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ABSTRACT. We are concerned in this paper with the bubbling phenomenon
for nonlinear fourth-order four-dimensional PDE’s. The operators in the equa-
tions are perturbations of the bi-Laplacian. The nonlinearity is of exponential
growth. Such equations arise naturally in statistical physics and geometry.
As a consequence of our theorem we get a priori bounds for solutions of our
equations.

We are concerned in this paper with understanding the bubbling phenomenon for
fourth-order four-dimensional PDE’s of exponential growth. Such equations arise
naturally in statistical physics and in geometry (see [7] and [9]). In what follows, we
let (M, g) be a smooth compact Riemannian 4-manifold without boundary. We also
let (b).<q and (f:). be sequences of smooth functions on M, and we let (A), .,
be a sequence of smooth (2,0)-symetric tensor fields. We assume that (be), (fe)
and (A.) converge as ¢ — 0 in the C*-topologies, k a positive integer, to limiting
objects of the same nature, by, fo and Ag. Then we consider sequences (u.),, of
solutions of

2 Ue
(1) Ajue + Re (z,due) = fe(z)e"s,
where A, = —divg (V. ) is the Laplace-Beltrami operator and
(2) R. (z,du) = —divg (Acdu) + b..

Following standard terminology, we say that the u.’s blow up if u. (z:) — +00 as
e — 0 for a sequence (z.) of points in M. We let

(3) Lo = AZu — divg (Apdu)

be the limit operator in (). At last, we let G be the Green function of Ly. The
Green function is unique up to a constant when the kernel of Ly consists only of
constants. We write G as

1 1

G(Z,y) = @ In dg (l‘,y) +6(xay)

Received by the editors September 29, 2004.
2000 Mathematics Subject Classification. Primary 58E30, 58J05, 35J35.
Key words and phrases. Concentration estimates, fourth-order equations, compactness.

(©2005 American Mathematical Society
Reverts to public domain 28 years from publication

897

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



898 O. DRUET AND F. ROBERT

for (z,y) € M x M\ D, with D = {(x,x), x € M} the diagonal in M x M, where
B e CH(M x M). We let  be the function given by

o(z) = /MG<x,y) bo(y) dvg(y).

For u a function on M we let

o /d
T Vol () Jy 1

be the mean value of u, where Vol,(M) is the volume of M with respect to g. Our
theorem is stated as follows:

Theorem 1. Let (M, g) be a smooth compact Riemannian manifold of dimension
4 without boundary. Let (uc) be a blowing-up sequence of solutions of (). Assume
that the kernel of Ly consists only of constants and that fy is a positive function
on M. Then

/ bo dv, = 6472 N
M

for some N € N*. Moreover there exists a finite subset S C M, consisting of N
points x;, t =1,..., N, such that

N
usfﬂsﬂ647rzzG(xi,.)fcp

i=1
in C} (M\S). At last, we have that
V fo (i)

647>y 3 (w3, 1) + 647° Y VG (i, 35) — Vep(i) = — fo ()

J#i
foralli=1,...,N.

The proof of Theorem [Il comes with strong pointwise estimates on the u.’s and
the observation that concentration points are isolated (we refer to section [II for
details). This should be compared to the more intricate situation of Yamabe-type
equations for which concentration points are not necessarily isolated (see [3} [l [5 [6]).
Independently, as is easily checked, a priori C*-bounds on sequences of solutions
follow from the above theorem when |’ ybodvy & 6472N. This includes compactness
of the geometric Paneitz equation with arbitrary prescribed Q-curvature (we refer
to the nice surveys [1] and [2] for material on the Q-curvature). Such a priori C*-
bounds should be regarded as a first step towards a Morse theory for the equations
we consider in this paper. We refer to [I1], where this question was handled in the
case of the Yamabe equation.

1. PROOF OF THEOREM [I]
Let us assume that we have a sequence (u.) of smooth solutions of

(4) Leue + be(x) = fo(z)e"s,

where L. = A2 — divy (A-d. ). Since we assumed that Ker Ly = {constants}, it is
clear that Ker L. = {constants} for all € > 0 small enough. Thus, if the sequence
(ue) is bounded from above, it follows from standard elliptic theory that (u.) is
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FOURTH ORDER FOUR-DIMENSIONAL PDE 899

uniformly bounded in C* (M) except if [, bodvy = 0. This clarifies the remarks
after the theorem. From now on, we assume that the u.’s blow up, i.e. that

(5) max ue — 400 as e — 0.

Before starting the proof of Theorem [Il we note that, integrating equation (4),

(6) / feete dvg:/ badvg:/ bo dvg + o(1).
M M M

We divide the proof into several steps. The first step is as follows:
STEP 1 - Assume that ([Bl) holds. Then there exist N € N* and N sequences (x;.)
of converging points in M such that, after passing to a subsequence, the following

assertions hold:
a) w — 400 ase— 0 foralli,j=1,...,N,i# j, where
fs (xi,s) :u‘?,seug(mi’s) =1

b) We have that
jz?
Ve (x) = ue (expwi’i (iew)) — ue (w5c) — Vo(o) = —4In {1+ WG

inC’l‘loc(R4) ase — 0 foralli=1,...,N.

c) For alli=1,...,N, we have that

lim lim fee"s dvg = 6472,
R—+400e—0 Bzi,a (thi,s)

d) At last, there exists C > 0 such that
1 . 4 Juc(x) <
( 1nf’ng (zie, )" )e <C

i=1,..
foralle >0 and all x € M.
Proof of Step 1. We briefly sketch the proof below and we refer to [I0] for the

details. We let 2. € M be such that u. (z.) = maxys ue. By @), ue (ze) — +00 as
e — 0. We let . > 0 be defined by

(7) fe(we) plete*) =1

so that pe — 0 as € — 0. For z € By (5,11;1), the Euclidean ball of center 0 and
radius du_ !, 6 > 0 small fixed, we let

ve(z) = uc (exp,, (Hew)) — ue (z<),
(8) 9=(x) = (exp}, g) (pex) , Ac(z) = (exp}, Ac) (pe)
be(x) = be (exp,, (uex)) and fo(x) = f- (exp,_ (uex)) .
We then have that
e
fe (x2)

in By (dpzt). We write with the Green representation formula that

(9) A;E ve — pidiv,, (Agd’lja> + ptb. =

Ue(T) — Ue = /M Ge (z,y) Leue(y) dog(y)
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900 O. DRUET AND F. ROBERT

for all x € M, where G, is the Green function of L.. Using equation (@) and
differentiating the above with respect to x, we obtain for k¥ = 1, 2, 3 that

‘Vkus| (2)

IN

g

| 1956w, | o)~ bt doy(w
. .

IN

/M [ViGe(@,y)l, f(y)e™ ™) dvg(y) + O(1)

since b, — by in C° (M) as e — 0. Let y. € B, (Ru.), R > 0 fixed. We write that

[ 195G e, e oy )

=0 (luek/ ete dvg> + 0 <e“€(%)/ dg (ye,y)_k dvg(y)>
M\Bys (ke) By, (ke)

=0 (u")

thanks to the fact that u. < u. (x.), to (@) and to standard estimates on the Green
function (which are uniform in ¢). Together with the definition () of v, this gives
that (v.) is uniformly bounded in C? (K) for all compact subsets K of R*. Standard
elliptic theory then gives thanks to equation (@) that

(10) lim v. = Vp in Cph. (RY)
where Vj is a solution of
(11) AZVy =€

in R* satisfying Vp(z) < V5(0) = 0 for all x € R*. Moreover, since

lim fe€"s dvg = / eVo dz,
=70 B, (Rpe) Bo(R)

equation (@) implies that "0 € L! (R4). From the classification of the solutions of
equation ([{I)) by Lin []], we get that either

(12) Vo(z) = —41n (1 + %)

or there exists a > 0 such that
(13) AfVO Z a

in R*. Let us prove that we are in the first situation. For that purpose, we write
with the Green representation formula and equation (@) that

/ |Ag5’05|g5 dvg, = u;Q/ |Agus|g dug
Bo(R) Ba, (Rpe)

<cu? [ [ 185Gl (€440 + 1) duyy) duy(a)
z€B,,_ (Rue:) JyeM

< C,u;g/ (e“f(y) + 1) (/ dy(z,y) 2 dvg(x)> dvg(y)
yeM xeBl‘g (RHE)
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FOURTH ORDER FOUR-DIMENSIONAL PDE 901

thanks to standard estimates on the Green function and to (@), where C' > 0 denotes
some constant independent of R and € > 0. Letting ¢ — 0, we get that

/ |A§V0|€ dx S CR2
Bo(R)

for all R > 0. This clearly eliminates the possibility (I3)). Then (I2)) must hold. It
is then easily checked that

(14) lim lim feets dvg = / eV dx = 64n°.
R—=to00e=0Jp, (Ru.) R4

For k > 1, we say that Hj, holds if there exist (z;),_;
of points in M and (pic),_, , k sequences of positive real numbers going to 0

 k converging sequences

as ¢ — 0 such that fe (2;.) uﬁseuf(‘“vf) = 1 and such that, after passing to a
subsequence, the following assertions hold:
(A}) 9elfisic) s fooase — 0 forall i,j=1,...,N, i # j.

(A?) We have that

V() = ue (expwi’i (i) — ue (w5.) — Vo(z) = —41n (1 + 8—)

in C} (R4) ase —0foralli=1,...,N.

(A3) For alli =1,..., N, we have that

lim lim fee¥s dv, = 64m2.
R—+00e—0 Bzi’5 (Rpi.e)

Clearly, with what we said above, H; holds. Now we let & > 1 and assume that
‘Hy holds. We also assume that

(15) sup Ry, o (2)*e"(®) — 400 ase — 0,
M
where
Ry . (x) = g{linkdg (@ie, ).

We prove in the following that, in this situation, Hg1 holds. For that purpose, we
let 2411, € M be such that

(16) Ry.. (xk+175)4 ete(@rt1,e) — S}\lf Rk,a($>4€u5(r)

and we set

1 1
HE+1,e = (fe (xk+1,€) euf(x’“-*—l,s)) .
Since M is compact, (I5) implies that px11. — 0 as e — 0 and that

d(z:
(17) g ($z757$k+1,e) i doo ase — 0
NkJrl,e
for all i = 1,...,k. Thanks to (A?), it is also easily checked that % —

400 as e — 0 for all ¢ = 1,...,k so that (Aj,,) holds. It follows from (IG) and
(@@ that

lim sup (ug(z) — Uge ($k+1,a)) =0.
e—0 2€Baz; . (Rpky1,e)
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902 O. DRUET AND F. ROBERT

Mimicking what we did above thanks to the Green representation formula, one then
proves that, after passing to a subsequence,

e (exPsy, . (r160)) = e (T41) = Vo)

in Cit, (R*) as € — 0. And, as a consequence,

lim lim fee's dvg = 642
R—+00e—0 Buys . (Rptht1.e)
Recollecting the information above, one gets that Hj1 holds. Since (A}) and (A3)
of Hj, imply that
/ fee¥s dv, > 6477k + o(1),

M
we easily get, thanks to (@) , that there exists a maximal k, 1 < k < # fM bo dvg,
such that Hj, holds. Arriving to this maximal k, we get that (I5) cannot hold.
Writing &k = N, we have finished the proof of Step 1. O

STEP 2 - For k =1, 2, 3, there exists Cy, > 0 such that
R.(x)* |Vku5|g (r) < Cy

for allx € M and all € > 0. Here,

R.(x) = inf ng (Tie,x)

i=1,...,
where the x; . ’s are as in Step 1.
Proof of Step 2. We use again the Green representation for u. that we differentiate.
We let . € M be such that x. # z; . for alli =1,..., N. Note that, for z. = z; .,

the estimates of the proposition are obvious. We write, thanks to standard estimates
on the Green function, that

[VEuel, (2) = 0 ( / d(lke“*” dvg<y>> +o().

xg,y)
Fori=1,...,N, we let
Qi,e = {y €M, Re(y) = dg (xi,svy)}

and we write that

1
u®) dy, (y)
e vy (Y
/Qi,s dy (xg,y)k I

1

=0 k / dg(ze,@i )
y rrac e, (o))

u
e"s dvg

1 1
+0 / dvg(y)
Qi,e\Be, . <M) dg (1175, y)k dg (ya xi,a)4

o v
dg (xmxi,s)

thanks to assertion d) of Step 1, to (@) and to some straightforward computations.
Step 2 clearly follows. O
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FOURTH ORDER FOUR-DIMENSIONAL PDE 903

STEP 3 - For any 1 < v < 2, there exists 6, > 0 and C, > 0 such that
:U‘:'l,(el_y)dg (xi7€a 2)41/ e's (@) < Cy

foralli=1,...,N, alle >0 and all x € By, (0,) where x;. and ;. are as in
Step 1. In particular, we have that

dg (xi,eaxj,a) > do

foralli, je{l,...,N}, i # j, where 09 > 0 is independent of € and i, j. At last,
this implies that u. — —oco as € — 0.

Proof of Step 3. Fix 1 <v < 2. Wesetfori=1,...,N
(18) R =mindg (z;,2;.)
J#i

and we take some ¢ € {1,..., N} such that there exists 6 > 0 such that
(19) R,. <0R,.
forall j € {1,...,N}. We set

(20) @ic(r) =r"exp <(Volg (0B, . (r)))_1 / Ue dag>
ani,s(’“)

for 0 < r <injy (M). A simple consequence of assertion b) of Step 1 is that

(21) e (Ruie) <0

for € > 0 small and all R > R, where R2 = %. We define r; . by

(22) Tie = inf {Ru,ui,e <r< % st. @ (r) <0 in [Ryum,r)} :

Note that, by (21I]), we have that

(23) Tie | 4oo ase — 0.
Hie
Let us assume that
(24) rie — 0 ase — 0.
For = € By ((57";51), § > 0 small fixed, we set
(25) Ui,e(x) = Ue (eXme (Ti,ex)) - Ci,a
where
(26) Cie = (Vol, (83931.,5(7“@5)))_1/ ( u. doyg.
aBTEi,s 7'71,5)

We also set, for j € §; = {j # 1 s.t. dg (zic,2;.) = O (ric)},
(27) Zje=r;texp,’ (vj.) and &; = lin%jj .
9 1,€ bl PN 3

after passing to a subsequence, if necessary. Note that, thanks to (I8, to ([22]) and
to the choice of ¢ we made (see (I9)), we have that |Z,;| > 2 for all j € S; and that
|Z; — Tx| > % for all j, k € S;, 7 # k. By equation (), we have that

. 4(1— .
(28) Afh,s”ivf - rigdwgm (AieVvie) + Tiabi,e = fie¥ie (Tie) Ti,(s Vevie
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904 O. DRUET AND F. ROBERT
in By (57‘1-_’51), where
gic(@) = (exp3, g) (ricw) Aic(@) = (expl, . AL (rica).

bi(x) =be (expxi’a (Ti,gx)) and f;.(z) = f- (expxi’a (ri’sx)) .

Thanks to Step 2, we know that (v;.) is uniformly bounded in C3(K) for all
compact subsets K of R*\ {0, 7} Thanks to the definition (22) of r; . and to
[23), we have that

(29)

JES:”

Pie (Ti,s) < Wi (Rﬂi,a)
for all R > R,. Thanks to assertion b) of Step 1 and to (23)), it is now rather easily
checked that
lim lim ;¢ (Rpie) pA0=)

R—+o00e—0 LE

since 1 < v < 2. Thus standard elliptic theory leads, thanks to (28) and (29)), that,
after passing to a subsequence,

(30) vie = Hi in Gy (RN {0,353} jcs,) 8520,
where H; satisfies
(31) AZH; =0 in RN\ {0, 2}, -
Moreover, thanks to Step 2, we have that, for [ =1, 2, 3,
(32) R(x)'|V' Hy(z)|e < G in R\ {0,3;},, .
where
R(z) = min {[zf; [z — 2]}, s, -

Equation ([B2) easily allows us to prove that

1 1
(33) Hi(z) =aln— + ajln —— 4 3,

Ed 2 % |z — ;]

JES

where «, 3 and the a;’s are real numbers. Integrating equation (28] over By (1)
and passing to the limit as € — 0 thanks to ([29), (B0) and (B3], we obtain that

lim ¢; o (7i¢) ri(;_”)/ fic€" e dvg, . = 7/ O,Ac¢H;doe = 8amr?.
=0 Bo(1) 9Bo(1)
With a change of variable, we get that

Pire (Ti,s)rf(sl_y)/ fi,e€"s dug, . Z/ fee's dug
' Bo(1) Bziys (rie)
so that

(34) lim fee"s dv, = 8ar?.

£=0JB,, (ric)

Step 2 with k = 1 together with the definitions of R; . and r; . gives the existence
of some C > 0 such that for any 0 < r < 3/2,

Ue (expxi’a (ri’sx)) — Ue <expwi,5 (r”y))’ <C
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FOURTH ORDER FOUR-DIMENSIONAL PDE 905

for all 2,y € R* such that |z| = |y| = r. With point b) of Step 1, 22) and 23),
we then get that for any n > 0, there exists R, > 0 such that for any R > R,,, we
have that

(35) dy (@, 5,0 )" e @ < put Y

for all x € By, , (1i,e) \ Bz, . (Rpus,c). With point b) of Step 1 and (35]), we get that
lim fee"s dv, = 647>
e—0 Bmi,s (7"i,5)

With (34)), we obtain that o = 8. Integrating on Bz, (§) for § > 0 small instead of
By (1), one proves in the same way that o; > 8 for all j € S;. We let

_ 1
Hi(r) = — Hi(z) do.
) 272r3 /EJBO(T) (z)do

A simple computation gives

d (4 H;(r) @ 2| Av—1_H;(r)
%(T e ):4 v—2— ZS\@P re|r e
JES;

for r € (0, %) Since v < 2, we get in particular that
d _
= (re ) @) <.
This clearly proves that

(36) Tie — —

for all 4 such that (I9) holds. Thanks to (24)), this in turn implies that R;. — 0
and that S; # (0. Note that, for the moment, we have proved, with the help of Step
2 (see ([B8), that the estimate of Step 3 holds if for any ¢ € {1, ..., N}, we have that
R /# 0 as € — 0. Indeed, if this is the case, there exists some § > 0 such that
R;.>dforall j € {1,...,N}, and one can easily repeat the above arguments with
any of the j’s in {1,..., N}. Thus, in order to end the proof of the step, it remains
to prove that R;. /> 0ase — 0 forall i € {1,...,N}. Welet iy € {1,...,N} be
such that, up to a subsequence,

Riy. = min R,;..
i=1,...,

We assume by contradiction that

lim i, o = 0.
Clearly (I3) holds for i = ip, and (B6) holds. It then follows from the definition of
Si, that for any i € S;,, there exists C(i) > 0 such that

R, . <C(1)R.

forall j € {1,..., N}. It follows that (I9]) holds for all i € S;,, and that the preceding
analysis can be carried out. We pick up ¢ € S;, such that

dy (xiﬁv xio,s) > dg (xjas’ xiof)
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906 0. DRUET AND F. ROBERT
for all j € S;, and all € > 0. With (21), we get that |Z;,| > |&; — Z;,| for all j € S,
Since S; = (Si, \ {¢}) U {io}, we have that
|Zio| = 25 — T |
for all j € S;. A consequence of this inequality is that
(37) (i'ioajj) >0

for all j € &;, where (-,-) denotes the Euclidean scalar product. This amounts
to assuming that all the Z;’s, 7 € S;, lie in the same half-space where boundary
contains 0. Let 0 < § < 1. We write thanks to equation (28]) that

/ vvi,sAgi,svi,ed”gi,s - r?’g/ Vv; edivg, . (AicVvie) dug, .
Bo(5) BO(5)

= @i (Tie) Ti(gl_y) / fi,eVer e dug, . — ris/ bi,e Vi e dug, .
Bo () Bo ()

Integrating by parts, using the estimates of Step 2, (@) and (B0), one can easily
estimate the different terms involved in this equation to arrive to

(38) / Vvi,sAzi’avi)s dvg, . —0ase— 0.
Bo(3)

Using the Cartan expansion of the metric in the exponential chart and the estimates
on the derivatives of v; ., some integrations by parts then lead with [B0) to

/ Vvi,aAgi E'Ui,a d’Ugi,E — —/ 8kHi (VAgHi, l/>§ d0'§
Bo(9) . k 9B (6)

+/ alkHiVlAgHi dO’g
9By (9)

1

+—/ (AEH2)2 Vi dO’g
2 JaBy(s)

as ¢ — 0. We let

H;(xz) =81In ‘;—| + Gi(x).

Simple computations then give that
/ Vi A2 v dve — 647°VG;(0)
Bo(9) ’

as ¢ — 0. Coming back to [B8]), we obtain that VG;(0) = 0, a contradiction with
the choice of i we made in [B7). This ends the proof of Step 3. Note that the fact
that u. — —oo is a direct consequence of the estimate we just proved and of Step
2. O

We are now in a position to conclude the proof of Theorem[Il Using the estimates
of Step 3, it is easily checked that

/ fee's dvg — 6472N as e — 0,
M

which gives the first assertion of the theorem thanks to ([Bl). Since we already proved
that u. — —oo as € — 0, it remains to prove the convergence of u. — @, outside the
concentration points and to prove the last property of the theorem concerning the
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FOURTH ORDER FOUR-DIMENSIONAL PDE 907

location of concentration points. We let S = {;},_; 5, where z; = lim. o 2.
We let zp € M \ S and we write with the Green representation formula that

e (@) = = [ Gelao.n) (LW = b.(0) doy(o).

where G is the Green function of L.. It is then easy to compute an asymptotic
expansion of the different terms involved to get that

N
(39) e (zo) — e — 647> Z G (xg, ;) — / G (z0,y) bo(y) dvg(y)

i=1 M
as € — 0, where G is the Green function of the limit operator Ly. The convergence
result in the theorem easily follows. The last part of the theorem is a consequence of
a Pohozaev-type identity. More precisely, we write in the exponential chart around
z; € § and for § > 0 small enough that

/ (Lete + be) Vue dvg = / fe€"*Vu, dvg
B., (5) B.,(8)

thanks to equation (). Integration by parts together with the dominated conver-
gence theorem then lead to
\VA .
lim lim fe€"*Vu. dvg = *647T2M
6—0e—0 Ba, (8) fo (-Tz)

thanks to Steps 1 to 3 and to (89). On the other hand, after integration by parts,
using ([B9), rather long but easy computations lead to

lim lim (Leue + be) Vue dvg = 647>V G, ()
6—0e—0 Bmi(5)

where

N
Gila) = 6475 (s1,2) + 647 3 G 2,3;) = [ G (. bo0) duy 1)
J#i M
with 3 the regular part of G. The last assertion of the theorem follows.
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