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STABILITY OF WAVELET FRAMES
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Abstract. Under certain assumptions we show that a wavelet frame

{τ(Aj , bj,k)ψ}j,k∈Z := {|det Aj |−1/2ψ(A−1
j (x − bj,k))}j,k∈Z

in L2(Rd) remains a frame when the dilation matrices Aj and the trans-
lation parameters bj,k are perturbed. As a special case of our result, we

obtain that if {τ(Aj , AjBn)ψ}j∈Z,n∈Zd is a frame for an expansive matrix

A and an invertible matrix B, then {τ(A′
j , AjBλn)ψ}j∈Z,n∈Zd is a frame if

‖A−jA′
j − I‖2 ≤ ε and ‖λn − n‖∞ ≤ η for sufficiently small ε, η > 0.

1. Introduction and main results

Wavelet frames are widely used in modern time-frequency analysis. Necessary
and sufficient conditions for wavelet systems with dilation by powers of two to be
frames are well known [6, 8, 9, 11, 17]. The matrix dilated multivariate case is
studied, e.g., in [14], and for irregular matrix dilations we refer to [1, 22].

The stability of frames is required in applications and this problem is well studied
for the case of univariate wavelet frames. It was shown in [7, 10, 18, 19, 20] that a
wavelet frame in L2(R) with a nice generating function remains a frame when the
translation and dilation parameters are perturbed. Explicit stability bounds are
given for some cases.

For the multivariate case, especially for wavelet frames with matrix dilations,
very few results are known. One of the main difficulties is that matrix dilations
are quite different from scalar dilations and therefore many methods for dealing
with univariate wavelet frames do not apply for the multivariate case. As far as we
know, the only published result in this aspect appears in [22, Theorem 2.4]; at the
end of this section we compare our findings with that theorem.
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We now go more into detail with the content of the present paper. For a d × d
real matrix A and a vector b ∈ R

d, define the operator τ by

(τ (A, b)ψ)(x) = | detA|−1/2ψ(A−1(x − b)).

Our goal is to study the stability of wavelet frames of the form {τ (Aj, bj,k)ψ : j, k ∈
Z}, where {bj,k : k ∈ Z} is an arbitrary sequence of vectors in R

d and {Aj : j ∈ Z}
is a sequence of matrices satisfying

(1.1) ‖AT
j+n0

ω‖2 ≥ ρ‖AT
j ω‖2, ∀j ∈ Z, ω ∈ R

d,

for some integer n0 > 0 and constant ρ > 1. Here AT denotes the transpose of A.
We also need the following notation. The norm of a matrix A is defined by

‖A‖2 = sup‖x‖2=1 ‖Ax‖2. Obviously, ‖A‖2 = ‖AT ‖2 = sup‖x‖2=‖y‖2=1 |〈Ax, y〉|.
We call a matrix A expansive if there is some ρ > 1 such that

‖AT ω‖2 ≥ ρ‖ω‖2, ∀ω ∈ R
d.

Let δ > 0 be a constant. Define the Wiener space as

W (Rd) =
{
f : f is continuous and ‖f‖W,δ =

∑
n∈Zd

‖f · χEn
‖∞ < +∞

}
,

where En =
∏d

�=1[n�δ, (n� + 1)δ), n = (n1, · · · , nd). It is easy to see that W (Rd) is
independent of the choice of δ and different choices give equivalent norms [6].

A sequence {bn : n ∈ Z} is said to be δ-uniformly discrete if ‖bn−bn′‖∞ ≥ δ > 0.
We call a sequence relatively uniformly discrete if it is a finite union of uniformly
discrete sequences.

We use the following set of multi-index: α = (α1, · · · , αd), |α| = α1 + · · · + αd,
xα = xα1

1 · · ·xαd

d , (Xαf)(x) = xαf(x), and (Dαf)(x) = ∂|α|

∂x
α1
1 ···∂x

αd
d

f(x).

Recall that a family of functions {ϕk : k ∈ Z} in L2(Rd) is a frame for L2(Rd)
if there are two positive numbers A and B such that for any f ∈ L2(Rd),

A‖f‖2 ≤
∑
k∈Z

|〈f, ϕk〉|2 ≤ B‖f‖2.

A and B are called lower and upper frame bounds, respectively. The reason for the
interest in frames is that they generalize (and give more freedom than) orthonormal
bases; on the other hand, a frame {ϕk : k ∈ Z} for L2(Rd) also has the property
that each function in L2(Rd) can be expanded as an infinite linear combination of
the frame elements. We refer to [23, 9, 6] for an overview of frame theory.

We are now ready to state the main result.

Theorem 1.1. Let {τ (Aj , bj,k)ψ : j, k ∈ Z} be a frame for L2(Rd). Suppose that
(1.1) is satisfied for some constants n0, ρ. Assume that ψ̂ is continuous and that

(1.2) |ψ̂(ω)| ≤ C‖ω‖ν
2(1 + ‖ω‖2)−γ , ∀ω ∈ R

d,

where C, ν, γ > 0 are constants and γ − ν > d + 1. Then there are some ε, η > 0
such that for any matrices A′

j and vectors b′j,k satisfying

(1.3) ‖A−1
j A′

j − I‖2 ≤ ε and ‖A−1
j (bj,k − b′j,k)‖∞ ≤ η, ∀j, k ∈ Z,

{τ (A′
j , b

′
j,k)ψ : j, k ∈ Z} is also a frame.
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For a regular wavelet system of the form

τ (Aj, AjBn)ψ(x) = | detA|−j/2ψ(A−jx − Bn), j ∈ Z, n ∈ Z
d,

where A, B are given matrices, we have the following.

Corollary 1.2. Let {τ (Aj , AjBn)ψ : j ∈ Z, n ∈ Z
d} be a frame for L2(Rd), for

which A is expansive and B is invertible. Suppose that ψ̂ is continuous and satisfies
(1.2).

(i) There are some ε, η > 0 such that for matrices A′
j and vectors λn satisfying

‖A−jA′
j − I‖2 ≤ ε and ‖λn − n‖∞ ≤ η,

{τ (A′
j , A

jBλn)ψ : j ∈ Z, n ∈ Z
d} is also a frame.

(ii) There is some δ > 0 such that for any matrix P satisfying AP = PA and
‖I − P‖ < δ, {τ (Aj, AjP−1Bn)ψ : j ∈ Z, n ∈ Z

d} is also a frame for L2(Rd).

Remarks. 1. If we consider only perturbation of the translation parameters, i.e., let-
ting A′

j = Aj , then our proof shows that the η appearing in (1.3) can be determined
explicitly by the following inequalities:

(1.4)

⎧⎨
⎩

η2n0rdC (1+δ)2d

δd

(
1

1−ρ−ν + 1
1−ρ−(γ−ν)

) ∑
|α|=1

‖Xαψ̂‖W,1 < m,

η < δ/3,

where m is the lower frame bound of {τ (Aj, bj,k)ψ : j, k ∈ Z} and we assume that
{A−1

j bj,k : k ∈ Z} is a union of r δ-uniformly discrete sequences for all j ∈ Z.
In particular, for the regular case, i.e., {(Aj , bj,k) : j, k ∈ Z} = {(Aj , AjBn) :

j ∈ Z, n ∈ Z
d} for some expansive matrix A and invertible matrix B, we have

n0 = 1, ρ = ‖A−1‖−1
2 , r = 1, and δ = (d1/2‖B−1‖2)−1. Hence (1.4) turns out to be

(1.5)

⎧⎨
⎩

η2dC (1+d1/2‖B−1‖2)
2d

(d1/2‖B−1‖2)d

(
1

1−‖A−1‖ν
2

+ 1
1−‖A−1‖γ−ν

2

) ∑
|α|=1

‖Xαψ̂‖W,1 < m,

η < δ/3,

2. Corollary 1.2 (ii) generalizes a stability result for 1-dimension [2], which states
that for certain ψ, {τ (aj, ajbk)ψ : j, k ∈ Z} remains a frame when b is perturbed.

In the rest of this section we compare our results with the main result in [22],
which reads as follows.

Proposition 1.3 ([22, Theorem 2.4]). Let {Aj : j ∈ Z} be a sequence of invertible
matrices such that supω∈Rd #

{
j : a < ‖A−T

j ω‖2 < b
}

< +∞, ∀ 0 < a < b < +∞.

Suppose that ψ̂ is continuous, infω∈Rd\{0}
∑

j∈Z

∣∣∣ψ̂(A−T
j ω)

∣∣∣2 > 0, and there exist
constants C > 0, α > 0 and β > d such that

(1.6)
∣∣∣ψ̂(ω)

∣∣∣ ≤ C min{|ω|α, |ω|−β}, ∀ω ∈ R
d \ {0}.

Then for any γ with 0 < γ < min{2, β} there exist positive constants δi (i = 1, 2, 3)
such that {| detSj |1/2ψ(Sjx−Bλk) : j ∈ Z, k ∈ Z

d} is a frame for L2(Rd) for any
real nonsingular d × d matrix sequence {Sj}j∈Z satisfying

(1.7)
∥∥(S−T

j − A−T
j )ω

∥∥
2
≤ δ1‖A−T

j ω‖2, ∀ω ∈ R
d, j ∈ Z,

any nonsingular matrix B with ‖B‖ ≤ δ2, and any sequence {λk}k∈Zd ⊂ R
d with∑

k∈Zn ‖k − λk‖γ
2 < δ3/(| detB| · ‖B‖γ).
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In order to compare the results, we first note that Theorem 1.1 always allows
simultaneous perturbation of Aj and bj,k; cf. the condition (1.3). This is not the
case with Proposition 1.3. In fact, for a given frame, the conditions in Proposition
1.3 do not imply that the frame property of {| detSj |1/2ψ(Sjx − Bλk) : j ∈ Z, k ∈
Z

d} holds for other choices of Sj than the obvious choice Sj = Aj . This observation
follows from the proof of Proposition 1.3 in [22], which shows that δ2 depends on
δ1; that is, it can happen that the given matrix B does not satisfy the condition
||B|| ≤ δ2 for any δ1 > 0. In this case we are forced to use Sj = Aj .

When Proposition 1.3 is considered as a stability result, it says that
If {τ (Aj , AjBk)ψ : j ∈ Z, k ∈ Z

d} is a frame, ψ and Aj satisfy certain condi-
tions, then one can find some η > 0 such that {τ (Aj , AjBλk)ψ : j ∈ Z, k ∈ Z

d} is
a frame whenever ‖B‖2 is small enough and

∑
k∈Zd ‖k−λk‖γ

2 < η, where 0 < γ < 2
is a constant.

Obviously, the condition
∑

k∈Zd ‖k − λk‖γ
2 < η forces the difference between k

and λk to tend to zero as k tends to infinity. But the result only proves the existence
of a stability bound η. On the other hand, Theorem 1.1 gives an explicit stability
bound for η for this type of perturbation with similar assumptions on ψ and Aj ;
cf. (1.4) and (1.5). Looking at the condition (1.3) we also note that Theorem 1.1
has two more important features: we can perturb each translation parameter with
the same amount, and we do not require bj,k to have a special form.

Finally, we note that our approach is quite different from that in other papers,
e.g., [22]. In particular, Hölder’s inequality on a special form plays a key role in
our approach; it is not used in [22].

2. Proofs

Let ψ, f ∈ L2(Rd). The wavelet transform of f with respect to ψ is defined by

(Wψf)(A, b) = 〈f, τ(A, b)ψ〉,

where A is an expansive matrix and b ∈ R
d.

First, we state a result on uniform continuity of the wavelet transform.

Lemma 2.1. Suppose that ψ, f ∈ L2(Rd). For any ε > 0, there is some δ > 0,
depending only on ψ and ε, such that

|(Wψf)(A, t + b) − (Wψf)(A′, t + b′)| < ε‖f‖2

for any matrices A, A′ and vectors b, b′, t satisfying

‖A−1A′ − I‖2 < δ and ‖A−1(b − b′)‖2 < δ.

Proof. It is easy to check that

|(Wψf)(A, t + b) − (Wψf)(A′, t + b′)|
= |〈τ (I,−t)f, τ(A, b)ψ − τ (A′, b′)ψ〉|
≤ ‖f‖2 · ‖τ (A, b)ψ − τ (A′, b′)ψ‖2

≤ ‖f‖2 · (‖τ (A, b)ψ − τ (A, b′)ψ‖2 + ‖τ (A, b′)ψ − τ (A′, b′)ψ‖2)
= ‖f‖2 · (‖τ (A, b)ψ − τ (A, b′)ψ‖2 + ‖τ (A, 0)ψ − τ (A′, 0)ψ‖2)

= ‖f‖2 ·
(∥∥ψ − τ (I, A−1(b − b′))ψ

∥∥
2

+
∥∥ψ − τ (A−1A′, 0)ψ

∥∥
2

)
.
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If ψ ∈ Cc(Rd), the space of functions which are continuous and compactly sup-
ported, then we can make

∥∥ψ − τ (1, A−1(b − b′))ψ
∥∥

2
and

∥∥ψ − τ (A−1A′, 0)ψ
∥∥

2
ar-

bitrarily small by choosing δ sufficiently small. Since Cc(Rd) is dense in L2(Rd),
the conclusion holds for any f, ψ ∈ L2(Rd). This completes the proof. �

Lemma 2.2. Let {τ (Aj, bj,k)ψ : j, k ∈ Z} be a Bessel sequence in L2(Rd). Then
there are some constants r, δ > 0 such that for any j ∈ Z, {A−1

j bj,k : k ∈ Z} is the
union of at most r δ-uniformly discrete sequences.

Proof. Let fj = τ (Aj , 0)ψ. By Lemma 2.1, we can find a constant δ > 0, which is
independent of j, such that

|〈fj , τ (Aj, b)ψ〉 − 〈fj , τ (Aj, 0)ψ〉| ≤ 1
2
‖ψ‖2

2,

whenever ‖A−1
j b‖∞ ≤ δ. Hence, in that case,

(2.1) |〈fj , τ (Aj, b)ψ〉| ≥ |〈fj , τ (Aj, 0)〉ψ| − 1
2
‖ψ‖2

2 =
1
2
‖ψ‖2

2.

Let M be the upper frame bound for {τ (Aj , bj,k)ψ : j, k ∈ Z}. For any n ∈ Z
d,

take some xj,n ∈ R
d such that A−1

j xj,n = −nδ. Then we have

M‖ψ‖2
2 = M‖fj(· + xj,n)‖2

2 ≥
∑
k∈Z

|〈fj(· + xj,n), τ (Aj, bj,k)ψ〉|2

=
∑
k∈Z

|〈fj , τ (Aj , xj,n + bj,k)ψ〉|2.

It follows from (2.1) that

#
{

k :
∥∥A−1

j bj,k − nδ
∥∥
∞ ≤ δ

2

}
= #

{
k :

∥∥A−1
j (xj,n + bj,k)

∥∥
∞ ≤ δ

2

}
≤ 4M

‖ψ‖2
2

.

Hence we can split {A−1
j bj,k : k ∈ Z} into at most (
8M/‖ψ‖2

2� + 1)d δ-uniformly
discrete subsequences. This completes the proof. �

Our perturbation result is based on the following general statement from [4].

Proposition 2.3. Suppose that {gn : n ∈ I} is a frame for a Hilbert space H and
M1 and M2 are lower and upper frame bounds, respectively. Let {hn : n ∈ I} be a
sequence of functions in H. If∑

n∈I

|〈f, gn − hn〉|2 ≤ ∆‖f‖2
2, ∀f ∈ H,

for some constant ∆ < M1, then {hn : n ∈ I} is a frame for H with frame bounds
(M1/2

1 − ∆1/2)2 and (M1/2
2 + ∆1/2)2.

The univariate version of the following result appeared in [3, Lemma 39]. Here
we give a multivariate version, which can be proved similarly.

Lemma 2.4. Let δ > 0 be a constant. Then, for any δ-uniformly discrete sequence
{bk : k ∈ Z} ⊂ R

d and cube E with side length 1, {ei2π〈·,bk〉 : k ∈ Z} is a Bessel
sequence for L2(E) with upper bound Mδ = δ−d(1 + δ)2d.
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836 OLE CHRISTENSEN AND WENCHANG SUN

Lemma 2.5. Let ψ ∈ L2(Rd) be such that

(2.2) |ψ̂(ω)| ≤ C‖ω‖ν
2(1 + ‖ω‖2)−γ ,

where γ − d > ν > 0 are constants. Suppose that {Aj : j ∈ Z} is a sequence
of invertible matrices and there is some δ > 0 such that {A−1

j bj,k : k ∈ Z} is
δ-uniformly discrete for all j ∈ Z.

(i) If there is a constant ρ > 1 such that

(2.3) ‖AT
j+1ω‖2 ≥ ρ‖AT

j ω‖2, ∀j ∈ Z, ω ∈ R
d,

then {τ (Aj , bj,k)ψ : j, k ∈ Z} is a Bessel sequence in L2(Rd) with upper

bound C‖ψ̂‖W,1Mδ ·
(

1
1−ρ−ν + 1

1−ρ−(γ−ν)

)
.

(ii) Let {A′
j : j ∈ Z} be a sequence of matrices such that

(2.4) ‖A−1
j A′

j − I‖2 ≤ ε,

where 0 < ε < 1/2. Then {τ (Aj, bj,k)ψ − τ (A′
j, bj,k)ψ : j, k ∈ Z} is a

Bessel sequence in L2(Rd) with upper bound M(ψ, δ, ρ, ν, γ, C, ε) satisfying
limε→0 M(ψ, δ, ρ, ν, γ, C, ε) = 0.

Proof. (i) By (2.2), ψ̂ ∈ W (Rd). For any n = (n1, · · · , nd) ∈ Z
d, let

En =
d∏

�=1

[n�, n� + 1),(2.5)

pn =
∥∥∥ψ̂ · χEn

∥∥∥
∞

+ 2−(|n1|+···+|nd|)η,

where η > 0 is a constant. Then we have∑
n∈Z

pn ≤ C1 := ‖ψ̂‖W,1 + 3dη.

For any f ∈ L2(Rd), we have∑
j,k∈Z

|〈f, τ(Aj, bj,k)ψ〉|2

=
∑

j,k∈Z

∣∣∣∣
∫

Rd

f̂(ω)| detAj |1/2ψ̂(AT
j ω)ei2π〈ω,bj,k〉dω

∣∣∣∣
2

=
∑

j,k∈Z

∣∣∣∣∣∣
∑

n∈Zd

∫
En

f̂(A−T
j ω)| detAj |−1/2ψ̂(ω)ei2π〈ω,A−1

j bj,k〉dω

∣∣∣∣∣∣
2

≤
∑

j,k∈Z

∑
n∈Zd

1
pn

∣∣∣∣
∫

En

f̂(A−T
j ω)| detAj |−1/2ψ̂(AT

j ω)ei2π〈ω,A−1
j bj,k〉dω

∣∣∣∣
2

·
∑

n∈Zd

pn

≤ C1

∑
j∈Z

∑
n∈Zd

1
pn

∑
k∈Z

∣∣∣∣
∫

En

f̂(A−T
j ω)| detAj |−1/2ψ̂(ω)ei2π〈ω,A−1

j bj,k〉dω

∣∣∣∣
2

≤ C1

∑
j∈Z

∑
n∈Zd

1
pn

Mδ

∫
En

∣∣∣f̂(A−T
j ω)

∣∣∣2 · | detAj |−1
∣∣∣ψ̂(ω)

∣∣∣2 dω

(using Lemma 2.4)
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≤ C1Mδ

∑
j∈Z

∑
n∈Zd

∫
A−T

j En

|f̂(ω)|2 ·
∣∣∣ψ̂(AT

j ω)
∣∣∣ dω

= C1Mδ

∑
j∈Z

∫
Rd

|f̂(ω)|2 ·
∣∣∣ψ̂(AT

j ω)
∣∣∣ dω.

For any ω �= 0, we see from (2.3) that there is some j0 ∈ Z such that

(2.6) ‖AT
j0ω‖2 ≤ 1 < ‖AT

j0+1ω‖2.

Consequently,
‖AT

j ω‖ ≤ ρj−j0 , ∀j ≤ j0,

and
‖AT

j ω‖ ≥ ρj−j0−1, ∀j ≥ j0 + 1,

Therefore, ∑
j∈Z

∣∣∣ψ̂(AT
j ω)

∣∣∣ =
∑
j≤j0

∣∣∣ψ̂(AT
j ω)

∣∣∣ +
∑

j≥j0+1

∣∣∣ψ̂(AT
j ω)

∣∣∣
≤

∑
j≤j0

C(ρj−j0)ν +
∑

j≥j0+1

C(ρj−j0−1)−(γ−ν)

≤ C

1 − ρ−ν
+

C

1 − ρ−(γ−ν)
.

Hence∑
j,k∈Z

|〈f, τ(Aj, bj,k)ψ〉|2 ≤ C1Mδ

(
C

1 − ρ−ν
+

C

1 − ρ−(γ−ν)

)
‖f‖2

2

= C(‖ψ̂‖W,1 + 3dη)Mδ

(
1

1 − ρ−ν
+

1
1 − ρ−(γ−ν)

)
‖f‖2

2.

By letting η tend to 0, we get (i).
(ii) Let En be defined as in (2.5) and

pj,n = ‖ψ̂ · χEn
‖∞ + | detA−1

j A′
j |1/2 · ‖ψ̂(A′

j
T
A−T

j ω) · χEn
(ω)‖∞ + 2|n1|+···+|nd|η.

By (2.4), ‖A−1
j A′

j‖2 ≤ 1 + ε ≤ 2. Hence | detA−1
j A′

j | ≤ ‖A−1
j A′

j‖d
2 ≤ 2d. On the

other hand, since ‖A−1
j A′

j − I‖2 ≤ ε, we have ‖A−1
j A′

jω‖2 ≥ (1 − ε)‖ω‖2 for any
ω ∈ R

d. Hence ‖A′
j
−1Ajω‖2 ≤ ‖ω‖2

1−ε . Therefore, ‖AT
j A′

j
−T ‖2 = ‖A′

j
−1Aj‖2 ≤ 1

1−ε .
Let n, n′ ∈ Z

d be such that Em ∩ A′
j
T
A−T

j En, Em ∩ A′
j
T
A−T

j En′ �= ∅. Then we
can find some yn ∈ En and yn′ ∈ En′ such that A′

j
T
A−T

j yn, A′
j
T
A−T

j yn′ ∈ Em.
Hence,

1 ≥
∥∥∥A′

j
T
A−T

j (yn − yn′)
∥∥∥
∞

≥ 1√
d

∥∥∥A′
j
T
A−T

j (yn − yn′)
∥∥∥

2

≥ 1√
d

∥∥∥AT
j A′

j
−T

∥∥∥−1

2
· ‖yn − yn′‖2

≥ 1√
d
· (1 − ε) ‖yn − yn′‖∞

≥ 1√
d
· (1 − ε)(‖n − n′‖∞ − 1).
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Therefore,

‖n − n′‖∞ ≤ d1/2

1 − ε
+ 1 ≤ 2d1/2 + 1.

Consequently,

#
{

n : Em ∩ A′
j
T
A−T

j En �= ∅
}
≤ 2d(d1/2 + 1)d.

It follows that ∑
n∈Zd

| detA−1
j A′

j |1/2 · ‖ψ̂(A′
j
T
A−T

j ω) · χEn
(ω)‖∞

≤
∑

n∈Zd

∑
m∈Zd

Em∩A′
j

T A
−T
j En �=∅

2d/2‖ψ̂ · χEm
‖∞

=
∑

m∈Zd

∑
n∈Zd

Em∩A′
j

T A
−T
j En �=∅

2d/2‖ψ̂ · χEm
‖∞

≤ 23d/2(d1/2 + 1)d
∑

m∈Zd

‖ψ̂ · χEm
‖∞

= 23d/2(d1/2 + 1)d‖ψ̂‖W,1.

Hence ∑
n∈Zd

pj,n ≤ C ′
1 =

(
23d/2(d1/2 + 1)d + 1

)
‖ψ̂‖W,1 + 3dη.

Similar to the first part we can prove that∑
j,k∈Z

∣∣〈f, τ(Aj, bj,k) − τ (A′
j , bj,k)ψ〉

∣∣2(2.7)

=
∑

j,k∈Z

∣∣∣∣
∫

Rd

f̂(ω)
(
| detAj |1/2ψ̂(AT

j ω) − | detA′
j |1/2ψ̂(A′

j
T ω)

)
ei2π〈ω,bj,k〉dω

∣∣∣∣
2

=
∑

j,k∈Z

∣∣∣∣
∑

n∈Zd

∫
En

f̂(A−T
j ω)

(
| detAj |−1/2ψ̂(ω)

−| detAj |−1| detA′
j |1/2ψ̂(A′

j
T A−T

j ω)
)
ei2π〈ω,A−1

j bj,k〉dω

∣∣∣∣
2

≤
∑

j,k∈Z

∑
n∈Zd

1
pj,n

∣∣∣∣
∫

En

f̂(A−T
j ω)

(
| detAj |−1/2ψ̂(ω)

−| detAj |−1| detA′
j |1/2ψ̂(A′

j
T A−T

j ω)
)
ei2π〈ω,A−1

j bj,k〉dω

∣∣∣∣
2

·
∑

n∈Zd

pj,n

≤ C ′
1

∑
j∈Z

∑
n∈Zd

1
pj,n

Mδ

∫
En

∣∣∣f̂(A−T
j ω)

∣∣∣2 · ∣∣∣| detAj |−1/2ψ̂(ω)

−| detAj |−1| detA′
j |1/2ψ̂(A′

j
T
A−T

j ω)
∣∣∣2dω

(using Lemma 2.4)
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= C ′
1

∑
j∈Z

∑
n∈Zd

1
pj,n

Mδ

∫
A−T

j En

∣∣∣f̂(ω)
∣∣∣2 · ∣∣∣ψ̂(AT

j ω) − | detA−1
j A′

j |1/2ψ̂(A′
j
T
ω)

∣∣∣2dω

≤ C ′
1

∑
j∈Z

∑
n∈Zd

Mδ

∫
A−T

j En

∣∣∣f̂(ω)
∣∣∣2 · ∣∣∣ψ̂(AT

j ω) − | detA−1
j A′

j |1/2ψ̂(A′
j
T
ω)

∣∣∣dω

= C ′
1

∑
j∈Z

Mδ

∫
Rd

∣∣∣f̂(ω)
∣∣∣2 · ∣∣∣ψ̂(AT

j ω) − | det A−1
j A′

j |1/2ψ̂(A′
j
T
ω)

∣∣∣dω.

Let ∆ > 0 be a constant. Fix some ω �= 0. Note that

‖A′
j
T
ω‖2 = ‖A′

j
T
A−T

j AT
j ω‖2 ≤ ‖A′

j
T
A−T

j ‖2 ·‖AT
j ω‖2 ≤ (1+ε)‖AT

j ω‖2 ≤ 2‖AT
j ω‖2.

We have∑
j: ‖AT

j ω‖2≤1/N

| det A−1
j A′

j |1/2 ·
∣∣∣ψ̂(A′

j
T
ω)

∣∣∣ ≤ 2d/2C
∑
j≤0

ρjν
( 2

N

)ν

≤ 2d/2C
(2/N)v

1 − ρ−ν
.

Similarly, we can get that
∑

j: ‖AT
j ω‖2≥N

| detA−1
j A′

j |1/2 ·
∣∣∣ψ̂(A′

j
T
ω)

∣∣∣ ≤ 2d/2C
∑
j≥0

ρ−j(γ−ν)
(N

2

)−(γ−ν)

≤ 2d/2C
(N/2)−(γ−ν)

1 − ρ−(γ−ν)
.

Hence we can choose N large enough such that

(2.8)
∑

j: ‖AT
j ω‖2 
∈[1/N,N ]

| detA−1
j A′

j |1/2 ·
∣∣∣ψ̂(A′

j
T
ω)

∣∣∣ <
∆
4

.

By setting A′
j = Aj we get

(2.9)
∑

j: ‖AT
j ω‖2 
∈[1/N,N ]

∣∣∣ψ̂(Aj
T ω)

∣∣∣ <
∆
4

.

On the other hand, since ‖AT
j+1ω‖2 ≥ ρ‖AT

j ω‖2, we have

#{j : N−1 ≤ ‖AT
j ω‖ ≤ N} ≤ 2 ln N

ln ρ
+ 1.

Note that

‖A′
j
T
ω − AT

j ω‖2 =
∥∥∥(A′

j
T
A−T

j − I)AT
j ω

∥∥∥
2
≤

∥∥∥A′
j
T
A−T

j − I
∥∥∥

2
· ‖AT

j ω‖2

=
∥∥A−1

j A′
j − I

∥∥
2
· ‖AT

j ω‖2.

Using the uniform continuity of ψ̂, we can choose ε small enough (depending only
on ψ̂ and N) such that whenever ‖A−1

j A′
j − I‖2 ≤ ε,

(2.10)
∑

j: 1/N≤‖AT
j ω‖2≤N

∣∣∣ψ̂(AT
j ω) − | det A−1

j A′
j |1/2ψ̂(A′

j
T
ω)

∣∣∣ <
∆
2

.

Putting (2.8), (2.9) and (2.10) together, we get∑
j∈Z

∣∣∣ψ̂(AT
j ω) − | det A−1

j A′
j |1/2ψ̂(A′

j
T
ω)

∣∣∣ < ∆, ∀ω.
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Now we see from (2.7) that∑
j,k∈Z

∣∣〈f, τ(Aj, bj,k) − τ (A′
j, bj,k)ψ〉

∣∣2 ≤ C ′
1Mδ∆.

Since ∆ is arbitrary, the conclusion follows. �

Proof of Theorem 1.1. First, we have

(τ (A, b′)ψ − τ (A, b)ψ) (x)

= | detA|−1/2
(
ψ(A−1x − A−1b′) − ψ(A−1x − A−1b)

)

=
∫ 1

0

| detA|−1/2 ∂

∂t
ψ

(
A−1x − A−1(b + t(b′ − b))

)
dt

=
∑
|α|=1

(
A−1(b − b′)

)α
∫ 1

0

| det A|−1/2(Dαψ)
(
A−1x − A−1(b + t(b′ − b))

)
dt.

It follows that∣∣〈f, τ(Aj, b
′
j,k)ψ − τ (Aj, bj,k)ψ

〉∣∣2

=

∣∣∣∣∣∣
∑
|α|=1

(
A−1

j (bj,k − b′j,k)
)α

∫ 1

0

〈
f, τ

(
Aj , A

−1
j (bj,k + t(b′j,k − bj,k))

)
(Dαψ)

〉
dt

∣∣∣∣∣∣
2

≤
∥∥A−1

j (bj,k − b′j,k)
∥∥2

2
·
∑
|α|=1

∣∣∣∣
∫ 1

0

〈
f, τ

(
Aj , A

−1
j (bj,k + t(b′j,k − bj,k))

)
(Dαψ)

〉
dt

∣∣∣∣
2

≤ η2d ·
∑
|α|=1

∫ 1

0

∣∣〈f, τ
(
Aj , A

−1
j (bj,k + t(b′j,k − bj,k))

)
(Dαψ)

〉∣∣2 dt.

By Lemma 2.2, we can find an integer r > 0, a constant δ > 0 and partitions of Z

such that

{A−1
j bj,k : k ∈ Z} =

r⋃
�=1

{A−1
j bj,k : k ∈ Zj,�},

where {A−1
j bj,k : k ∈ Zj,�} is δ-uniformly discrete. Assume that 0 < η < δ/3.

Then {A−1
j (bj,k + t(b′j,k − bj,k)) : k ∈ Zj,�} is δ/3-uniformly discrete. Denote

Zp = {jn0 + p : j ∈ Z}. By Lemma 2.5, we can find a constant M , depending only
on C, r, n0, δ, ρ, ν, γ, such that∑

j,k∈Z

∣∣〈f, τ
(
Aj , A

−1
j (bj,k + t(b′j,k − bj,k))

)
(Dαψ)

〉∣∣2

=
n0∑

p=1

r∑
�=1

∑
j∈Zp,k∈Zj,�

∣∣〈f, τ
(
Aj , A

−1
j (bj,k + t(b′j,k − bj,k))

)
(Dαψ)

〉∣∣2

≤ n0r‖Xαψ̂‖W,1M.

Hence

(2.11)
∑

j,k∈Z

∣∣〈f, τ(Aj , b
′
j,k)ψ − τ (Aj, bj,k)ψ

〉∣∣2 ≤ η2n0rd
∑
|α|=1

‖Xαψ̂‖W,1M‖f‖2
2.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



STABILITY OF WAVELET FRAMES WITH MATRIX DILATIONS 841

On the other hand, since {Ajb
′
j,k : k ∈ Z} is a union of r δ/3-uniformly discrete

sequences, by Lemma 2.5, we can make 1
‖f‖2

2

∑
j,k∈Z

∣∣∣〈f, τ(Aj, b
′
j,k)ψ − τ (A′

j, b
′
j,k)ψ

〉∣∣∣2
arbitrarily small (independently of f) by choosing ε small enough. Therefore, we can

choose η, ε small enough such that 1
‖f‖2

2

∑
j,k∈Z

∣∣∣〈f, τ(Aj, bj,k)ψ − τ (A′
j , b

′
j,k)ψ

〉∣∣∣2 ≤
µ for some µ which is smaller than the lower frame bound of {τ (Aj , bj,k)ψ : j, k ∈
Z}. By Proposition 2.3, {τ (A′

j, b
′
j,k)ψ : j, k ∈ Z} is a frame for L2(Rd). �

Proof of Corollary 1.2. The first part is obvious. Let us prove the second part. By
Theorem 1.1, we can find some δ > 0 such that for any matrix P with ‖I−P‖2 ≤ δ,
{τ (AjP, AjBn)ψ : j ∈ Z, n ∈ Z

d} is also a frame. Or equivalently, we can find
constants M1, M2 > 0 such that for any f ∈ L2(Rd),

M1‖f‖2
2 ≤

∑
j∈Z,n∈Zd

∣∣∣∣
∫

Rd

f(x)| det(A−jP−1)|1/2ψ(P−1A−jx−P−1Bn)dx

∣∣∣∣
2

≤M2‖f‖2
2.

Since AP = PA, by an exchange of the variable of the form x → Px, we get

M1‖f‖2
2 ≤

∑
j∈Z,n∈Zd

∣∣∣∣
∫

Rd

f(Px)| det(A−jP )|1/2ψ(A−jx − P−1Bn)dx

∣∣∣∣
2

≤ M2‖f‖2
2.

Hence {τ (Aj, AjP−1Bn)ψ : j ∈ Z, n ∈ Z
d} is a frame for L2(Rd). �
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MR1946982 (2003k:42001)
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