' factor. Then glue a solid torus D? x S! to each T; using the map
©a, : 0(D? x S*) — T; defined by the matrix

(o o
Ai(—ﬁi —ﬁ;>’

“=r, adfi-api=1 and 0<da <.

&y
Since r; > 0, it follows that 8; > 0. The vertical S'-fibration on ¥ x S' can be
extended in a natural way to the Seifert fibration on M (ry,r2,73). The singular
fibers of the Seifert fibration will be denoted by F;, i = 1,2, 3.

where

Lemma 2.2. Let r1,79,73 > 0, and let & be a tight contact structure on M =
M(r1,72,73). Then, the singular fibers F; can be made Legendrian with twist-
ing number —1. Moreover, there exist convexr neighbourhoods U; of F; such that
—9(M \ U;) has infinite slope.

Proof. Using Proposition 2.I] one can isotope £ until there is a Legendrian regular
fiber L with twisting number 0. Then, one can make the singular fibers F; Leg-
endrian with very low twisting numbers n; < 0. Let V;, i = 1,2,3, be disjoint,
standard convex neighbourhoods of the F;’s. Without loss of generality we may
assume L NV; = 0 for i = 1,2,3. Let A; be a convex vertical annulus between L
and a ruling of 9(M \ V;). By the Imbalance Principle [8, Proposition 3.17], A;
produces a bypass attached to dV; along a Legendrian curve with slope
%oy
3

Using the Twisting Number Lemma [8, Lemma 4.4] we can increase the twisting
number of F; up to —1. Then, we can thicken V; further in order to obtain a convex

solid torus U; such that —9(M \ U;) has infinite slope. O

Let X be a pair of pants. Following [12, [13], we say that a tight contact structure
¢ on ¥ x St is appropriateif there is no contact embedding (T?xI,&,) «— (X xS, €),
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with T2 x {0} isotopic to a boundary component, where &, is a tight contact
structure with convex boundary and twisting 7 (see [8, § 2.2.1] for the definition of
twisting).

Lemma 2.3. Let ¥ be a pair of pants and let & be an appropriate contact structure
on ¥ x 81 with convex boundary —9(X x S') = Ty U Ty U T3, boundary slopes
s(Th) =s(Ty) = -1, s(T3) = —n < =1, and #T'1, =2, i =1,2,3. Then:

(1) There exist a pair of pants ¥’ contained in ¥ and a factorisation X x St =
(X' x SY)UB1UByUBj3 such that ¥’ x S* has convex boundary with infinite
boundary slopes and B; is a basic slice fori=1,2,3.

(2) The isotopy class of & is determined by the signs of By, By and Bs.

(3) If —n < —1 or the signs of By, Bs and Bs are not all the same, different
sign configurations correspond to distinct tight contact structures on X x S*.
If —m = —1, the two configurations for which the signs of B1, By and B3
are all the same correspond to isotopic tight contact structures.

Proof. We are going to refer to the statement and proof of [0, Lemma 5.1]. The
reader should be aware that our conventions differ from those of [9] Lemma 5.1] in
the sense that our slopes are computed with respect to —9(% x S1), as opposed to
a(x x S1).

Part (1) is an immediate consequence of [9, Lemma 5.1(3a)]. If the signs of the
basic slices are not all the same, the proof of [0 Lemma 5.1] shows that £ can
be uniquely extended to a tight contact structure with infinite boundary slopes on
¥ x 81, where X" is a pair of pants containing 3. The same proof also shows that &
is universally tight and is completely determined by its extension & to © x S1. Since
the contact structure £ is appropriate, we can apply [I3, Lemma 4.1], which says
that f is completely determined by the signs of By, Bs, and Bj (strictly speaking,
the statement of [I3, Lemma 4.1] requires n > 1, but it is easy to check that the
proof works for n =1 as well).

If the signs are all the same, the proof of [9, Lemma 5.1] shows that ¢ is virtually
overtwisted. If —n < —1, by [9 Lemma 5.1(3c)] there are two distinct virtually
overtwisted contact structures corresponding to the two possible sign configurations.

If —n = —1, then according to [9, Lemma 5.1(3c)] there is only one virtually
overtwisted contact structure up to isotopy, so the two configurations of signs give
isotopic contact structures. This proves (2) and (3). O

Theorem 2.4. Suppose r1 >0 and 1 > ro,r3 > 0. Then, M(ry,r2,73) carries at

most
3 3 n,;
T(ry,72,73) = |(H(a6—|—1) H HH aj + 1)
i=1 i=1 i=1k=1

distinct tight contact structures up to isotopy.

Proof. Let & be a tight contact structure on M = M(ry, 79, 73). Fix a decomposition
of M as in Lemma

3
M =M\ (U, UU, UUs) | Ui

i=1
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Let N; be the outermost continued fraction block of (U;,&|y,). Applying [111
Lemma A4], we get
(2.1) ~E ), i=1,2,3.

@;

By [8l, § 4.4.4], this implies that, in the basis of dU;, N; has boundary slopes
[afli,...,ai +1] and [afli,...,aé] for i=2,3,

while N; has boundary slopes

lal ,...,ai+1] and [a),...,q)] if a)<-—1,
or
lah,,...,ap41 +1] and [a),...,ap + 1] =ap ,...,qa)] if af=-1,

where k € {1,...,n1} is the first index such that a) < —2.
If we let V! := U; \ N;, applying [8 Theorem 2.3] we see that the number of
distinct isotopy classes of tight contact structures on V; is

ni
(2.2) | I (ah+ D) for i=1 if aj=-1,
h=k+1
ni
(2.3) [ TI(ah+ D] for i=1 if af<-1,
h=1
and
g
(2.4) T](ah + 1) for i=2,3.
h=1
Since

!/
4 (0= () e )= (5)
(67} 1 0 —0B;
by [, Lemma 3.16], for any s; € [—oo, —r;) the solid torus U; contains a convex
torus parallel to OU; with slope s; when computed in the basis of —9(M \ U;).
Since r; > 0 and 1 > 79,73 > 0, the outermost basic slice By of N7 has boundary
slopes —n (for some integer n > 1) and oo, while the outermost basic slices By and
Bs of Ny and N3 have boundary slopes —1 and oo when computed in the basis
of —0(M \ U;). Moreover, by [12, Lemma 3.2] the restriction of a tight contact
structure £ to (M \ U, U;) U, Bi is appropriate. Therefore, by Lemma 2.3(2) such
restriction is determined by §|). p,. It follows that the restriction of £ to M\, V/
is determined by &]|J, n;- '
Now define
p; = #{positive basic slices in N;}.
Then, we have
0<p < {|a(1)+1| i.f a < —1,
laj +2| if a}=-1
and
0<p; <lah+1] for i=23,
If a} = —1, there are |(aj, + 1)adad| possible configurations of signs (p1,pa, p3)
in (J; N;. When multiplied by the quantities (2.2)) and (2.4)), this number gives
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exactly T'(r1,r2,73). This proves the statement when a} = —1 (which is equivalent
to eg(M) > 0).

If a} < —1,in {J; N; there are |afada}| possible configurations of signs (p1, p2, p3)-
If Ny, Ny and N3 contain basic slices By, By and Bz with the same sign, by [8]
Lemma 4.14] we can arrange the basic slice decomposition of each N; so that B; is
the outermost basic slice. Applying Lemma [23|(3), we are allowed to change the
sign of all three basic slices simultaneously without changing the isotopy type of
the contact structure. This shows that the configuration (p1,pe,ps) is equivalent
to (p1 £1,p2 £1,ps £ 1) (with the same signs chosen in each slot) whenever the
sums are defined.

Now we can easily estimate the number of possible tight contact structures on
M\ |, V/: by the above argument we can always arrange that one of the p;’s is
maximal, i.e. equal to |a} + 1|. For the other two we have |a}| - |ak| many choices
(where {7,7,k} = {1,2,3}). A simple computation shows that the total number of
possibilities is equal to

lagl - lag| + lag] - |ag| + lag| - lag| — lag| — lag| — [ag| + 1,
and this expression is equal to
3 3
[([J(a6+1) =TT ao)l
i=1 i=1
When multiplied by the quantities given by (23) and (24)), this number gives
T(r1,r2,73). This proves the statement when aj < —1, and concludes the proof. [

3. LOWER BOUNDS

In this section we construct T'(rq, 72, r3) distinct isotopy classes of Stein fillable,
hence tight, contact structures on M = M(rq,ro,73) assuming r,ra, r3 > 0.

Note that the diagram of Figure 2] gives the handlebody decomposition of a
4-manifold X with boundary diffeomorphic to M. The decomposition involves a
single 1-handle and some 2-handles.

Since afy < —1 and a}, < —2 for k > 0, following [6] it is easy to describe a Stein
structure on X by putting the knots into Legendrian position and stabilizing them
until the prescribed framing coefficient becomes —1 with respect to their contact
framing. This way we get

3 n;
jajadad TT T (ak + 1)1
i=1k=1
different Legendrian diagrams giving Stein structures on X and therefore tight
contact structures on 0X = M. Let us denote by &; the contact structure corre-
sponding to a Stein structure J on X. According to [10], if ¢1(J1) # c1(J2), then
the induced contact structures £, and £, are nonisotopic. Our aim is to count the
number of distinct first Chern classes obtainable in this way.

In order to do this, we start by fixing a basis of H2(X;Z). We will present
the second homology group using cellular homology. It is well known [7] that the
framed knots in the diagram correspond to 2—cells. Hence, a choice of orientation
for the knots gives rise to a basis for the group C3(X) of 2—chains for X.

Let Cy(X) denote the group generated by the 1-cells, i.e. by the 1-handles in
the handle decomposition. Since there are no 3-handles present in the handle
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decomposition, Hs(X;Z) can be computed as the kernel of the map ¢: Co(X) —
C1(X), given on a basis element K € Cy(X) corresponding to the knot K as

= Z aiLi,

where L; runs through all 1-handles and a; € Z is the algebraic number of times K
passes through the 1-handle L;. In our case we have C1(X) 2 Z and, for a suitable
choice of orientations,

p(K;))=1 for i=1,2,3,
where the knots K; are indicated in Figure 2] and ¢ is zero on each basis element
K #+ K1, K5, K3. Consequently, a basis of Hy(X;Z) can be given by the homology
classes corresponding to the unknots of Figure 2] together with the classes of

Ki— Ky, K1 — K3 € CQ(X)
It follows from the results of [6] that if K # K, K, K3, then

(c1(J), [K]) = rot(K),
while if {7,5} = {1,2} or {4,5} = {1, 3},
(c1(J), [K; — Kj]) = rot(K;) — rot(Kj).

Theorem [[T] follows immediately from Theorem [Z4] together with the following

Proposition 3.1. Suppose r1,ry,73 > 0. Then, M(’I’l,’f‘g,’f’;g) carries at least

T(ry,r2,73) 1=|(H (ag +1) - HaO HHG’“+1
i=1

i=1k=1

distinct Stein fillable contact structures up to isotopy.

Proof. Let J; and Jo be Stein structures on X resulting from oriented Legendrian
surgery diagrams as above. Denote by 7¥(1) and r¥(2) (i = 1,2,3, k = 0,...,n;)
the rotation numbers of the Legendrian knots appearing in the two diagrams. It
follows from the above discussion that if either

rP(1) —r5(1) #77(2) = r3(2), (1) —r3(1) #rP(2) —r5(2),
or
rR(1) #rF(2) for some k>0,
then ¢;(J1) # c1(Jz2), and therefore by [10, Theorem 1.2] the induced contact

structures & and & on 0X = M are not isotopic. The conclusion follows from a
computation similar to the one given in the proof of Theorem 2.4 O

ACKNOWLEDGMENTS

The authors thank the referee for pointing out a mistake in a previous version of
this paper. The first and second authors are members of EDGE, Research Train-
ing Network HPRN-CT-2000-00101, supported by The European Human Potential
Programme. The first author was partially supported by an EDGE fellowship
while he stayed at the Department of Mathematics of the Ludwig-Maximilians-
Universitdt Munich. The second author was partially supported by MURST. The
third author was partially supported by OTKA T034885. Part of this work was
carried out while the third author visited the University of Pisa. He thanks the Ge-
ometry Group of the Department of Mathematics “L. Tonelli” for their hospitality.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



916 PAOLO GHIGGINI, PAOLO LISCA, AND ANDRAS I. STIPSICZ

REFERENCES

(1] J. Etnyre and K. Honda, Knots and contact geometry. 1. Torus knots and the figure eight
knot, J. Symplectic Geom. 1 (2001) 63-120. MR1959579 (2004d:57032)

[2] P. Ghiggini and S. Schonenberger, On the classification of tight contact structures, in
‘Geometry and Topology of Manifolds’, 121-151, Proc. of Sympos. Pure Math. 71, Amer.
Math. Soc., Providence, RI, 2003. MR2024633 (2004m:53146)

[3] E. Giroux, Convezité en topologie de contact, Comment. Math. Helv. 66 (1991), no. 4,
637-667. MR1129802/(93b:57029)

[4] E. Giroux, Géométrie de contact de la dimension trois vers les dimensions supérior,
Proceedings of the ICM, Beijing 2002, vol. 2, 405-414. MR1957051(2004c:53144)

[5] E. Giroux, Structures de contact en dimension trois et bifurcations des feuilletages de
surfaces, Invent. Math. 141 (2000), no. 3, 615-689. MR1779622//(2001i:53147)

6] R. Gompf, Handlebody constructions of Stein surfaces, Ann. of Math. 148 (1998), 619-
693. MR1668563//(2000a:57070)

[7] R. Gompf and A. Stipsicz, 4-manifolds and Kirby calculus, Graduate Studies in Mathe-
matics 20 AMS, 1999. MR1707327 (2000h:57038)

[8] K. Honda, On the classification of tight contact structures, I., Geom. Topol. 4 (2000),
309-368. MR1786111(2001i:53148)

[9] K. Honda, On the classification of tight contact structures, II., J. Differential Geom. 55
(2000), 83-143. MR1849027|/(2002g:53155)

[10] P. Lisca and G. Matié¢, Tight contact structures and Seiberg- Witten invariants, Invent.
Math. 129 (1997), 509-525. MR 1465333|(98f:57055)

[11] P. Orlik and P. Wagreich, Algebraic surfaces with k*—action, Acta Math. 138 (1977),
43-81. MR0460342 (57:336)

[12] H. Wu, Legendrian vertical circles in small Seifert spaces, arXiv:math.GT/03100034.

[13] H. Wu, Tight contact small Seifert spaces with eg # —2,—1,0, arXiv:math.GT/0402167.

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI PisA, 1-56127 PisA, ITALY
E-mail address: ghiggini@mail.dm.unipi.it

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI PIsA, 1-56127 PisaA, ITALY
E-mail address: lisca@dm.unipi.it

RENYI INSTITUTE OF MATHEMATICS, HUNGARIAN ACADEMY OF SCIENCES, H-1053 BUDAPEST,
REALTANODA UTCA 13-15, HUNGARY

Current address: Institute for Advanced Study, Einstein Drive, Princeton, New Jersey 08540

E-mail address: stipsicz@math.ias.edu

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=1959579
http://www.ams.org/mathscinet-getitem?mr=1959579
http://www.ams.org/mathscinet-getitem?mr=2024633
http://www.ams.org/mathscinet-getitem?mr=2024633
http://www.ams.org/mathscinet-getitem?mr=1129802
http://www.ams.org/mathscinet-getitem?mr=1129802
http://www.ams.org/mathscinet-getitem?mr=1957051
http://www.ams.org/mathscinet-getitem?mr=1957051
http://www.ams.org/mathscinet-getitem?mr=1779622
http://www.ams.org/mathscinet-getitem?mr=1779622
http://www.ams.org/mathscinet-getitem?mr=1668563
http://www.ams.org/mathscinet-getitem?mr=1668563
http://www.ams.org/mathscinet-getitem?mr=1707327
http://www.ams.org/mathscinet-getitem?mr=1707327
http://www.ams.org/mathscinet-getitem?mr=1786111
http://www.ams.org/mathscinet-getitem?mr=1786111
http://www.ams.org/mathscinet-getitem?mr=1849027
http://www.ams.org/mathscinet-getitem?mr=1849027
http://www.ams.org/mathscinet-getitem?mr=1465333
http://www.ams.org/mathscinet-getitem?mr=1465333
http://www.ams.org/mathscinet-getitem?mr=0460342
http://www.ams.org/mathscinet-getitem?mr=0460342

	1. Introduction
	2. Upper bounds
	3. Lower bounds
	Acknowledgments
	References

