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ABSTRACT. Let go be the Hochschild complex of cochains on C°°(R™) and let
g1 be the space of multivector fields on R™. In this paper we prove that given
any Goo-structure (i.e. Gerstenhaber algebra up to homotopy structure) on go,
and any Cso-morphism ¢ (i.e. morphism of a commutative, associative algebra
up to homotopy) between g1 and g2, there exists a Goo-morphism ® between
g1 and go that restricts to ¢. We also show that any Loo-morphism (i.e. mor-
phism of a Lie algebra up to homotopy), in particular the one constructed by
Kontsevich, can be deformed into a Goo-morphism, using Tamarkin’s method
for any Goo-structure on g2. We also show that any two of such Goo-morphisms
are homotopic.

0. INTRODUCTION

Let M be a differential manifold and let go = (C*(A4, A),b) be the Hochschild
cochain complex on A = C*°(M). The classical Hochschild-Kostant-Rosenberg the-
orem states that the cohomology of g is the graded Lie algebra g = I'(M, A*T M)
of multivector fields on M. There is also a graded Lie algebra structure on go given
by the Gerstenhaber bracket. In particular g; and gy are also Lie algebras up to
homotopy (Loo-algebra for short). In the case M = R”, using different methods,
Kontsevich ([Kol] and [Ko2]) and Tamarkin ([Ta]) have proved the existence of Lie
homomorphisms “up to homotopy” (Ls-morphisms) from g; to go. Kontsevich’s
proof uses graph complex and is related to multizeta functions, whereas Tamarkin’s
construction uses the existence of Drinfeld’s associators. In fact Tamarkin’s L -
morphism comes from the restriction of a Gerstenhaber algebra up to homotopy
homomorphism (G.-morphism) from g; to go. The G-algebra structure on gq
is induced by its classical Gerstenhaber algebra structure and a far less trivial
G wo-structure on go was proved to exist by Tamarkin [Ta] and relies on Drinfeld’s
associator. Tamarkin’s G -morphism also restricts into a commutative, associa-
tive up to homotopy morphism (Cy-morphism for short). The Cy-structure on
g2 (given by restriction of the G-one) highly depends on Drinfeld’s associator,
and any two choices of a Drinfeld associator yields a priori different C'o-structures.
When M is a Poisson manifold, Kontsevich and Tamarkin homomorphisms imply
the existence of a star-product (see [BFFLSI1] and [BFFLS2| for a definition). A
connection between the two approaches has been given in [KS| but the morphisms
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622 GREGORY GINOT AND GILLES HALBOUT

given by Kontsevich and Tamarkin are not the same. The aim of this paper is to
show that, given any G -structure on g and any C..-morphism ¢ between g; and
g2, there exists a Go,-morphism ® between g; and go that restricts to p. We also
show that any L..-morphism can be deformed into a G,-one.

In the first section, we fix notation and recall the definitions of L..- and G-
structures. In the second section we state and prove the main theorem. In the
last section we show that any two Goo-morphisms given by Tamarkin’s method are
homotopic.

Remark. In the sequel, unless otherwise stated, the manifold M is R™ for some
n > 1. Most results could be generalized to other manifolds using techniques of
Kontsevich [Kol] (see also [TS], [CET]).

1. Cx-, Loo- AND Go-STRUCTURES

For any graded vector space g, we choose the following degree on A®g: if X;,...,
X}, are homogeneous elements of respective degree | X1/, ..., |Xk|, then

| X9 A A Xl = | X0+ + | Xk — K

In particular the component g = Alg C A®g is the same as the space g with degree
shifted by one. The space A®g with the deconcatenation cobracket is the cofree
cocommutative coalgebra on g with degree shifted by one (see [LS], Section 2). Any
degree one map d* : AFg — g (k > 1) extends into a derivation d* : A®g — A®g of
the coalgebra A®g by cofreeness property.

Definition 1.1. A vector space g is endowed with a L..-algebra (Lie algebras “up
to homotopy”) structure if there are degree one linear maps m! 1, with k ones:
AFg — g such that if we extend them to maps A®g — A®g, then d o d = 0 where d
is the derivation

d=m'+mh +- 4mbt 4.

For more details on Loo-structures, see [LS]. It follows from the definition that
a Ly,-algebra structure induces a differential coalgebra structure on A®g and that
the map m! : g — g is a differential. If m» 1 : A¥g — g are 0 for k > 3, we get
the usual definition of (differential if m' # 0) graded Lie algebras.

For any graded vector space g, we denote ﬁ to be the quotient of g®” by the
image of all shuffles of length n (see [GK] or [GH] for details). The graded vector
space G%»oﬁ is a quotient coalgebra of the tensor coalgebra €,~,g%". It is
well known that this coalgebra €,,~,g%" is the cofree Lie coalgebra on the vector

space g (with degree shifted by minus one).

Definition 1.2. A Cy.-algebra (commutative and asssociative “up to homotopy”
algebra) structure on a vector space g is given by a collection of degree one linear
maps m* : g®* — g such that if we extend them to maps ®g®* — ®g®°, then

dod =0 where d is the derivation
d=mt+m2+m3>+.--.

In particular a Cy-algebra is an A.,-algebra.
For any space g, we denote by A®g®® the graded space

/\’g®' — @ g®p1 /\_,./\g&nn'
m2>1, p1+-+pp=m
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LIFTS OF Cos- AND L,.-MORPHISMS TO G..-MORPHISMS 623

We use the following grading on A*g®*: for x1,...,28" € g, we define

p1

P1
:Z|x§1\+...+z|x;ﬂ

1 in

Note that the induced grading on A®g C A®*g®® is the same as the one introduced
above. The cobracket on ®g®*® and the coproduct on A®g extend to a cobracket and
a coproduct on A®°g®® which yield a Gerstenhaber coalgebra structure on A®g®®.
It is well known that this coalgebra structure is cofree (see [Gi], Section 3, for
example).

Definition 1.3. A G-algebra (Gerstenhaber algebra “up to homotopy”) structure
on a graded vector space g is given by a collection of degree one maps

mp17'“apn : g®l71 A A g®l7n N g

indexed by pi,...,pn, > 1 such that their canonical extension A®*g®® — A®g®®
satisfies d o d = 0, where
d — Z mpla“-vpn.

m2>1, pi+-+pp=m

Again, as the coalgebra structure of A®*g®® is cofree, the map d makes A®g®® into
a differential coalgebra. If the maps mPtP» are 0 for (p1,p2,...) # (1,0,...),
(1,1,0,...) or (2,0,...), we get the usual definition of (differential if m! # 0)
Gerstenhaber algebra.

The space of multivector fields g; is endowed with a graded Lie bracket [—, —]g
called the Schouten bracket (see [Kos|). This Lie algebra can be extended into a
Gerstenhaber algebra, with commutative structure given by the exterior product
(a,8) = anp.

Setting dy = m%’l + m?, where m%’l : A%gp — g1, and m? : g‘fﬂ — g1 are the
extension of the Schouten bracket and the exterior product, we find that (gq,d;) is
a (G o-algebra.

In the same way, one can define a differential Lie algebra structure on the vector
space go = C(A4, A) = @,~, C*(A, A), the space of Hochschild cochains (generated
by differential k-linear maps from A* to A), where A = C°°(M) is the algebra of
smooth differential functions over M. Its bracket [—, —]g, called the Gerstenhaber
bracket, is defined, for D, F € go, by

[D, Elg = {D|E} - (-1)"""{E|D},
where

{DIE} (1, .. ware—1) = 3 (D) D@r, .20, B(wisn, - @), - ).
i>0

The space g has a grading defined by | D |= k < D € CF+1(A, A) and its differ-
ential is b = [m, —]g, where m € C?(A, A) is the commutative multiplication on
A.

Tamarkin (see [Ta] or also [GH]) stated the existence of a Go-structure on
g2 (depending on a choice of a Drinfeld associator) given by a differential do =
my+myt +m3 4+ mbPr 4 on /\'ﬁ satisfying dy o dy = 0. Although
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624 GREGORY GINOT AND GILLES HALBOUT

this structure is non-explicit, it satisfies the following three properties:
(a) mj is the extension of the differential b.
(b) my" is the extension of the Gerstenhaber bracket [—, —]¢
(1.1) and m%’l"“’l =0.
(¢) m3 induces the exterior product in cohomology and the
collection of the (m*);>; defines a O -structure on gs.

Definition 1.4. A L. -morphism between two L..-algebras (gi,d; = mi + )
and (g2,d2 = m} + ---) is a morphism of differential coalgebras

(1.2) o 1+ (A°g1,d1) — (A*g2, d2).

Such a map ¢ is uniquely determined by a collection of maps ¢™ : A"g; —
go (again by cofreeness properties). In the case g; and go are respectively the
graded Lie algebra (I'(M,ATM), [—,—]s) and the differential graded Lie algebra
(C(A,A4), [-,—]c), the formality theorems of Kontsevich and Tamarkin state the
existence of a L.,-morphism between g; and go such that ¢! is the Hochschild-
Kostant-Rosenberg quasi-isomorphism.

Definition 1.5. A morphism of Cysalgebras between two Curalgebras (g1,d;) and
(go,ds) is a map ¢ : (@ﬁ, dy) — (@ﬁ7 dy) of codifferential coalgebras.

A Cy-morphism is in particular a morphism of A,-algebras and is uniquely
determined by maps 9F : g®F — g.

Definition 1.6. A morphism of G ,ralgebras between two Gralgebras (g1, d;) and
(g2,d2) is a map ¢ : (A’ﬁ, dy) — (A%*, ds) of codifferential coalgebras.

There are coalgebra inclusions A®g — A®g®®, ©g®* — A®g®°®, and it is easy
to check that any G..-morphism between two Goo-algebras (g, > mP1Pn) and

and a Coo-morphism (9g®®, > m"*) — (@g’®', Zm’k). In the case where g; and
g2 are as above, Tamarkin’s theorem states that there exists a Goo-morphism be-
tween the two G -algebras g1 and go (with the G, structure he built) that restricts
to a Cso- and a Lso-morphism.

2. MAIN THEOREM

We keep the notations of the previous section, in particular g, is the Hochschild
complex of cochains on C*°(M) and g its cohomology. Here is our main theorem.

Theorem 2.1. Given any Goo-structure de on go satisfying the three properties
of (1.1), and any Cs -morphism ¢ between g1 and go such that @' is the Hochschild-
Kostant-Rosenberg map, there ezists a Goo-morphism ® : (g1,d1) — (g2,d2) that
restricts to ¢.

Also, given any Loo-morphism ~y between g1 and ga such that ' is the Hochschild-
Kostant-Rosenberg map, there exists a Goo-structure (g1,d;) on g1 and Geo-mor-
phism T : (g1,d]) — (g2,d2) that restricts to v. Moreover there exists a G-
morphism I" : (g1,d1) — (g1,d1).
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LIFTS OF Cos- AND L,.-MORPHISMS TO G..-MORPHISMS 625

In particular, Theorem 2.1 applies to the formality map of Kontsevich and also
to any Coo-map derived (see [Tal], [GH]) from any B.o-structure on go lifting the
Gerstenhaber structure of g;.

Let us first recall the proof of Tamarkin’s formality theorem (see [GH] for more
details):

1. First one proves there exists a G-structure on go, with differential ds, as
in (1.1).
2. Then, one constructs a Goo-structure on g; given by a differential d} to-
gether with a G-morphism ® between (g1, d}) and (gz, d2).
3. Finally, one constructs a Go-morphism @’ between (g1,d;) and (g1,d).
The composition ® o &’ is then a G o.-morphism between (g1,d;) and (gz, dz2), thus
it restricts to a Lo,-morphism between the differential graded Lie algebras g; and
g2-

We suppose now that, in the first step, we take any Goo-structure on g, given by a
differential do. We also suppose we are given a Cs-morphism ¢ and a Ly,-morphism
~ between g; and g» satisfying v! = ¢' = ¢ukr, the Hochschild-Kostant-Rosenberg
quasi-isomorphism.

Proof of Theorem 2.1. The theorem will follow if we prove that steps 2 and 3 of
Tamarkin’s construction are still true with the extra conditions that the restriction
of the Goo-morphism @ (resp. @) on the Cy-structures is the Cuo-morphism
© g1 — g2 (resp. id).

Let us recall (see [GH]) that the constructions of ® and dj can be made by
induction. For i = 1,2 and n > 0, let us set

Vi[n] — @ gZ@pl A A g;&pk

pitetpr=n
and Vi[gn] =D k<n V;[H. Let d[2n] and d[;n] be the sums
d' = > gt and d5 = dY
pit-+pr=n p<n
Clearly, da = 3, 5, dy”. In the same way, we denote d} = D ons1 2" by
d/[ln] _ Z d’l;l?17~--7Pk and d/[lfn] _ Z d/[lk]-
pit+-+pr=n Isksn

We know from Section 1 that a morphism ® : (A%, d}) — (A'ﬁ, d3) is uniquely
determined by its components ®P1Pk : g?pl AR g?p"‘ — go. Again, we have

=3, M with
o= N erersand ol = Y oM

p1+-4pr=n I<k<n

We want to construct the maps d’ [1”] and ®" by induction with the initial condition
d/[ll] =0 and q)[l] = YHKR

where pukr : (91,0) — (g2,b) is the Hochschild-Kostant-Rosenberg quasi-isomor-
phism (see [HKR]) defined, for a € g1, f1, -+, fn € A, by

eukr : a— ((fi,- o fa) = (o, dfy Ao Adfy)).
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626 GREGORY GINOT AND GILLES HALBOUT

Moreover, we want the following extra conditions to be true:
(2.3) k2 k@i =a2,  dT =0

Now suppose the construction is done for n — 1 (n > 2), i.e., we have built maps
(d/[f])ign—l and (®[1);<,,_; satisfying conditions (2.3) and
(I)[Snfl] ° d/[lgnfl] — d[2§n—1] ° @[Snfl] on Vl[gn_l] and

(2.4)
o d = = 0 on VT

In [GH], we prove that for any such (d’[li])ign_l and (®[1);<,,_1, one can construct

d [1”] and ®[" such that condition (2.4) is true for n instead of n—1. To complete the
proof of Theorem 2.1 (step 2), we have to show that d’[ln] and ®[" can be chosen to
satisfy conditions (2.3). In equation (2.4), the terms d’¥ and ®F only act on V{*. So
one can replace ®" with ", d'} with d? (or d’},i > 3 with 0) provided conditions
(2.4) are still satisfied on V{*. The other terms acting on V{* in equation (2.4)
only involve terms ®™ = ¢™ and d'{". Then conditions (2.4) on Vll’”"1 are the
equations that should be satisfied by a C,,-morphism between the C-algebras
(g1,d'7" = d) and (ga, > w>q d5) restricted to Vi*. Hence by hypothesis on ¢ the
conditions hold.

Similarly the construction of ® can be made by induction. Let us recall the

proof given in [GH]. Again a morphism &’ : (/\'ﬁ, dy) — (/\'ﬁ, d}) is uniquely

determined by its components @7 P* o g®P A L A g®PE g, We write & =
S M with

@I[n] — Z q)/P1,~~7Pk a.nd @I[Sn] — Z @/[k] .
p1+e+pr=n 1<k<n

We construct the maps @’ [n] by induction with the initial condition &’ = iq.
Moreover, we want the following extra conditions to be true:

(2.5) " =0 for n > 2.

Now suppose the construction is done for n — 1 (n > 2), i.e., we have built maps
(q)'[z])ign,l satisfying conditions (2.5) and

(2.6) @/[Sn—ﬂd[lsm e yisnl,

In [GH], we prove that for any such (@’[i])ign,l, one can construct " such that
condition (2.6) is true for n instead of n — 1 in the following way: making the

equation ®'d; = d} P’ on Vl[nH] explicit, we get

(2.7) g5 glsnitl _ g (=] grlsnl

If we now take into account that d[f] =0 for i # 2, d’lm = 0 and that on Vl[nH] we
have @’[k]d[l” = d’l[gk]@’m =0 for k+1 > n+ 2, the identity (2.7) becomes

n+1
q)/[fn] d[12] _ Z dll [k] (I)/[S”—k"r?].
k=2
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Since d} &= g2, (2.7) is equivalent to

n+1
dl[Q]\Ij/[Sn] _ @/[Sn]dl 2] _ |:d1 [2]7 @/[Sn]} — _ Z d/l[k]@/[gn*k‘l’m.

Note that d[12] = m;"' +m?2. Then the construction will be possible when the term
Z::; d} (Kl yrI=n=k+2] ig 4 coboundary in the subcomplex of (End(A%g$*), [d[12], -1
consisting of maps which restrict to zero on €p,,~, g_1®". It is always a cocycle
by straightforward computation (see [GH]), and the subcomplex is acyclic because

both (End(A%g7"* ey, [d[12], —]) and the Harrison cohomology of g; are trivial according
to Tamarkin [Ta] (see also [GH], Proposition 5.1, and [Hi], 5.4).

In the case of the L,,-morphism -, the first step is similar: the fact that ~ is
a Lo,-map enables us to build a G.-structure (g;,d;) on g; and a G.-morphism
I': (g1,d}) — (g2,d2) such that:
(2.8) rhet = ybeol gt =gt gt =,

For the second step, we have to build a map I satisfying the equation

n+1
dl[z]F/[Sn] B F/[gn}dl[z] _ |:d1[2]7rl[§n]i| _ Z dll[k]l—‘/[ﬁn*kJrQ]
k=3

on Vl[nﬂ] for any n > 1. Again, because Tamarkin has proved that the complex
(End(A%7*), [d[12], —]) is acyclic (we are in the case M = R™), the result follows
from the fact that 3742 @M/ S+ ig 4 cocycle. The difference with the Clg-

case is that the T""! could be non-zero. O

3. THE DIFFERENCE BETWEEN TWO (F5,-MAPS

In this section we investigate the difference between two different Go-formality
maps.

We fix once and for all a G-structure on go (given by a differential dy) satisfying
the conditions (1.1) and a morphism of G-algebras T : (g1,d1) — (g2,d2) such
that T! : g1 — g2 is pukr. Let K : (g1,d1) — (g2, d2) be any other G o-morphism
with K! = ppkr (for example any lift of a Kontsevich formality map or any G-
maps lifting another Coo-morphism).

Theorem 3.1. There exists a map h : /\’ﬁ — /\'g?' such that
T—K=hod;+dyoh.
In other words the formality G .,-morphisms K and T are homotopic.
The maps T and K are elements of the cochain complex (Hom(/\‘g?'7 '95@‘), 6)

with differential given, for all f € Hom(/\’g(lg)', e ®') If] =k, by
§(f)=dyo f—(=1)*fod.
We first compare this cochain complex with the complexes <End(/\‘ ®') [dy; —])

and (End(/\' $*), [do; —]), where [—; —] is the graded commutator of morphisms.

There are morphisms

T, : End(A%7°) — Hom(/\'ﬁ, A9y %), T™ : End(A%gy* $*) — Hom(/\'ﬁ7 Ng5°)
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628 GREGORY GINOT AND GILLES HALBOUT

defined, for f € End(A°gy*) and g € Hom(/\'ﬁ, /\’g)7 by
T.(f)=Tof, T"(g)=goT.

Lemma 3.2. The morphisms
T ¢ (End(A%g5*). [dr; -]) — (Hom(A%gF*, A%65*), )
— (End(A%g5*), [dos —]) : T
of cochain complexes are quasi-isomorphisms.

Remark. This lemma holds for every manifold M and any G..-morphism T :
(91, dl) - (927 d2)~
Proof. First we show that T, is a morphism of complexes. Let f € End(/\'ﬁ)
with |f| = k; then
To(ld; f]) =T odio f = (=1)*T o fody
=dyo(Tof)—(=1)"(T o f)od
=0(T.(f))-

Let us now prove that T} is a quasi-isomorphism. For any graded vector space g, the
space A°g®® has the structure of a filtered space where the m-level of the filtration
is F™(A%9%°) = D, 1 ipy—1<m 857 A= A g®Pn. Clearly the differential d; and

dy are compatible with the filtrations on A%g$® and /\’g , hence End(/\'ﬁ") and

Hom(Ag}®, A%S®) are filtered cochain complex. This yields two spectral sequences

(lying in the first quadrant) Ee"® and Ee*® which converge respectively toward the
cohomology H*(End(A%$*)) and H'(Hom(/\'ﬁ, /\'ﬁ)). By standard spectral

sequence techniques it is enough to prove that the map T : E3** — EJ® induced
by T} on the associated graded is a quasi-isomorphism.

The induced differentials on Ey* and Ej® are respectively [d},—] = 0 and
d}o(=)—(=)od} =bo(—), where b is the Hochschild coboundary. By cofreeness
property we have the following two isomorphisms:

Ey® =End(gy),  E* = Hom(g,g2).

The map T : EJ* — E?, induced by T, is ¢uxgr o (—). Let p : g — g1 be the
projection onto the cohomology, i.e. po puxr = id. Let u : g1 — g2 be any map
satisfying b(u) = 0 and set v = pou € End(gy). One can choose a map w : g1 — go
which satisfies for any « € g1 the following identity:

eHKR ©p o u(z) —u(x) = bow(x).

It follows that ¢pkr(v) has the same class of homology as u which proves the
surjectivity of TV in cohomology. The identity po ¢ukr = id easily implies that 7°
is also injective in cohomology which finishes the proof of the lemma for 7.

The proof that T is also a quasi-isomorphism is analogous. O

Proof of Theorem 3.1. Tt is easy to check that T'— K is a cocycle in

(Hom(/\'i@7 /\'ﬁ), 5) .
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The complex of cochain (End(/\'ﬁ)7 [dy, —]) o~ <Hom(/\'ﬁ,gl), [dy, —]) is tri-
graded with ||; being the degree coming from the graduation of g; and any element

xlyinging?pl/\---/\gi@pq satisfies |z]a = ¢ — 1, |z]s = p1 + -+ + pg — ¢. In the

case M = R", the cohomology H*® (End(/\'ﬁ), [dy, f]) is concentrated in bide-

gree (|]2,]]3) = (0,0) (see [Tal, [Hi]). By Lemma 3.2, this is also the case for the

cochain complex (Hom(A%g}*, /\‘ﬁ ),0 ). Thus, its cohomology classes are deter-

mined by complex morphisms (g1,0) — (g2, d3), and it is enough to prove that T
and K determine the same complex morphism (g1,0) — (g2, d3 = b) which is clear
because T' and K are both equal to the Hochschild-Kostant-Rosenberg map. [J

Remark 3.3. It is possible to have an explicit formula for the map h in Theo-
rem 3.1. In fact the quasi-isomorphism coming from Lemma 3.2 can be made
explicit using explicit homotopy formulae for the Hochschild-Kostant-Rosenberg
map (see [Ha] for example) and deformation retract techniques (instead of spectral
sequences) as in [Ka]. The same techniques also apply to give explicit formulae for

the quasi-isomorphism giving the acyclicity of (End(/\'ﬁ ), [d1; —]) in the proof
of Theorem 3.1 (see [GH] for example).
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