PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 134, Number 3, Pages 859-869

S 0002-9939(05)08118-9

Article electronically published on July 18, 2005

ON MULTIVARIATE SUBDIVISION SCHEMES
WITH NONNEGATIVE FINITE MASKS

XINLONG ZHOU

(Communicated by David R. Larson)

ABSTRACT. We study the convergence of multivariate subdivision schemes
with nonnegative finite masks. Consequently, the convergence problem for
the multivariate subdivision schemes with nonnegative finite masks supported
on centered zonotopes is solved. Roughly speaking, the subdivision schemes
defined by these masks are always convergent, which gives an answer to a
question raised by Cavaretta, Dahmen and Micchelli in 1991.

1. INTRODUCTION

Subdivision schemes provide important techniques for fast generation of curve
and surfaces. A recursive refinement of a given control points will lead in the limit
to a desired visually smooth object. This method also plays an important role in
wavelet analysis.

Denote Z° the integer lattice. A subdivision scheme is defined by a fixed finitely
supported real sequence (mask) a = {a, : « € Z°}. Associated with this mask is

the Laurent polynomial
a(z) = Z 2%,
(03

where 2 = (21,...,25)7 € R® and 2% = 20" --- 2% for @ = (a1, ...,a5)T. Given an
initial finite sequence of data values, v° = {v2}, a subdivision scheme with mask a
defines recursively new sequence of value v* by applying the rule

v,’; = Z ’Ug_laa_gg.
B

This scheme is said to be convergent if for each v° there exists a continuous function
fv such that
. « k
dm sup [ fu(25) = val =0
and f, # 0 for at least one v. Moreover the limit function f, has the representation

fola) = bz —a),
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860 XINLONG ZHOU

where ¢ is the refinable function which is the unique compactly supported solution
of the functional equation

(L.1) o(@) = 3 aap(2a - a)

and the support is the convex hull of {a : an # 0} (see [2]). In fact, ¢ is the
function obtained by subdivision from the initial data v = 00, On the other
hand, ¢ can also be obtained by the so-called cascade algorithms. Thus, beginning
with ¢o(x1,...,xs) = h(x1)---h(zs), where h(y) = 1 — |y| if |[y| < 1 and zero
otherwise, one recursively defines

(1.2) vr(z) = Zaagpk_l(Zx —a).

It is known that the uniform convergence of ¢y is equivalent to the convergence of
the corresponding subdivision scheme. A comprehensive discussion of this subject
can be found in [2].

To describe the necessary and sufficient conditions of the convergence of the

above present schemes we denote af = ZB ag_laa_gg with the understanding

al = a,. It is easy to check that a® are the coefficients of Laurent polynomial

Hfz_ol a(z2l), where, z# = 24" -2/ if p € R. Denote further Es = {(31, ..., 8s) :
Bi € {0,1}} as the set of extreme points of (0,1)°. It is known (see e.g. [4l 6], [12])
that the following holds.

Theorem 1.1. A subdivision scheme associated with a fized finitely supported real
sequence (mask) a = {aq : o € Z°} converges if and only if

(1.3) D tarp=1, VacZ,
8
and
(1.4) lim  sup |af —af_.|=0.

k—00 neZs, ecE,

The first condition is clear and easy to check. However, the second one is rather
difficult to verify. Denote
p(Aa) = lim sup ¥ —af_|F.
k—oo oeZs, ecE,
One can show that the condition (1.4) is equivalent to p(Aa) < 1, while p(Aa)
equals to the so-called joint spectral radius of some square matrices (see [3} 2, [6]).
Some partial results concerning the computation of p(Aa) can be found in [II, 4]
and the papers cited there. On the other hand, by a result in [10] the calculation
of the joint spectral radius is in general NP-hard. Therefore, it is useful in practice
to find some classes of masks, for that we can simply determine whether p(Aa) < 1
for the given mask a. In this paper we focus on subdivision schemes associated
with nonnegative finite masks, a class possessed by many applications in geometric
modelings. A remarkable fact of this class is that the convergence does not rely
on the actual values of the mask but rather on the support of the mask, i.e.,
{a: aq # 0} (see [9,[7]). Recently, the author shows in [I3] that for the univariate
case (i.e. s =1) (1.4) can be replaced by some very simple conditions. Thus, the
following conjecture raised in [8] is confirmed.
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MULTIVARIATE SUBDIVISION SCHEMES 861

Theorem 1.2. The univariate subdivision scheme with the nonnegative mask a =
{ag, ...,an}, which satisfies ag,an # 0, converges if and only if

1) Zj as; = Zj azjy1 =1 and 0 < ap,an <1,
2) the greatest common divisor of {j : a; # 0} is 1.

An immediate consequence is that for any nonnegative mask {ayo, ..., an }, which
satisfies the sum rule Zj as; = Zj azj+1 = 1 and 0 < ag,an < 1, the func-
tional equation (1.1) always has a continuous nontrivial solution. Indeed, let d =
ged(i i a; #0). Then a; # 0 if and only if ¢ = dj for some j. The mask b; = ag;
satisfies 1) and 2) of Theorem 1.2. We therefore have a continuous function ¢ for
(1.1) with the mask {b;}. Set g(z) = ¢(z/d). We obtain

o) = Y ag(20 ).

The aim of this paper is to study the convergence of multivariate subdivision
schemes with nonnegative masks, including the schemes whose supports are cen-
tered zonotopes introduced in [2]. In this case we will prove that the sum rule (1.3)
ensures the convergence (see Theorem 2.5), which gives an answer to a question
raised by Cavaretta, Dahmen and Micchelli in 1991 (see p. 55 of [2]).

2. MAIN RESULTS

To present our main results we introduce some more notations. For x € Z° we
should denote (z);, j = 1,2,...,s, to be the j-th coordinate of . Let K C Z°
be a finite set and let (K); = {(z); : = € K}, j = 1,2,...,s. Further, denote
minz; = mingex(z); and max z; = maxgex(z);.

Definition 2.1. A finite set  C Z° has property P if for j = 1,2,...,s either
minz; + maxz; is even and there is an 2’ € (K); \ {minz;, maxz;} so that 2’ —
minz; is odd or else there are 2’,y" € (K); \ {minz;, maxz;} such that 2’ 4+ ¢’ is
odd.

For s = 1 Theorem 1.2 implies that the support of any convergent subdivision
scheme with a finite nonnegative mask has property P. Conversely, if a finite set
K = {po, ...,pr} C Z has property P, we can find a nonnegative mask {a;} whose
support is KC. Moreover, 0 < ay,, ap, < 1, and the sum rule is fulfilled, i.e. Zj agj =
>_jaz2j+1 = 1. Using the project method (see [2} [5]) one can easily show the
following.

Proposition 2.2. The support of any convergent subdivision scheme associated
with a finite nonnegative mask a = {aq : o € Z*} has property P.
Let M, be the set of s X s unimodular matrices, namely,
M;={M: Mis ans x smatrix with integer entries and | det M| = 1}.

Clearly, M is a group under the matrix production. In particular, M € M,
implies M~ € M,. Clearly, there holds

Proposition 2.3. Let {a, : a € Z*} be a finite mask in R® and satisfy (1.3).
Further, let by = apre for any given M € Ms. Then, {b,} satisfies the sum rule.
Moreover, the convergence behavior of the subdivision schemes associated with {ay }
and {b,} respectively are the same.
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862 XINLONG ZHOU

Now let X = {x1,...,25} C Z*\ {0} be given and o > s. We may regard X as
an s X o matrix. The centered zonotope generated by the vectors in X is defined
by

Z(X)={Xu:uwelR?, -1<(u); <1,j=1,..,0}.
We say X is unimodular if the determinant of each s X s submatrix of X is —1,0 or
1. The following is proven by Cavaretta, Dahmen and Micchelli in 1991 (see [2]).

Theorem 2.4. Let X = {x1,...,2,} C Z*\ {0} with o > s. If the support of a
nonnegative mask {aq} is Z(X) N Z* with unimodular X, then the corresponding
subdivision scheme is convergent, provided the sum rule (1.3) for {as} is fulfilled.

Consequently, the question was raised in [2] (see p. 55 of [2]) as to what are the
necessary and sufficient conditions on zonotopes such that the subdivision scheme
with a nonnegative mask, whose support is a centered zonotope, converges. In [7]
it is proven that, if the matrix X is unimodular and X \ {z;} spans R?® for every
i =1,...,0, then the convergence follows, provided the support of the nonnegative
mask is Z’(X) N Z*® and the sum rule is fulfilled, where

Z(X)={Xu:ueR’, 0<(u); <1, j=1,..,0}
For centered zonotopes this problem is now solved. We have

Theorem 2.5. Let X = {x1,...,x5} C Z*\ {0} with o > s. Let the support Q of a
nonnegative mask {aq} be Z(X)NZ*. Then the corresponding scheme is convergent
if the sum rule (1.3) for {as} is fulfilled. Conversely, if X is of rank s one can
always find a nonnegative mask {as}, whose support is Z(X) N Z*%, and the sum

rule for {as} is fulfilled.

We know that the sum rule is satisfied for any convergent subdivision scheme.
It is little surprising that for centered zonotops one needs no additional condition.
For noncentered zonotopes we can prove

Theorem 2.6. Let the support Q of a nonnegative mask {an} be Z'(X) N Z°.
Assume for some s X s submatrix Y of X there holds |detY| = 1. Then the
corresponding scheme is convergent if and only if the sum rule for {an} is fulfilled
and Y 1Q has property P.

In the above theorem the s x s submatrix Y is clearly unimodular and belongs to
M. From Theorem 1.1 and Proposition 2.2 we know that for convergent subdivi-
sion schemes with nonnegative finite masks the two conditions are clearly fulfilled.
It is unclear if the additional condition |detY| =1 on Z’(X) is redundant. Theo-
rems 2.5 and 2.6 will be proven in Section 4.

3. CHARACTERIZATION OF CONVERGENT SUBDIVISION SCHEMES
VIA MAPS GENERATED BY MASKS

In this section we should establish a connection between convergent subdivision
schemes and maps deduced by masks as in Wang [I1]. To this end, for any m =
(my,....ms)T,n = (n1,...,ns)T € Z* such that m; < n;, let

Fpn={a€Z: a= (a1, as)T, my <oy <mng, i=1,...,5}.

Setting n +1 = (n; + 1, ...,ns + 1) we may assume that the support of the mask
a ={an: a€Z%} is contained in I'y, 1. Let N = Hle(nl- —m; + 1) and define
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MULTIVARIATE SUBDIVISION SCHEMES 863

for every e € Es the N x N matrix A, whose entries are

(31) (Ae)a,ﬂ = Qe4+28—ay @, 6 S Fm,n-

For any N x N matrix we should index the rows and columns by «, 5 € Iy, ,,. We
note also that if the mask a is nonnegative and satisfies the sum rule

(3.2)  taip=1, Vaez,
3

then A, is a row stochastic matrix for all e € E;. We now have another character-
ization of the convergence:

Theorem 3.1. The subdivision scheme associated with a mask a = {a, : « € Z°},
which satisfies (3.2), is convergent if and only if for all x = {zo : @ € Ty p} and
all sequences {e;}, e; € Es,

lim AA,, - Ae,z =0,
k—oo
where Az = max,, ,, [T, — x,|.

Proof. For s = 1 this assertion is established in [I1]. To show the assertion for s > 2
we apply the approach introduced in [4] (see also [6]). Let S be the subdivision
operator generated by (Sv)a = > 5150025, where v = {v, : a € Z°} is any finite
sequence. Further, let J, be the shift map given by
(Jav)y = Va—ry, ¥ € L.

Thus, we have (see [6])

JaS* = Ae, -+ Aey o,
where a = 2Fay, + 287 1e; + ... + e,. We are now ready to prove the asserted
equivalence. Assume first that the subdivision scheme associated with {as} is

convergent. For any data ¢ = {z, : n € I';,,,} we write & = Jyv. Hence, with
a=2F"le; + ... + ¢ we obtain for any 3 € Iy,

(A@k T Aelx)ﬂ :(Aﬁk T Ael J(ﬂ))g
=(JaS*v)5 =vE_5.

Noting that limg__, ‘(a —B1)/2F — (a *ﬂg)/?k‘ = 0 for all 1,02 € I'y,,, and
a € Z°, we conclude
klim A(Ae, -+ Aeyz) = 0.

For the other direction, we prove (1.4) according to Theorem 1.1. Assume for
some 31, 32 € 'y, , and aq € Z° that

k

sup_|aq — ag—c| = |ag, —p, — Gay—p, |-

a€Zs,ec by

We choose v = §, § = {00 }. In this way we obtain for oy = 2Fay,+2F"Le;+- - +ex

and j =1,2
ag, g, = (Aey -+ Acy Ja, 0)3; -
Thus,
sup |a’; — a’;_e| <AA,, ---Ae Jo, 0.
Q€Zs, e€E,
The desired assertion follows from the last inequality. (Il
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Theorem 3.1 allows us to reduce the convergence problem to a fixed point prob-
lem of some maps. For any T' C TI'y, ,, let xr be the vector = (z,) such that
xo = 1if o € T and zero otherwise. Next we define for any N x N matrix B

FB(T) = {Oé : (BXT)a = 1}7 TC Fm,nv

and with the convenience F, = F4_, where A, is given by (3.1). The following
lemma for s = 1 is proven in [II]. The proof for s > 2 is the same.

Lemma 3.2. Let B be a nonnegative row stochastic matriz. Then

1) ABz < Az and FB(T1) n FB(TQ) =0 ifTiNTy = 0.

2) Let C be another nonnegative row stochastic matrixz. Then Fgo = Fp o Fg.

3) The subdivision scheme with nonnegative mask, which satisfies (3.2), diverges
if and only if there exist disjoint proper subsets T and T' of Iy, and a sequence
(e1,...,ex), e; € Eg for some k > 1 such that

(3.3) T=F,o0-oF, (T) and T =F,

€k

o0 F, (T).

Next let us define a map W, that allows us to compute F, explicitly. To this end
denote Q(e) = QN {2Z° + ¢} for e € E,. This map is given as follows: for any
T CZ° let

vn =9 () er-5
e€Es | BeQ(e)
The connection between ¥ and F, is established in the following lemma. We note
that s = 1 was proven in [II], where the support of the mask is {0,..., N} and
Tpn =A10,...,N —1}. Although for s > 2 the approach is similar, we should give
the proof for convenience.

Lemma 3.3. For any T C Iy, , we have
F(T)=(¥(T)+e)NTyn, VeeEE,.
Furthermore, for any e; € Es, l =1, ..., k, there holds
F,o-0F, (T)=(Y*T)+\) NTmn,
where A = Zf:l e2! 1

Proof. For given e € Eg and a € T'yy, 1, let I = {1 (Ac)a,p # 0}. We claim that
for some e’ € E; such that a = e’ — e (mod 2), there holds

Q') —e+a

—

Indeed, by the definition of A, we conclude that 8 € I, if and only if act258-o # 0.
But, e + 260 — a = ¢ (mod 2). Thus, 8 € I, if and only if e + 28 — a € Q(¢)
or in other words 8 € (2(¢/) — e + «)/2. To show the first assertion we note that
«a € F(T) if and only if Z,@ela Ta0et28—a = 1, where {xg} = xr. Hence, I, C T.
We obtain

I, =

ae () @T-B+e).
BeQ(e’)
Consequently,

F)c |J (] @T—B+e) = (¥(T)+e).
)

e'cE; BeQ(e’
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MULTIVARIATE SUBDIVISION SCHEMES 865

Now let o € (¥(T) +e) NTy,. Then for some € € E; one has o € Ty, ,, and
a€ ﬂﬁeg(e,)(QTf B+ e), which in turn implies o € 2T — S+ e for all § € Q(¢’) or
a+Q(e') —e C2T. Thus I, CT. Weobtain }_5c; 2gaetos—a =1o0r a € Fe(T).

To show the second assertion we use induction on the numbers of compositions.
Thus,

Fopor 0 Fo(T) = (U(Fuyor 0 Fo(T))+e1) Ny

= (@D +N)NThn}+e) Nl
(TH(T) + 2N +e1) N T

(T (

TH(T) +A) N T

O

The following lemma allows us to choose k£ and A explicitly, which leads to the
computation of T" for some 2.

Lemma 3.4. Let {a,} be a nonnegative mask and let its support be Q. If the
corresponding subdivision scheme with nonnegative mask, which satisfies (3.2), is
divergent, then there exist disjoint proper subsets T and T' of I, ,, such that

(3.4) T=NT)+\N)NT, and T = (VT +2) N T

In particular, we can choose k = k'l for some k' > 1 and any fized | > ly > 1 such
that 0 < (\); < (28 — 1), j = 1,...,s. Moreover, if (\); # 0,28 — 1, then for some
0 < 81 < 09 < 1 there holds

5128 < (V) < 528
Proof. By Lemma 3.2 the divergence implies
T=F,o0--oF,(T) and T'=F,, 0---0F, (T)

for some &' > 1 and e; € Ey, j = 1,...,k". Write F' = F¢,, o--- o F¢,; we conclude
that for all [ > 1,

T=F{T) and T =FYT).
It follows from Lemma 3.3 that
35)  T=@"(T)+X)NTpy, and T = (T¥YT) 4+ N)NTps,
where

A + >\2"" 20D

)\ ’
_ ik’ k'l
= /\§ 2¥ = g (@Y - ).

A/

Thus, we can choose [ large enough to meet the restrictions. Finally, setting k = k'l
and defining A to be A, we obtain (3.4) from (3.5). O

4. PROOF OF THEOREMS 2.5 AND 2.6

The notations such as €2, ¥ and F, have the same meaning as in Sections 1-3.
The following result for s = 1 was proven in [13].
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Lemma 4.1. Let T be a subset of Z° and oo ¢ T and let €; , € {0,1} such that
ey =1Vi=12 .1

yeN
Then there holds

1
2la =Y > 2 ey ¢ UH(T).
i=1 vyEQ
Proof. For | = 1 the assertion is clear since by the definition of ¥ one always has
200 —v & U(T) for all v € Q. On the other hand, } . €1, = 1 if and only if
€1, = 1 for some v/ € Q and €; , =0 for all v € @\ {7'}. Thus

200 — Z €14y € U(T).

veQ

The general case follows from induction on I. (I

For k and A from Lemma 3.4 and ¢;, € {0,1} from Lemma 4.1 let us define
By = {a}, where a« € Ty, ,,, and for [ = 0,1, ...,
k—1
(4.1) By ={2y+X=> Y 2y €Tmn: y€ B}
i=0 yEQ

Finally, denote

We have

Lemma 4.2. Let {a,} be a nonnegative mask and let its support be Q. If {as}
satisfies (3.2), then B(a) = L'y, p, for some o € Ty, p, implies the convergence of
the corresponding subdivision scheme.

Proof. Assume the subdivision scheme is divergent. Thus, according to Lemma 3.4
there exist disjoint proper subsets 7' and 1" of I',,, ,, satisfying (3.4). From Lemma
4.1 the sets T or T” are not contained in B(«) whenever o does not belong to T or
T’. Thus, T or T/ must be empty. Consequently, the subdivision scheme must be
convergent. O

We are now in the position to verify Theorems 2.5 and 2.6.

Proof of Theorem 2.5. The sum rule implies e, + 27, € Q for some v, € Z° and
T =1,...,8, where as usual e, € E,;, 7 = 1,..., s, is the coordinate vector. But
det(e + 271, ...,es + 275) = 1 (mod 2), so the rank of MX for any M € M, is s.
We may re-arrange X such that (x1,...,25) = X' is a regular square matrix. On
the other hand, it is well-known that there exists some M € M, such that M X' is
a lower triangular matrix. Moreover, M X' = (¢; j)1<i,j<s satisfies 0 < ¢;; < ¢;,; if
[ > j. Thus, Proposition 2.3 allows us to suppose that X’ is already such a matrix.

Next let us verify B(«) = I'y, , for some a € 'y, ,. Thus, Lemma 4.2 ensures
the convergence of this subdivision scheme. To this end, we first note that X’ is
regular, so there are u; € R satisfying

s
A= E Ui Ty
i=1
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MULTIVARIATE SUBDIVISION SCHEMES 867

It is evident that each u; can be expressed as u; = v; + 2Fn;, where |v;| < 2F~1 41
and 7; € Z. We conclude for o« = — Y7 myz; € Z° that

S
A= Zvixi —2kq.
i=1

Now, for [ = 1,...,s we have

|(04)l‘ _ ‘(/\)l _Z:Qikzlvi(fi)” <1-— 2%_'_(%_1_2%)2(1‘2%

Because 0 < (\); < 2F — 1 and |v;] < 2F~! 4+ 1, one has

_Z(xi)l <(ag < Z(ﬂﬁz)z
i=1 i=1

Hence, o € Iy, ,,. Let y € I'y, 5, s0 there are w; € R such that

S
Y= E Wi ;.
i=1

On the other hand, k is large and independent of I'y, ,, (see Lemma 3.4); we can
therefore assume |w;| < 2k=2 _ 1 forally e I'yyn. Clearly,

Pa+N—y= Z(Ul — w;)x;

i=1
and |v; — w;| < 3 x 2F=2. Write v; — w; = 2l; + &; for some [; € Z and —1 < ¢&; < 1.
We obtain by expressing 2[; in the binary form 2I; = 25;11 51-7]423'

k—1 s s
j=1 i=1 i=1

Clearly, v; = >0, 8 jz; € Z(X)NZ*. Consequently, vo = Y i, &z € Z(X)NZS.
We obtain 2Fa 4+ X —y = Z?;& 27~;. This gives by the definition of B(a):

k—1

y=2 a4\ — ZQj’yj € B(a).
7=0

By Lemma 4.2 the scheme is convergent.
To show the second assertion, let X = {x1,...,x,} C Z° \ {0} with o > s be of
rank s. We may assume det(x1, ..., x5) # 0. Thus, for each e € E; there are v; € R

such that
S
€ = Z V;Tj.
i=1

Write v; = 21; + & for some [; € Z and —1 < & < 1. We get e = 225:1 liz; +
> &ay, hence,

ifixi = 6*228:12-9314 € Z(X)NZ*.
i=1 i=1

In other words,

{e+28: BEZINZ(X)#0, V e€E,.
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Having this relation we simply define
if a=e+2y and « € Z(X)NZ%

1
[{e+2B: BEZ°}INZ(X)]|’

Ao =
0, if o ¢ Z(X)NZ°

So the sum rule (1.3) is fulfilled for the nonnegative mask {a, : « € Z*} and

{a: aq #0} = Z(X)NZ5. O

Proof of Theorem 2.6. The necessity follows from Theorem 1.1 and Propositions
2.2 and 2.3. To show the sufficiency we remember |detY|=1. So M =Y ! € M.
By Proposition 2.3 we need only to show the convergence for the mask b, = apzq-
We note that MZ'(X) = Z/(MX) and the support of {b,} is MQ. Moreover,
MY = (ey,...,es). Thus, we can write MX = (ey,...,€5,%1, ..., To—s). MSQ has
property P. Hence, we obtain in particular that o > s and Es+xy, +-- -+, € M
forany 1 <!l; <--- <1, <0 —s. Moreover, due to property P there is for each
1 < 7 < s some nonzero integer p, in (Z'(X1) NZ%),, where X7 = (21,...,Z5—5).
Consequently, for each 1 < 7 < s there is an x; with 1 < ¢ < ¢ — s satisfying
(z;)r # 0. Hence, we can find some nonnegative integers j,, v = 1,...,0 — s, so that

g—S8

(x)r = (Zjuxl/)r #0, V 7=12.,s.
v=1

In view of Lemma 4.2, in order to have the desired assertion it is enough to verify
that for I,,, ,, defined by M (see Section 3) and B; given by (4.1), there is an o €
Ty, » such that B(«) =T, . To this end, we remember that Iy, ,, = I X -+ X I,
where I = [m.,n.], m; = minycpa(y)- and n, = maxyema(y)r — 1. Clearly,
m, < 0 and n, > 0. Moreover, if (), > 0, then n, > 0 and m, < 0 whenever
(x)r < 0. Let k and A be given by Lemma 3.4. We set a to be

0, (Ny=2%—-1 and (z); >0;
-1, (N);=2F-1 and (z), <0;
(a)‘r = 07 (A)T 7& Oa 2k - 17

1, (MNr=0 and (z), > 0;

0, (N)r=0 and (x), <0.

The above discussion implies o € I'y, . Let y € 'y, . The two inequalities
concerning A in Lemma 3.4 tell us that there are p € Z° and | € Z satisfying
y = 2o+ X\ — u — lx. Moreover, we can choose [ and p such that 0 < 15, < 2F — 1
forv=1,..,0 —sand 0 < (u), <2¥ -1 for 7 = 1,..., 5. By expressing y and I3,
in the binary form we obtain for some ¢;, € {0,1} and §; , € {0,1}

k—1 k—1
Gy = €2 and (n); =) 8,2
=0 =0

Thereby,

k—1 s o—s
y=2air- Y2 (z e 3 ) ,
=0 =1 v=1
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where e, € FE; is the 7-th coordinate vector. We deduce that for some ~; €
(Z'(MX)NZ*)\ {0} and ¢ . € {0,1},

s o—s
/

E 572,7'67' + § €ivTy = Gmi%‘

T=1 v=1

or
k—1
Y= Qka + A— Z 2162’%,’72'.
i=0
Thereby, with By = {a} we obtain I',, ,, C By, which in turn implies I, ,, = B(«).
Consequently, the subdivision scheme with {b,} is convergent. O
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