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FUNCTIONAL CALCULUS AND ∗-REGULARITY
OF A CLASS OF BANACH ALGEBRAS

CHI-WAI LEUNG AND CHI-KEUNG NG

(Communicated by David R. Larson)

Abstract. Suppose that (A, G, α) is a C∗-dynamical system such that G is
of polynomial growth. If A is finite dimensional, we show that any element
in K(G; A) has slow growth and that L1(G, A) is ∗-regular. Furthermore, if
G is discrete and π is a “nice representation” of A, we define a new Banach
∗-algebra l1π(G, A) which coincides with l1(G; A) when A is finite dimensional.
We also show that any element in K(G; A) has slow growth and l1π(G, A) is
∗-regular.

1. Introduction and preliminaries

For a Banach ∗-algebra B, we denote by B˜ the unitalization of B together with
the ∗-algebra norm defined by ‖b + λ1‖ = ‖b‖ + |λ|. We also denote by C∗(B)
the enveloping C∗-algebra of B and Φ : B → C∗(B) the canonical embedding (not
necessarily injective).

In the following, we assume that C∗(B) �= (0). Moreover, throughout this paper,
all ∗-representations of Banach ∗-algebras are assumed to be non-degenerate and all
ideals are closed. For any ∗-representation π of B, there is a unique ∗-representation
π∗ of C∗(B) such that π = π∗ ◦ Φ. Let Prim C∗(B) be the space of primitive
ideals of C∗(B) and let Prim∗B be the space of kernels of topological irreducible
∗-representations of B, both equipped with the Jacobson topology. Moreover, Φ
induces a continuous surjection Ψ : Prim C∗(B) → Prim∗ B (see e.g. [7, Corollary
10.5.7]).

Definition 1.1 ([7, 10.5.8]). A Banach ∗-algebra B is said to be ∗-regular if the
canonical map Ψ : Prim C∗(B) → Prim∗ B is a homeomorphism.

Remark 1.2. B is ∗-regular if and only if B/∗-rad(B) is ∗-regular (where ∗-rad(B)
is the ∗-radical of B).

We now recall the following result from [2]. As we are in a more general setting,
we repeat their argument here for clarity.
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756 CHI-WAI LEUNG AND CHI-KEUNG NG

Proposition 1.3 ([2, Satz 1]). A Banach ∗-algebra B is ∗-regular if and only if
for any ∗-representations π and ρ of B, the inclusion kerπ ⊆ ker ρ will imply that
‖ρ(b)‖ ≤ ‖π(b)‖ for all b ∈ B.

Proof. Suppose that B is ∗-regular. Let

E := {P ∈ Prim C∗(B) : kerπ∗ ⊆ P}.
As Φ(kerπ) = ker π∗ ∩ Φ(B), we see that

⋂
P∈E Φ(Ψ(P )) =

⋂
P∈E P ∩ Φ(B) =

Φ(kerπ). Let I ∈ Prim C∗(B) such that ker ρ∗ ⊆ I. Then⋂
P∈E

Φ(Ψ(P )) ⊆ Φ(ker ρ) ⊆ I ∩ Φ(B) = Φ(Ψ(I)),

which implies that
⋂

Q∈Ψ(E) Q ⊆ Ψ(I) (as ker Φ ⊆ J for any J ∈ Prim∗ B). Since
Ψ is a homeomorphism and E is closed, Ψ(I) ∈ Ψ(E) and I ∈ E. This shows
that kerπ∗ ⊆ ker ρ∗ and so ‖ρ∗(x)‖ ≤ ‖π∗(x)‖ for any x ∈ C∗(B). Conversely,
the hypothesis clearly implies that Ψ is injective (as ker π = ker ρ will then imply
‖ρ∗(x)‖ = ‖π∗(x)‖ for any x ∈ C∗(B)). Let E ⊆ Prim C∗(B) be a closed subset.
For any ker τ ∈ hull(kerΨ(E)), we have

ker τ ⊇
⋂

ker σ∗∈E

ker σ = ker(
⊕

ker σ∗∈E

σ).

Therefore, by the hypothesis, ‖τ∗(x)‖ ≤ sup{‖σ∗(x)‖ : ker σ∗ ∈ E} (x ∈ C∗(B)).
Hence ker τ∗ ∈ E (as E is closed) and ker τ ∈ Ψ(E). �

Corollary 1.4. Let B be a Banach ∗-algebra.
(a) Suppose that there is a dense subset B0 of Bsa such that for any b ∈ B0 and

any smooth function ϕ : R+ → C with compact support and ϕ(0) = 0, there exists
c ∈ B with µ(c) = ϕ(µ(b2)) for any ∗-representation µ of B. Then B is ∗-regular.

(b) Suppose that {Bi}i∈I is a directed family of Banach ∗-subalgebras of B (i.e.
Bi ⊆ Bj if i ≤ j) such that

⋃
i∈I Bi is dense in B. If all Bi are ∗-regular, then so

is B.

Proof. (a) Let (π, Hπ) and (ρ, Hρ) be two ∗-representations of B such that ker π ⊆
ker ρ. Assume that there exists a ∈ B such that ‖π(a)‖ < ‖ρ(a)‖. By the density of
B0 and the C∗-identity, there exists b ∈ B0 such that ‖π(b2)‖ < ‖ρ(b2)‖. Consider
a smooth function ϕ : R+ → C with compact support such that

ϕ(R+) ⊆ [0, 1], ϕ( [0, ‖π(b2)‖] ) = {0} and ϕ(‖ρ(b2)‖) = 1.

Let c ∈ B be the element given by the hypothesis. Then π(c) = ϕ(π(b2)) ∈ L(Hπ)+.
From the equalities:

σ(π(c)) = ϕ(σ(π(b2))) = {0},
we see that c ∈ ker π, where σ(x) denotes the spectrum of x. However, σ(ρ(c)) =
ϕ(σ(ρ(b2))) �= {0}, which gives the contradiction that c /∈ ker ρ.

(b) Suppose that π and ρ are two ∗-representations of B such that kerπ ⊆ ker ρ.
It is clear that for any i ∈ I, one has

ker (π |Bi
) ⊆ ker (ρ |Bi

)

(where π | Bi
is the non-degenerated part of the restriction of π on Bi and so is

ρ | Bi
). Therefore, by Proposition 1.3, ‖ρ(b)‖ ≤ ‖π(b)‖ (b ∈ Bi). Now, the result

follows from the density of
⋃

i∈I Bi as well as Proposition 1.3. �
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∗-REGULARITY OF A CLASS OF BANACH ALGEBRAS 757

Remark 1.5. (a) Corollary 1.4(a) is the argument in [2, Satz 2]. Note that we do
not assume that the spectrum of b2 is in R+.

(b) Recall that b ∈ B is said to have slow growth if there exists k ∈ N such that
‖eitb‖ = O(|t|k) for t ∈ R (see [1]).

It was proved in [2] that L1(G) is a ∗-regular Banach ∗-algebra if G is a polyno-
mial growth group. The main step in their proof is the observation that if G is of
polynomial growth, then by the argument of a main result in [3], any self-adjoint
element in K(G) (the space of continuous functions with compact supports) has
slow growth. It is natural to ask if a similar thing holds for a C∗-dynamical system
(A, G, α). In this paper, we will consider two particular cases: the case when A is
finite dimensional and the case when G is discrete.

Notation 1.6. Throughout this paper, (A, G, α) is a C∗-dynamical system. For any
f, g ∈ K(G; A) (continuous maps from G to A with compact supports) and s ∈ G,
we define

(f � g)(s) :=
∫

G

αt(f(st))g(t−1) dt and f#(s) := ∆(s−1)αs−1(f(s−1)∗)

(see [5, 2.3]).

If Θ is a map from K(G; A) to itself defined by Θ(f)(t) = α−1
t (f(t)), then we have

Θ(f ∗g) = Θ(f)�Θ(g) and Θ(f∗) = Θ(f)# (where f ∗g(s) :=
∫

G
f(r)αr(g(r−1s)) dr

and f∗(t) := ∆(t)−1αt(f(t−1)∗). Moreover, any covariant representation (π, u) of
(A, G, α), i.e.

π(αr(a)) = urπ(a)ur−1 ,

induces a ∗-representation u � π of (K(G, A), �,# ) which is defined by

u � π(f)ξ =
∫

G

utπ(f(t))ξ dt.

2. The finite dimensional C∗
-algebra case

Throughout this section, we assume that in the C∗-dynamical system (A, G, α),
A is a finite dimensional C∗-algebra with the C∗-norm ‖ · ‖A. Suppose that A =⊕n

k=1 Mmk
. Then Tr := 1

n

∑n
k=1 Trmk

is a normalised trace on A (where Trmk
is

the normalised trace on the component Mmk
). Since any automorphism of A is the

composition of an inner automorphism with a swapping of components of A that
have the same dimensions (i.e. mk), Tr is α-invariant (i.e. Tr(αs(a)) = Tr(a) for
any a ∈ A and s ∈ G).

Remark 2.1. (a) Suppose that (HT , ρ) is the GNS representation corresponding to
Tr. Let H be the Hilbert space L2(G)⊗HT . If we regard A ⊆ HT and K(G; A) ⊆
L2(G) ⊗ HT , then for any f, g ∈ K(G; A), we have

(f, g)H =
∫

G

Tr(f(t)∗g(t)) dt

(note that we use the convention that the inner product is anti-linear in the first
variable).

(b) Let f be a measurable map from G to A (i.e., there exists a sequence of
measurable simple maps that converges to f almost everywhere). As usual, we
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758 CHI-WAI LEUNG AND CHI-KEUNG NG

define, for 1 ≤ p < ∞,

‖f‖p :=
(∫

G

‖f(t)‖p
A dt

)1/p

and ‖f‖∞ := inf
{

sup
t∈∆

‖f(t)‖A : ∆ ⊆ G; µG(G \ ∆) = 0
}

where µG is the Haar measure on G. Let Lp(G; A) = {f : G → A | f is measurable
and ‖f‖p < ∞} (strictly speaking, we identify two such maps if they coincide
almost everywhere). It is well known that (L1(G; A), �,# ) is a Banach ∗-algebra
under this norm. Moreover, since A is finite dimensional, ‖ · ‖2 is equivalent to the
norm ‖ · ‖H on K(G; A) and so, L2(G; A) ∼= H (as Banach spaces).

(c) Consider the Hilbert A-module L2(G) ⊗ A with the A-inner product

〈φ ⊗ a, ψ ⊗ b〉A :=
(∫

G

φ(t)∗ψ(t) dt

)
a∗b

(φ, ψ ∈ L2(G); a, b ∈ A). Then the canonical ∗-homomorphism µ : L1(G; A) →
LA(L2(G) ⊗ A) induces an injective ∗-representation T : L1(G, A) → L(H) (note
that H = (L2(G) ⊗ A) ⊗ρ HT ).

Lemma 2.2. (a) If f ∈ K(G; A), then
∑∞

k=1
(if)k

k! converges to u(f) in L1(G; A)∩
C0(G; A) (and so we can regard u(f) as an element in L2(G; A) ∼= H).

(b) Suppose that G is unimodular. If g, h ∈ L1(G; A) ∩ L∞(G; A) such that
T (g)∗T (g) ≤ T (h)∗T (h), then ‖g‖H ≤ ‖h‖H.

Proof. (a) For any k, l ∈ K(G; A), we have ‖k � l‖∞ ≤ ‖k‖1‖l‖∞. Therefore,
∞∑

n=1

‖(if)n‖∞
n!

≤
∞∑

n=0

‖f‖n
1

(n + 1)!
‖f‖∞ ≤ e‖f‖1‖f‖∞ < ∞

and u(f) ∈ C0(G; A).
(b) By the assumption, for all ξ ∈ K(G; A) ⊆ H,

(2.1) ‖g � ξ‖2
H = (T (g)∗T (g)ξ, ξ)H ≤ (T (h)∗T (h)ξ, ξ)H = ‖h � ξ‖2

H.

If (fj)j∈I is a net in L1(G; A) ∩ L∞(G; A) such that ‖fj‖1 → 0 and there exists
κ ∈ R+ with ‖fj‖∞ < κ (for all j ∈ I), then

(2.2) ‖fj‖2
H =

∫
G

Tr[fj(t)∗fj(t)] dt ≤ κ ‖Tr‖
∫

G

‖fj(t)‖A dt.

Now suppose that (ξi) ⊆ K(G; A) is a contractive approximate identity for
L1(G; A). Notice that as G is unimodular, ‖k � l‖∞ ≤ ‖k‖∞‖l‖1 for any k, l ∈
K(G; A). Thus ‖g � ξi − g‖∞ ≤ 2‖g‖∞ and ‖g � ξi − g‖1 → 0. Therefore, inequality
(2.2) implies that ‖g � ξi − g‖H → 0 and the same is true for h. Now, the required
inequality follows from (2.1). �

Proposition 2.3. Suppose that G is of polynomial growth and f ∈ K(G; A) with
f# = f . Then f has slow growth.

Proof. By Lemma 2.2, [3, Lemme 4] and Remark 2.1 (b), we see that ‖u(f)‖2 ≤
C0‖f‖2 for some constant C0 > 0. Now, the same argument as that in [3, Lemme
6] will imply the result. �
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∗-REGULARITY OF A CLASS OF BANACH ALGEBRAS 759

Using the above proposition and the argument in [3, Lemme 7], the “smooth
functional calculus” can be defined for any f ∈ K(G; A)sa in such a way that the
hypothesis of Corollary 1.4(a) holds. Since K(G; A)sa is dense in L1(G; A)sa, we
see that L1(G; A) is ∗-regular. This gives the following generalisations of [2, Satz
2]. Note that part (c) is also a partial generalisation of [6, Remark 1] (i.e. L1(G; A)
is ∗-regular if G is abelian).

Theorem 2.4. Suppose that G is a polynomial growth group, A is a finite dimen-
sional C∗-algebra and α is an action of G on A. Let f ∈ K(G; A) with f = f#

and let ϕ be a smooth and integrable complex function on R.
(a) ϕ{f} := 1

2π

∫∞
−∞ ϕ̂(r)eirf dr exists in the unitalisation, L1(G; A)̃ , of L1(G; A)

(where ϕ̂ is the Fourier transform of ϕ) and ϕ{f} ∈ L1(G; A) if ϕ(0) = 0.
(b) For any covariant representation (ν, v) of (A, G, α), we have v � ν(ϕ{f}) =

ϕ(v � ν(f)).
(c) L1(G; A) is ∗-regular.

3. The discrete group case

In this section, we will consider the case when G is a discrete group (but A is a
general C∗-algebra). The absence of a bounded trace that gives an equivalent norm
on A makes the situation much more complicated.

Let us start with the easy case when G is a “locally finite group”. We recall the
well-known fact that if G is finite, then K(G; A) = l1(G; A) = A ×α G (note that
if {fn} is a sequence in K(G; A) converging to an element in A×α G, then {fn(t)}
is Cauchy for any t ∈ G and so {fn} converges in K(G; A)).

Proposition 3.1. Let G be the inductive limit of a system of finite groups
{Gi}i∈I and let α be an action of G on a C∗-algebra A. Then for any f ∈ K(G; A)
with f = f# and any smooth and integrable complex function ϕ on R, ϕ{f} :=
1
2π

∫∞
−∞ ϕ̂(r)eirf dr exists in the K(G; A)̃ and l1(G; A) is ∗-regular.

Proof. Note that K(Gi; A) = A ×αi
Gi is ∗-regular (αi being the restriction of

α on Gi). Moreover, it is easy to see that
⋃

i∈I l1(Gi) is dense in l1(G). Since
l1(G; A) = l1(G) ⊗π A (where ⊗π is the projective tensor product), it is easy to
see that

⋃
i∈I l1(Gi; A) is dense in l1(G; A). Now this result follows from Corollary

1.4(b). The existence of the functional calculus follows from the fact that for any
f ∈ K(G; A) there exists i ∈ I such that f ∈ K(Gi; A) = A ×αi

Gi. �

Next, we consider the case when G is discrete and has polynomial growth. As in
the previous section, we want to use a similar argument to that of [3]. In order to
do this, we need to replace {‖ · ‖p}p∈[1,∞] by another series of norms {nπ,p}p∈[1,∞]

such that nπ,2 is the one given by the Hilbert C∗-module l2(G) ⊗ A.

Remark 3.2. Suppose that π is a representation of A on H. For any f : G → A
and any 1 ≤ p < ∞, we define

nπ,p(f) = sup

⎧⎨
⎩
(∑

t∈G

‖π(f(t))ξ‖p

)1/p

: ξ ∈ H and ‖ξ‖ ≤ 1

⎫⎬
⎭ .

(a) It is clear that nπ,p is a semi-norm on K(G; A) and if π is faithful, then nπ,p

is a norm on K(G; A). Moreover, nπ,p(f) ≤ ‖f‖p.
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(b) Suppose that f ∈ K(G; A). Then

∑
t∈G

‖π(f(t))ξ‖2 = 〈π(
∑
t∈G

f(t)∗f(t))ξ, ξ〉.

Hence if π is faithful, then n2
π,2(f) = ‖

∑
t∈G f(t)∗f(t)‖ and nπ,2 is the norm on

K(G; A) induced from the Hilbert A-module l2(G) ⊗ A.
(c) Suppose that ξ ∈ H and f, g ∈ K(G; A). Then

∑
s∈G

‖π(f � g(s))ξ‖ ≤
∑
v∈G

∑
u∈G

‖π(αv−1(f(u))g(v))ξ‖(3.1)

≤
∑
v∈G

∑
u∈G

‖f(u)‖‖π(g(v))ξ‖ ≤ ‖f‖1 nπ,1(g) ‖ξ‖

and so, nπ,1(f � g) ≤ ‖f‖1 nπ,1(g).
(d) In general, it may not be true that nπ,p(f) = nπ,p(f#).

Proposition 3.3. Suppose that A is finite dimensional and π is any faithful rep-
resentation of A. Then nπ,1 ∼ ‖ · ‖1.

Proof. Let A =
⊕N

k=1 Mmk
(C). For any a = ((a(1)

ij ), ..., (a(N)
ij )) ∈ A, we define

‖a‖s =
N∑

k=1

mk∑
i,j=1

|a(k)
ij |.

Since ‖ · ‖s is equivalent to the C∗-norm ‖ · ‖A, on A, there exists a κ > 0 such that
‖a‖A ≤ κ‖a‖s (a ∈ A). Therefore, if f(t) = ((f(t)(1)ij ), ..., (f(t)(N)

ij )) ∈ A, then

‖f‖1 ≤ κ
∑
t∈G

N∑
k=1

mk∑
i,j=1

|f(t)(k)
ij |.

Let π(k) be the representation defined by π(k)(a(1), ..., a(N)) = π(0, ..., 0, a(k), 0,

..., 0). There exists ξi ∈ H such that ‖ξi‖ ≤ 1 and |f(t)(k)
ij | ≤ |〈π(k)(f(t))ξj, ξi〉|

(t ∈ G). Thus, for fixed i and j,

∑
t∈G

|f(t)(k)
ij | ≤

∑
t∈G

‖π(k)(f(t))ξj‖ ≤ nπ,1(f).

Consequently, nπ,1(f) ≤ ‖f‖1 ≤ κ
(∑N

k=1 m2
k

)
nπ,1(f). �

Example 3.4. Suppose that G = Z and A = K(l2(Z)). Let {ek}k∈Z be the
canonical basis for l2(Z) and let p(k) ∈ A be defined by p(k)(el) = δk,l ek. Fix
m ∈ N. Define fm ∈ K(G; A) by

fm(k) =

{
p(k) if |k| ≤ m,

0 otherwise.
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Then clearly ‖fm‖1 = 2m + 1. However, if π is the canonical representation of A
on l2(Z), then

nπ,1(fm) = sup

{
m∑

k=−m

‖π(fm(k))ξ‖ : ξ ∈ l2(Z); ‖ξ‖ ≤ 1

}

= sup

{
m∑

k=−m

|ξk| : (ξl) ∈ l2(Z);
∑
k∈Z

|ξl|2 ≤ 1

}
=

√
2m + 1.

Therefore, nπ,1 is not equivalent to ‖ · ‖1.

Proposition 3.5. Suppose that (π, u, H) is a covariant representation of (A, G, α).
Then ‖f‖π,1 = max{nπ,1(f), nπ,1(f#)} is an involutive algebra semi-norm on
(K(G, A), �,# ). If l1π(G; A) is the completion of the quotient of K(G; A) under
‖ · ‖π,1, then there exists a contractive Banach ∗-algebra homomorphism επ from
l1(G; A) to l1π(G; A). Moreover, there exists a contractive representation µπ,u of
l1π(G; A) on H such that µπ,u ◦ επ = u � π.

Proof. For any g ∈ K(G; A) and ξ ∈ H, we have∑
s∈G

‖π(f � g(s))ξ‖ ≤
∑
r∈G

∑
t∈G

‖π(αr−1(f(t)))π(g(r))ξ‖

=
∑
r∈G

∑
t∈G

‖π(f(t))urπ(g(r))ξ‖

≤
∑
r∈G

nπ,1(f)‖urπ(g(r))ξ‖ = nπ,1(f) nπ,1(g) ‖ξ‖.

Thus, nπ,1 is an algebra semi-norm on (K(G; A), �) and ‖ · ‖π,1 is an involutive
algebra semi-norm on (K(G; A), �,# ). The second statement of the proposition
follows from Remark 3.2(a). Finally, as ‖u � π(f)‖ ≤ nπ,1(f), the third statement
is easy to obtain. �

Remark 3.6. (a) We can regard l1π(G; A) as the completion of the quotient of
l1(G; A) with respect to ‖ · ‖π,1. In this case, the completion of the quotient of
l1(G; A)̃ with respect to ‖ · ‖π,1 coincides with l1π(G; A)̃ .

(b) Suppose that π is faithful. Then any x ∈ l1π(G; A) defines a map f : G → A
such that

sup

{∑
t∈G

‖π(f(t))ξ‖ : ξ ∈ H with ‖ξ‖ ≤ 1

}
< ∞

(because any sequence in K(G; A) converging to x will converge pointwisely and
the pointwise limits of any two such sequences are the same). Thus, επ : l1(G; A) →
l1π(G; A) (Proposition 3.5) is injective. Moreover, επ extends to an injection from
l1(G; A)̃ to l1π(G; A)̃ .

(c) Let G = Z and A = K(l2), and let α be the trivial action. If π is the
canonical representation of A and u is the trivial representation of G respectively
on l2, then (π, u, l2) is a covariant representation. Suppose that επ is surjective.
Then the Open Mapping theorem will imply that ‖ · ‖π,1 is equivalent to ‖ · ‖1,
which contradicts the conclusion of Example 3.4 (note that ‖ · ‖π,1 = nπ,1 in this
case). Therefore, επ is in general not surjective.
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Lemma 3.7. Suppose that G is a polynomial growth discrete group and (π, H) is
a representation of A. If f ∈ K(G; A) and f = f#, then επ(f) has slow growth.

Proof. Let u(f) be as in Lemma 2.2(a) and let µ : l1(G; A) → A ×α G be the
canonical ∗-homomorphism. Since µ(u(f)) = u(µ(f)), we have

(3.2) µ(u(f)# � u(f)) ≤ µ(f � f)

(by an analogue of [3, Lemme 4] for C∗-algebras). If E is the canonical conditional
expectation from A ×α G to A (see e.g. [4]), then E(µ(g)) = g(e) for any g ∈
l1(G; A). Therefore, using (3.2),∑

t∈G

u(f)(t)∗u(f)(t) = (u(f)# � u(f))(e)

= E(µ(u(f)# � u(f))) ≤ E(µ(f � f)) =
∑
t∈G

f(t)∗f(t).

Consequently, for any ξ ∈ H with ‖ξ‖ ≤ 1, we have

∑
t∈G

‖π(u(f)(t))ξ‖2 =

〈
π

(∑
t∈G

u(f)(t)∗u(f)(t)

)
ξ, ξ

〉
≤
∥∥∥∥∥
∑
t∈G

u(f)(t)∗u(f)(t)

∥∥∥∥∥
≤
∥∥∥∥∥
∑
t∈G

f(t)∗f(t)

∥∥∥∥∥ ≤ nπ,2(f)2

(see Remark 3.2(b)). Thus, nπ,2(u(f)) ≤ nπ,2(f). Let S be the support of f . As
G has polynomial growth, there exists N ∈ N such that |Sm| = O(mN ). Now, a
similar argument to that of [3, Lemme 6] will give the result, but since we are in
a slightly different setting, we will sketch the proof here for clarity. If m ∈ N and
ξ ∈ H with ‖ξ‖ ≤ 1, then

∑
t∈Sm2−1

‖π(u(mf)(t))ξ‖ ≤

⎛
⎝ ∑

t∈Sm2−1

‖π(u(mf)(t))ξ‖2

⎞
⎠

1/2

|Sm2−1|1/2(3.3)

≤ nπ,2(u(mf))|Sm2−1|1/2 ≤ m nπ,2(f)|Sm2−1|1/2

≤ C1 mN+1

(C1 is independent of ξ and m). On the other hand, the same argument as that for
[3, Lemme 6] shows that

∑
t∈G\Sm2−1

‖π(u(mf)(t))ξ‖ ≤
∑

t∈G\Sm2−1

∥∥∥∥∥
∞∑

k=m2

(imf)k

k!
(t)

∥∥∥∥∥(3.4)

≤ C2 m−m2−1 em2+m

(C2 is independent of ξ and m). Equations (3.3) and (3.4) imply that nπ,1(u(mf)) =
O(mN+1). Finally, let [λ] be the integral part of λ. Then we have

nπ,1(eiλf ) = nπ,1(ei(λ−[λ])fei[λ]f ) ≤ e‖f‖1(1 + nπ,1(u(i[λ]f))) = O(|λ|N+1).

�

Again, using the argument of [3, Lemme 7] and Lemma 1.4(a), we have the
following theorem.
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Theorem 3.8. Suppose that G is a discrete polynomial growth group. Let (A, G, α)
be a C∗-dynamical system and let (π, u) be a covariant representation of (A, G, α).
Let f ∈ K(G; A) with f = f# and let ϕ be a smooth and integrable complex function
on R.

(a) The Bochner integral ϕπ{f} := 1
2π

∫∞
−∞ ϕ̂(λ)επ(eiλf ) dλ exists in l1π(G; A)̃

and ϕπ{f} ∈ l1π(G; A) if ϕ(0) = 0.
(b) Suppose that u � π extends to a faithful representation of A ×α G. Then

one can regard µπ,u as a ∗-homomorphism from l1π(G; A)̃ to A ×α G. Under
this identification, for any covariant representation (ν, v) of (A, G, α), we have
(v � ν)(µπ,u(ϕπ{f})) = ϕ((v � ν)(f)).

(c) Suppose that u � π is faithful on A ×α G. Then l1π(G; A) is ∗-regular.

Remark 3.9. (a) Suppose that u�π extends to a faithful representation of A×αG. By
Theorem 3.8(b), any non-degenerate ∗-representation of A ×α G induces (through
the map µπ,u) a non-degenerate ∗-representation of l1π(G; A). On the other hand,
any non-degenerate ∗-representation of l1π(G; A) induces (through the map επ in
Proposition 3.5) a non-degenerate ∗-representation of l1(G; A). Since µπ,u ◦ επ is
the canonical embedding of l1(G; A) in A ×α G, we see that the enveloping C∗-
algebra of l1π(G; A) is again A ×α G.

(b) By Proposition 3.3, Theorem 3.8 can be regarded as a partial generalization
of Theorem 2.4.
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