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ABSTRACT. Under certain assumptions we show that a wavelet frame
{r(A;j,bj k) ¥} kez = {| det Aj| 71 29(A] (2 = bj 1))} kez

in L2(R?) remains a frame when the dilation matrices Aj; and the trans-
lation parameters b;j are perturbed. As a special case of our result, we
obtain that if {T(Aj7AjBn)¢}j€Z,n€Zd is a frame for an expansive matrix
A and an invertible matrix B, then {7(A}, A7 BAn )Y}, ez neza is a frame if
A=A} — Ifl2 < e and [|An — nlles < 7 for sufficiently small &,7 > 0.

1. INTRODUCTION AND MAIN RESULTS

Wavelet frames are widely used in modern time-frequency analysis. Necessary
and sufficient conditions for wavelet systems with dilation by powers of two to be
frames are well known [6 [8 @ [TT], I7]. The matrix dilated multivariate case is
studied, e.g., in [I4], and for irregular matrix dilations we refer to [I], 22].

The stability of frames is required in applications and this problem is well studied
for the case of univariate wavelet frames. It was shown in 7], [10, [18] [19], 20] that a
wavelet frame in L?(R) with a nice generating function remains a frame when the
translation and dilation parameters are perturbed. Explicit stability bounds are
given for some cases.

For the multivariate case, especially for wavelet frames with matrix dilations,
very few results are known. One of the main difficulties is that matrix dilations
are quite different from scalar dilations and therefore many methods for dealing
with univariate wavelet frames do not apply for the multivariate case. As far as we
know, the only published result in this aspect appears in [22, Theorem 2.4]; at the
end of this section we compare our findings with that theorem.
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832 OLE CHRISTENSEN AND WENCHANG SUN

We now go more into detail with the content of the present paper. For a d x d
real matrix A and a vector b € R, define the operator 7 by

(T(A, b)y)(2) = [ det A7 /29(A7 (z — b)).

Our goal is to study the stability of wavelet frames of the form {7(A;,b; )¢ : j,k €
Z}, where {b; 1, : k € Z} is an arbitrary sequence of vectors in R? and {4, : j € Z}
is a sequence of matrices satisfying

(1.1) \|Af+n0w||2 > pHA}@Hg, Vj e Z,weRY,

for some integer ng > 0 and constant p > 1. Here AT denotes the transpose of A.
We also need the following notation. The norm of a matrix A is defined by

[All2 = sup|g,—1 [|Az|[2. Obviously, [|Al|2 = [|[AT [l = sup g,y j.=1 [(Az, 9)]-
We call a matrix A expansive if there is some p > 1 such that

147w > plwlla, Vo €RC

Let 6 > 0 be a constant. Define the Wiener space as

W(RY) = {f : f is continuous and || f||w,s = Z 1f-Xg,llo < +oo},

nezd

where E,, = H?Zl[ng& (ng+1)8), n= (ny,--- ,nq). It is easy to see that W (R?) is
independent of the choice of § and different choices give equivalent norms [6].

A sequence {b,, : n € Z} is said to be §-uniformly discrete if ||b,, —by/||oc > § > 0.
We call a sequence relatively uniformly discrete if it is a finite union of uniformly
discrete sequences.

We use the following set of multi-index: a = (aq, -+ ,aq), || = a1 + -+ + g,
@ a @ a a el
=it ag?, (XOf)(z) = 2% f(2), and (D f)(fﬂ):axina.w (@).

Recall that a family of functions {¢y : k € Z} in L3(R?) is a frame for L%(R?)
if there are two positive numbers A and B such that for any f € L?(R9),

AlFI2 <D en)l? < BIFII2
keZ

A and B are called lower and upper frame bounds, respectively. The reason for the
interest in frames is that they generalize (and give more freedom than) orthonormal
bases; on the other hand, a frame {p}, : k € Z} for L2(R%) also has the property
that each function in L?(R?) can be expanded as an infinite linear combination of
the frame elements. We refer to [23] [0] [6] for an overview of frame theory.

We are now ready to state the main result.

Theorem 1.1. Let {7(A;,b; 1) : j,k € Z} be a frame for L*(R?). Suppose that
(T is satisfied for some constants ng, p. Assume that 1 is continuous and that

(1.2) (W) < Clwls(L+lwl2) ™", Yo eRY,

where C,v,y > 0 are constants and v —v > d + 1. Then there are some £,n > 0
such that for any matrices A; and vectors b;7k satisfying

(1.3) JATTAS —Tla <e and || A7 (bjk — ) 1) lloo < 1, Vi k€ Z,

{m(A5,0, )0 j,k € L} is also a frame.
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STABILITY OF WAVELET FRAMES WITH MATRIX DILATIONS 833

For a regular wavelet system of the form
(A7, A Bn)y(z) = | det A|77/%(A9x — Bn), j € Z,n € Z9,
where A, B are given matrices, we have the following.
Corollary 1.2. Let {T(A7, APBn)y : j € Z,n € Z%} be a frame for L*(RY), for

which A is expansive and B is invertible. Suppose that 1[) is continuous and satisfies

T2).

(i) There are some €,1 > 0 such that for matrices A; and vectors A\, satisfying
|44~ Tls<e and A~ nllw <1,

{T(A},AIBX,)Y : j € Z,n € L%} is also a frame.
(ii) There is some § > 0 such that for any matriz P satisfying AP = PA and
Il —P|| <6, {r(A,AAP~1Bn) : j € Z,n € Z9} is also a frame for L*(R?).

Remarks. 1. If we consider only perturbation of the translation parameters, i.e., let-
ting A’ = Aj;, then our proof shows that the n appearing in (L3]) can be determined
explicitly by the following inequalities:

6 2d a ~
PnordC %Y (1_})7V + Lp}(w)) | %;1 | X *|lw1 < m,
n<4/3,

where m is the lower frame bound of {7(A;,b, %)% : j,k € Z} and we assume that
{A;lbj’k : k € Z} is a union of r §-uniformly discrete sequences for all j € Z.

In particular, for the regular case, i.e., {(4;,b;j%) : j,k € Z} = {(A7, A7Bn) :
j € Z,n € Z%} for some expansive matrix A and invertible matrix B, we have
ng=1,p=|A"Y5" r=1,and § = (d"/?||B~||2)~'. Hence (L4) turns out to be

20 (e 1B ) (g ) ;
T AC @y \ T )| 2 Xl <m.
n<0/3,

2. Corollary[[.2] (ii) generalizes a stability result for 1-dimension [2], which states
that for certain v, {7(a?,a’bk)y : j, k € Z} remains a frame when b is perturbed.

In the rest of this section we compare our results with the main result in [22],
which reads as follows.

(1.4)

(1.5)

Proposition 1.3 ([22, Theorem 2.4]). Let {A; : j € Z} be a sequence of invertible
matrices such that sup,cga # {j : a < HA;TOJ”Q <b} <400,V 0 <a<b< 4oo.

. . 2
Suppose that v is continuous, inf,cra\ 10} ZjEZ ‘w(Aj_Tw)‘ > 0, and there exist
constants C' > 0, > 0 and B > d such that
(1.6) [i@)| < Cmin{lol, o] P}, Ve € RY {0},

Then for any v with 0 < v < min{2, 8} there exist positive constants 6; (i = 1,2, 3)
such that {| det S;|"/?¢(S;z — B\) @ j € Z,k € Z9} is a frame for L*(R?) for any
real nonsingular d x d matriz sequence {S;},ez satisfying

(1.7) 15,7 = A7l <aillA;Twll2, YweR?j€Z,

any nonsingular matriz B with || B|| < 02, and any sequence {\i}peze C RY with
Dowezn Ik = Xell3 < ds/(|det B| - [| B]|).
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834 OLE CHRISTENSEN AND WENCHANG SUN

In order to compare the results, we first note that Theorem [[1] always allows
simultaneous perturbation of A; and b;x; cf. the condition (I3)). This is not the
case with Proposition [[L3l In fact, for a given frame, the conditions in Proposition
do not imply that the frame property of {|det S;|'/2v(S;z — B\y,) : j € Z,k €
Z%} holds for other choices of S; than the obvious choice S; = A;. This observation
follows from the proof of Proposition in [22], which shows that d; depends on
d1; that is, it can happen that the given matrix B does not satisfy the condition
||B|| < 02 for any §; > 0. In this case we are forced to use S; = A;.

When Proposition is considered as a stability result, it says that

If {r(A;, A;Bk)y : j € Z,k € Z} is a frame, 1 and A; satisfy certain condi-
tions, then one can find some n > 0 such that {T(A;, AjB\e)t : j € Z,k € Z%} is
a frame whenever || B2 is small enough and Y, c,a ||k —Ai[|3 <1, where 0 <y < 2
18 a constant.

Obviously, the condition Y, a4 ||k — Ax|l3 < n forces the difference between k
and A to tend to zero as k tends to infinity. But the result only proves the existence
of a stability bound 7. On the other hand, Theorem [[LT] gives an explicit stability
bound for 7 for this type of perturbation with similar assumptions on v and A;;
cf. (L4) and (IH). Looking at the condition (IL3]) we also note that Theorem [L]
has two more important features: we can perturb each translation parameter with
the same amount, and we do not require b;  to have a special form.

Finally, we note that our approach is quite different from that in other papers,
e.g., [22]. In particular, Holder’s inequality on a special form plays a key role in
our approach; it is not used in [22].

2. PROOFS
Let ¢, f € L?(R%). The wavelet transform of f with respect to v is defined by

(Wwf)(A, b) = <fa T(Aa b)¢>7
where A is an expansive matrix and b € R<.

First, we state a result on uniform continuity of the wavelet transform.

Lemma 2.1. Suppose that 1, f € L?>(R?). For any e > 0, there is some § > 0,
depending only on ¥ and €, such that

(W f)(Ast+b) = (Wyf)(A £+ )] < el fll2
for any matrices A, A" and vectors b,V t satisfying
|ATTA —I|la <6 and A (b —V)]2 < 0.
Proof. Tt is easy to check that
[(Wyf)(A,t+b) — (Wyf) (A"t + )]
(r(I, =) f, 7(A,b)p — 7(A", ))
[£ll2 - 7 (A, D)y — 7(A" )3p
£l - (I (A, 0)¢p = (A, D)0l + [[7(A, 01 = 7(A", D))
[z - (I7(A, b)v *T(A 0)Ylly + (A, 001 — 7(A",0)9],)
= fll2- ([ = (1, A7 O = )|, + [[v — 7(A71 A%, 0)9 ) -

IAIA
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STABILITY OF WAVELET FRAMES WITH MATRIX DILATIONS 835

If v € C.(RY), the space of functions which are continuous and compactly sup-
ported, then we can make ||¢) — 7(1, A7 (b— b’))wH2 and ¢ — T(AT1 A, O)zb”2 ar-
bitrarily small by choosing d sufficiently small. Since C.(R%) is dense in L?(R?),
the conclusion holds for any f,1 € L?(R%). This completes the proof. O

Lemma 2.2.  Let {7(A;,bj )¢ : j,k € Z} be a Bessel sequence in L*(R?). Then
there are some constants r,d > 0 such that for any j € Z, {A;lbj7k : k €Z} is the
union of at most r d-uniformly discrete sequences.

Proof. Let f; = 7(A;,0)1. By Lemma 2.1l we can find a constant § > 0, which is
independent of j, such that

37 (A3,0)9) = {5 7(A3, 0000 < 5B,

whenever HA;leoo < 4. Hence, in that case,

1 1

(2.1) [(f5: (A, D)) > [(fj,7(Az,0))9] — §II¢II§ = Euwn%.

Let M be the upper frame bound for {7(A;,b;x)% : j,k € Z}. For any n € Z4,
take some z;, € R? such that A;lxj’n = —nd. Then we have
M[gll5 = MIfC+ 25 2D KFC+m50)T(A,b0)0)
keZ
= DT Ag mim + b))
kez

It follows from (2.1]) that

_m.

Hence we can split {A; b, : k € Z} into at most ([8M/|¢|3] 4 §uniformly
discrete subsequences. This completes the proof. O

) 0 4M
ks 45 ol < 3 = ks 47 a4 i) < 5} <
+1)

Our perturbation result is based on the following general statement from [4].

Proposition 2.3. Suppose that {g, : n € I} is a frame for a Hilbert space H and
My and My are lower and upper frame bounds, respectively. Let {h, : n € I} be a
sequence of functions in H. If

Y lfign = k)P <AlflE VS EH,

nel
for some constant A < My, then {h, : n € I} is a frame for H with frame bounds
(M11/2 — AY2)2 gpg (M21/2 + AY/2)2,

The univariate version of the following result appeared in [3, Lemma 39]. Here
we give a multivariate version, which can be proved similarly.

Lemma 2.4. Let § > 0 be a constant. Then, for any §-uniformly discrete sequence
{by, : k € Z} C R? and cube E with side length 1, {e>7:b) . k € Z} is a Bessel
sequence for L?(E) with upper bound Ms = 6~¢(1 + 6)2?.
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836 OLE CHRISTENSEN AND WENCHANG SUN

Lemma 2.5. Let ¢ € L?(R?) be such that
(2.2) ()] < Cllwlly(1+ wll2) ™7,

where v —d > v > 0 are constants. Suppose that {A; : j € Z} is a sequence
of invertible matrices and there is some 6 > 0 such that {Aj_lbjyk ke Z} s
d-uniformly discrete for all j € 7.

(i) If there is a constant p > 1 such that
(2:3) |47 wlle = pllAT @l V) € Z,w € R,
then {T(A;,bj )¢ : j,k € Z} is a Bessel sequence in L*(R?) with upper
bound C||)||y., M; - (Hlﬂ + l_p_lﬁ_u)).
(i) Let {A}: j € Z} be a sequence of matrices such that

(2.4) A7 AL~ )]s < e,

where 0 < ¢ < 1/2. Then {T(A;,bjx)¢ — T(A},bj k)Y : j,k € Z} is a
Bessel sequence in L*(RY) with upper bound M (3,6, p,v,~,C,€) satisfying
lim6—>0 M(l[/’ 67 PV, Ca E) =0.

Proof. (i) By @3), ¢ € W(R%). For any n = (ny,--- ,ng) € Z%, let

d
(2.5) E, = H[’I’Lg,ng—i—l),
=1

- 49 (ml4tinal),

where 1 > 0 is a constant. Then we have
> pn < Cri= [[Pllwa + 3%,
nez
For any f € L?(R?), we have
2
> (A b))

7,kEZ
2

/ F(w)] det A; Y2 (AT w)eir (bik) duy
7,kEZ

— Z/fAT ‘detA|1/2()127rwA >dw

J,kEZ |nezd
2

< XX | AT AT 0 - Y

jkGZnEZd nezd

2
<oy y b Z/ FUATTw)| det Ay /2 (w)er2m AT 00 doy
JEZTLEZd " kez

<oy y - / a7 et 4,7 )| do

JEL nGZd
(using Lemma [2.4))
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STABILITY OF WAVELET FRAMES WITH MATRIX DILATIONS 837

< ClMéz Z / : ’@(A?w)‘dw
JEZL neZd

— ClM(;Z/ A A;rw)’dw.
JEZL

For any w # 0, we see from (23] that there is some jo € Z such that

(2.6) [ATwllz <1 < [|AT  awll2.
Consequently,
[ATwl < P70, ¥ <o,
and
[ATwl = /770 Vi 2o+ 1,
Therefore,
Slpato)| = 3 [balw)|+ Y [daTw)]
JEL 3<Jjo Jj>jo+1
SZCJ]O ZC’]JOI(’YV)
J<jo Jj2jo+1
< C . C
T 1l—pv  1—pO»)°
Hence
3 eyl < o (15 =55 ) i

- 1 1
_ d 2
= Cllélwa+ 30 (1= + Tty ) 1

By letting n tend to 0, we get (i).

(ii) Let E, be defined as in (Z3]) and

~ _ 2 T ,— ny|+---+|n
Pin = 00 X, lloo + [ det A7 AT (457 A7 w) - x, (@)l + 2T el
By (24), ||A;1A9||2 <1+4¢ < 2. Hence |detA;1A9\ < HA;IA;-Hgl < 29, On the
other hand, since ||A;1A9 —I||2 < e, we have HA;lA;-wHQ > (1 —¢)|lwl|l2 for any
-1 w =T -1

w € R%. Hence AL Ajwll2 < % Therefore, [|AT A} |la = [|A} 7 Ajll2 < .

Let n,n’ € Z7 be such that E,, N A" A7 "B, E, N AT AT E,, # 0. Then we
can find some y, € F, and y,, € E,  such that A;TA;Tyn,A;TA;Tyn/ € E,,.

Hence,
1> HA’-TA-‘T(ynfyn/)Lo
> HA’T —ynf)‘2
> HA;-FA;«* [ TR—
> ﬁ (1 =) Iy — vl
> (=)=l - D).
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838 OLE CHRISTENSEN AND WENCHANG SUN

Therefore,
1/2
E+1§2d1/2+1.

Consequently,
#{ns Bnn AT ATTE, 20} <202+ 1)1
It follows that
D et A7 (AT AT w) i, (@) e

nezd
< Y 2
nezZd mezd

-7
E,,lﬁAéTAj En#0

= > > 2424 x,, lloo

meZd nezd
EmmA’vTAfTEnsﬁﬂ

< 2@ 410 X, lle

mezd
= 2%2(dV2 + 1)l

Hence
> pin < 1= (242(@2 + 1) +1) [llwa + 3.

nezd
Similar to the first part we can prove that

@7 3 [ (A7 bis) — T(AG b))

j,kEZ
2
- Z /Rd f(w) (‘detAjP/QU)(AJT ) — |detA’\1/2¢(A/T ))6227T<w7bj’k>dw
j,kEZ
- Z/fA w) \detA|1/2¢()
J,kEL ' nezd

- 2
—| det A;| "] det A} [/2p(A}T AT T w) )eizw,A;lbj,mdw

< 3 X [ (e, )
J, k€L nezZd pj"
| det Ay |~} det A5[/2) (AT A; Tw) )eﬁ”(“”AJ b dio| S b
neza
o 2 R
< ALY M [ [T den )

JEZ nezd Pjn

. 2
—| det A;|"Y] detA;|1/2¢(A;TA;Tw)‘ dw
(using Lemma [2.4))
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- oYy L - ‘f(w)‘2~’1ﬁ(Afw)— \detA;IA;|1%(A;Tw)]2dw

JEZ nezd Pjn

< oYy Mé/ ‘A(w)f [@(ATw) — et A7 A5 245 w) | do
JEL nezd ;" En
= (] ZMg/ flw) ‘2 : ‘@(AJTw) — | det A;lA;-\l/Q@[AJ(A;-Tw)‘dw.

JEZ
Let A > 0 be a constant. Fix some w # 0. Note that

1A wlla = 1457 AT ATw]ly < |47 AT 2| ATwll2 < (1+e)[ATw]2 < 2| ATwll2.

‘We have
R 9 2/N
> [det A7 TAL M2 ]zb(A;.Tw)} < 2d/202p7"( ) 2d/20( / )
AT Wl <1/N <0 -

Similarly, we can get that

S et AT A i )| < 220y () (=)

j:HA?ngZN 7>0
o (N/2)70)
- 1—p~ (v=v)°
Hence we can choose N large enough such that
A
(2.8) 3 | det A7 AL|V2 ‘ (A w )‘ T
j: | AT w|l2&[1/N,N]
By setting A} = A; we get
- A
(2.9) 3 ]u;(AJ w)‘< .
J: | AT wll2€[1/N,N]
On the other hand, since ||AZ, ,w|s > pllATw||5, we have
3 H j+1 2 1Y j 2y
21 N
#{j: N7 < ATwl < N} < S0 41
Note that
1457w~ ATwls = [|(a" A7~ DaTe|, < 457 AT~ 1] ATl

14745 = 1, - 147 wlle.

Using the uniform continuity of z@, we can choose € small enough (depending only
on ¢ and N) such that whenever HA;lA;— —I||2 <e,

(2.10) 3 ‘@(A]Tw) | det Aj‘lA;\l/%(A;Tw)‘ <
J:1/N<[[ AT w||2<N

Putting 2.8)), 29) and ([ZI0) together, we get
3 ]@(A]Tw) | det A;1A3.|1/21[)(A;Tw)] <A, Yo

jez

| B>
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840 OLE CHRISTENSEN AND WENCHANG SUN
Now we see from ([2.7) that

ST (A bik) — T(A}abj,k)¢>|2 < C1M;sA.

J.kEZ

Since A is arbitrary, the conclusion follows. O

Proof of Theorem[L1l. First, we have

(T(Av b/)d} - T(Aa bW) (ﬂf)
= |det A7V (Y(A™ e — A7) — (A7 e — A7MD))

! )
/ et A2 Dy (A0 = A7 (b — 1))t
0 Oy

> (A—l(b—b’))“/1 \detA|‘1/2(D°“w)(A‘1x — Ao+t — b)))dt.

lo|=1 0

It follows that
£ (A B )0 — (A bia)w)|

2
1
= | > (Aj—l(bj,k—b;yk))“/o (7 (A, A7 (bj e + (V) — bjk))) (D)) dt
|a|=1
2 ! 2
< AT O =YL Y / (7 (Aj, AT (b + £V, — byk))) (D) ) dt
|a|=1
1
< n’d- Z/O ](f,T(Aj,Aj‘l(bj,kth(b}kfbj,k))) (D%))fdt.

jal=1

By Lemma [Z.2] we can find an integer r > 0, a constant 6 > 0 and partitions of Z
such that

{A7 s ke Zy = | J{A; bjn s k€ Zju},
=1
where {Aj_lbjyk : k € Zje} is 6-uniformly discrete. Assume that 0 < 1 < /3.
Then {Aj_l(bjyk + (b x — bjk)) + k € Zj,} is 0/3-uniformly discrete. Denote

j
Zy, ={jno+p: j € Z}. By Lemmal[ZH] we can find a constant M, depending only

on C,r,ng,d, p,v,y, such that
ST (Ag AT by + 1V — bik))) (D))

J,kEZ

- XO: Z Z | (Ajs A7 (b + £V — k) (D"‘w)>\2

p=1 (=1 j€Zy,kE€Z; ;

2

S nor||X°‘1/3||W,1M.
Hence
2 ~
211) > [ 7(AG08 = T(A, b)) | < nPrord Y IIX 9w M| £]5-
j,kEZ la|=1
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STABILITY OF WAVELET FRAMES WITH MATRIX DILATIONS 841

On the other hand, since {40}, : k € Z} is a union of r §/3-uniformly discrete

2

sequences, by Lemma[2.5] we can make W > ‘<f,T(Aj, ;-k)w —7( ;-, ;k)d)>’
? jkez ’ ’

arbitrarily small (independently of f) by choosing e small enough. Therefore, we can

2
(7 (Ag b = (5,8, 00| <
p for some p which is smaller than the lower frame bound of {7(A;,b; )¢ : j,k €

Z}. By Proposition 23] {7(A}, b’ ;)1 : j,k € Z} is a frame for L?(R9). O

1
choose 7, € small enough such that 7B Zj’ ez

Proof of Corollary[L.2l The first part is obvious. Let us prove the second part. By
Theorem [[T] we can find some 6 > 0 such that for any matrix P with ||[I— Pl|s < 6,
{7(AP,A7Bn)y : j € Z,n € Z%} is also a frame. Or equivalently, we can find
constants My, My > 0 such that for any f € L?(R?),

Miflz< Y

JEZ,nELE

2
< M| fl3.

/f(x)|det(A’jP’l)|1/2w(P*1A*jx—P*1Bn)dx
Rd

Since AP = PA, by an exchange of the variable of the form x — Px, we get

2
Mg S | [ seolaeasip) g~ P Bl < i1
jeznezts R
Hence {7(A7, AYP~1Bn)¢ : j € Z,n € Z4} is a frame for L*(R?). O
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