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A NOTE ON A SYMMETRY RESULT
FOR TRAVELING WAVES IN CYLINDERS

C. E. KENIG AND F. MERLE

(Communicated by David S. Tartakoff)

ABSTRACT. We prove in this note that all bounded traveling waves, in cylin-
ders, of some N-dimensional viscous conservation laws are symmetric.

I. THE MAIN RESULT

In this note, we consider traveling wave solutions of the equation

ot

oU 9
(1.1) 5 =AU = = (V)
i=1
for (x1,2') € R x TV~ and f; € C%(R,R). That is, we consider solutions of the
form
U(t,z) = u(zy — ct,x’),

where u satisfies
N

(1.2) D= (fuw) = ey — 3 (fiu))ay = 0
i=2
for (z1,2') € R x TN-1L.
The main result of this note is the following.
Theorem 1. Assume that u is an L™ solution of (L2).
i) Then there are ax such that Yo' € TN lim,, 1. u, (21,2 is defined
and equal to ax. In addition, the limit is uniform in o' € TN~L.
ii) Assume in addition that

filag) —c#0.
Then u(xy,x") =v(xy), where
Vpyay — (f1(0) = cv)z, =0 forz; € R.

Remark. If f; = 0 for ¢ > 2, or in some sense the degeneracy of f; at a4 is of higher
order than the one of f;, the degeneracy condition in part (ii) of the theorem can
be relaxed.
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698 C. E. KENIG AND F. MERLE

Under the assumptions of Theorem [Il we have the following.

Theorem 2 (Liouville Theorem for (1.1)). Let u(x) be a solution of equation (L2).
Consider U(t,x) to be a solution of equation [(ITl) defined for all time t € R such
that for a constant Cy > 0,

VieR, U x)—u(ry —ct) || < Co.
Then there is an xg € R such that
VteR, Ve e Rx TN U(t,z) = u(x; — ct + 20).

From this result, we can then derive the following asymptotic stability result for
equation ().

Theorem 3 (Asymptotic Stability for Traveling Waves). Let U(t,x) be a solution
of equation (L) fort >0, x € R x TN and initial data

U(0,2) = Uy(x).
Assume in addition that for A > 0 and for a travelling wave u,
| Uo(z1,2") — u(@1) |1 @xry-1)< A

Then there exists a function ga(t) depending only on A,u with ga(t) — 0 as
t — 400 , such that, for all such u, we have

Vt > 1, Infe,er || Ut ) —ul. + 210 — cb)|| poo mxrnv—1) < ga(?)-

The proofs of Theorems ] Bl are completely similar to the corresponding ones of
[1] as soon as Theorem [I] is proved. We therefore devote the rest of this paper to
the proof of Theorem [

II. PROOF OF THEOREM 1

Let u be an L™ solution of (IZ) and let C = R x T"~!. We first prove the
following.

Lemma 1. We have
a:11i>r200 ’U,(ICl, Zl) = O
lim wu(zy,2’) =a_,
r1——00
uniformly in x' € TN=1, where (ay,a_) are (Supcu, Infcu) or (Infou, Supcu).
Proof. We first remark from standard elliptic theory that
u€ C3Rx TN R) and |ules < M.

Moreover, if u achieves a local maximum or a local minimum, from the strong
maximum principle we have

u(z1,2') = constant = a,

and all the conclusions of Theorem[Ilhold. We now assume that u(x1, 2’) is different
from a constant solution.
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From the fact that there are no local extrema, Info and Supc are not achieved
and there are (y1,,9,) € R x TN=1 (respectively (21,,2,,) € R x TV~1) such that

(2:3) w(Yin,yp) —— Supou =ay,
n—-+o00o
(2.4) w(21n, 25,) - Infecu=a_,

with |y1,] — 400 and |z1,| — +o0.
One can assume, eventually extracting a subsequence, that
(2~5) Yyin — +00  and  Yin < Yint1-

(The proof in the other case is identical.)
Let us now prove

(2.6) Infyery-1u(yin, z') 0+

Indeed, let us consider

U,n(Il,.’IJI) = U’(yln + x17x/)~
We have
- |un|03 < C7
- uy, is solution of equation (L2),
- un(ovy;z) ay = Sup u = Sup up.
n oo

Extracting a subsequence, we have for W : (x1,2') — W (x1,2') and ¢y’ € TN 71,

U (21, 2") — W(zy,2") and vy, —

loc
where
W is solution of (L2), SupW < ay , W(0,y') = ay.
Therefore,
W=a4
and since the result is true for all subsequences
u(yin +x1,2") —ay,

loc

then (1.7) follows.
From the fact that « does not have local minimum, we have

ay 2 Inf u(z1,) > Inf  u(z,z) — ay.
21€(Y1n,Y1(n+1)) T1=Y1n,Y1(n41) n—oo
a/ETNil I/GTN—I

Since Yin < Y1(n+1) and y1n ——n—+o0 1+00, then

lim {Infyerv—1u(xy,x’)} exists and equals a .
xr1——+00

It follows that z1, — —oo and by the same procedure,

lim  {Sup, ecrnv-1u(zy,z)} exists and is equal to a_.
o0

€1 ——

This concludes the proofs of Lemma [Tl and Theorem [ part (i).
We now assume in addition a nondegeracy condition at ay,a_ for fi(u), namely

filay) —c#0 and fi(a_) —c#0,

and, for example, a_ < a. (]
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We first have the following estimates.
Lemma 2. There exist o > 0 and Cy > 0 such that
(2.7) lu(zq,2") — ay| < Coe™ 1,
(2.8) lu(zy,2") —a_| < Coet™™r.

Proof. Let us prove the first one for example. The only question is when z; — +o0.
(i) Let us first introduce

1

(2.9) w(zy) = m s

(ay —u(zy,2")) d'.
We have

w > 0.

Averaging the equation (L2) over TV ~! and using the periodic boundary con-
ditions, we obtain that w satisfies the following equation Vx; € R:

Weyz, — % |:V01(15I:N_1) /TN_l(fl(u(xl,:E’)) —cu(z1,2")) d:ﬂ’] =0

or equivalently

(2.10) Wg, — l:m /TN?l(fl(u(xhx’)) — cu(x17x’>)dx':| = (Cp.

Define 8 = f{(as) —c and v = fi(a4) — cas. We then have by linearization of the
nonlinear term at a4 in (ZI0):

Vz1 €R, |ws, — fw — Co+7| < CSupyern—ilu(zy,z’) — ay|?.
Since w(z1,z’) — 0, as 1 — 400, we have Cy — v = 0, and
(2.11) Vo, € R, lwy, — fw| < C(Supyern-—1|u(zy,z’) —ar|?).

(i) Relation between u and w: We now apply the Harnack principle as 1 — +o00
to u, and we get: there is a C' > 0 such that for x; > 0,
Sup — (ay —u(iy,2’)) < C Inf  (ag — u(@y,2')),
m/ETwal IIETN71
Zi€(x1—1,14+1) Z1€(x1—1,21+1)
and, in particular, Va; > 0,
(2.12) Supyery-1(ar —u(zy,z")) < Cw(zy).

In particular, it is enough to prove the exponential decay for w(x1) to reach the
conclusion of the lemma.
(iii) Exponential decay of w: We have from [2I1) and 212,

Vo, >0, |w,, — fw| < Cw?.
Since w — 0 as 1 — 400 and w > 0 we have 8 < 0 and for z; large,
3
—5Pw S ws, < fgw,

which concludes the proof of Lemma[Z, by integration in .
We are now able to conclude the proof of Theorem [ part (ii). We argue by
contradiction: Assume there is 2§ € R such that for some x{, 2} € TN -1,

u(}, zg) # u(al, z1).
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Then using the periodicity, there are o}, 25 € TN ~! such that

u(af, xh) = u(a?, z5)
and
Voru(ad, ah) # Voru(ad, b).
Then

H(t,z) = u(zy —ct,ah+2") — wu(xy —ct,zy+ 1)
is the difference of two solutions of equation (I.]) such that
i) vt e R, || H(t) |z (c)= constant,
i) H(0,(0,0)) =0 and Vv, H(0,(0,0)) # 0.

Applying Lemma 2.9 of [I], we obtain

I H(1) [z cy<ll H(O) [[z1(cy,
which is a contradiction.

701

(Of course, multiplying u(x1,z2 + ') — u(xy, x5 + 2’) by sign [u(x1,z2 + ) —
u(zy,z3 + 2')] yields a contradiction, by the same calculation as in the proof of

Lemma 2.9 of [I].) This concludes the proof of Theorem [
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