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ABSTRACT. In this paper we construct inverse systems of which each space
is strongly paracompact and each bonding map and each projection are open
and onto maps, and the limit space is paracompact and not strongly paracom-
pact and we investigate §6-refinability-like properties of limit spaces of inverse
systems.

1. INTRODUCTION

Throughout this paper we assume that each space is a topological space having
at least two points. No separation axioms are assumed. Each map is assumed to
be continuous.

Let {Xa,wg,A} be an inverse system of spaces X, with bonding maps 7§ :
Xo — Xp(a > () and let |A| denote the cardinal number of A. Let X be the limit
space of this system. Then a map m, : X — X, denotes the projection for each
a € A (for the definitions of inverse systems and limits, see [7, 2.5]). We denote
X =lim{Xa, 7§, A}. Aninverse system {X,,, 7", N}, where N is the set of natural
numbers directed by its natural order, is called an inverse sequence. An onto map
f:X — Y is called “pseudo-open” if for any y € Y and any open set U in X such
that f~!(y) C U,y € Int f(U). Here Int f(U) denotes the interior of f(U). Every
open and onto map is a pseudo-open map, and every closed and onto map is a
pseudo-open map. For an infinite cardinal k, a space X is called “k-paracompact”
if every open cover U of X with |U| < x has a locally finite open refinement.

In previous papers [1], [2], [4], [5], [6], the following question was investigated.

Question. Let P be a topological property and {X,, 7§, A} an inverse system. If
X = @{XQ,WE,A} is |A|-paracompact and each projection 7, is pseudo-open,
must X have property P if each X, has P?

A positive answer to the above question has been proved for many topologi-
cal properties P (paracompactness, collectionwise normality, normality and many
other covering properties and various expandabilities; cf. [I], [2], [4], [5], [6], [11].
However, for the strong paracompactness and df-refinability, the questions are not
yet solved.
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1214 KEIKO CHIBA

In this note we shall give a negative answer for the case of strong paracom-
pactness. This is the first case for which the answer to this question is “no”. Let
P be a topological property which is stronger than paracompactness. Then, if
X = lim {X,, 7§, A} is |A|l-paracompact and each projection 7, is a pseudo-open
map and each X, has P, then X is paracompact. Therefore, for strong paracom-
pactness, the question is: Suppose X = @{Xa, wg,A} is paracompact and each
projection m, is a pseudo-open map and each X, is strongly paracompact. Is X
strongly paracompact?

We cannot answer this question for the case of §f-refinability. We shall investi-
gate df-refinability-like properties.

2. STRONG PARACOMPACTNESS

A space X is “strongly paracompact” if for every open cover G of X, there
is a star finite open cover H of X such that H < G. Here H < G means H is
a refinement of G. A cover H is called “star finite” (resp. “star countable”) if
for each H € H,{H'|H' € H,HN H' # &} is finite (resp. countable). It is
known that a space X is strongly paracompact if and only if every open cover of X
has a star countable open refinement. Therefore, every Lindelof space is strongly
paracompact, in particular, the real line R with the usual topology is strongly
paracompact.

In this paper we shall prove the following.

Theorem 1. For each infinite cardinal k, there exists an inverse system
{Xa, 7§, A} with |A| = K such that each X, is strongly paracompact, each m§
and each projection m, are open and onto maps, and X = lin {Xas Wg,A} s para-
compact, is not strongly paracompact.

First we shall prove the case of Kk = w.

Theorem 2. There exists an inverse sequence {X,, 7", N} such that each X,, is
strongly paracompact, each " and each projection m, are open and onto maps,

and X = @{Xm 7w N} is paracompact and is not strongly paracompact.

Definition 1. Let x be an infinite ordinal and denote by T'(k) the space {a|a is
an ordinal, 0 < o < k} with the topology as follows: {a} is open for each a < &,
{(a, K]l < K} is a neighborhood base of k. Here (a,k] = {§|5 is an ordinal,
a < B <k}

Example 1 (|3, Example 2]). R" x T(w,) is not strongly paracompact. Here
R" = {z € Rz > 0}.

To prove Theorem 2, we shall show the following theorem.

Theorem 3. There exists an inverse sequence {Ay, 77", N} such that each Ay, is a
discrete space, each f7* and each projection f, are onto maps, and
lim{A,, fi*,N} = T(w,).

Theorem 3 follows from Theorem 4 when x = w,, by using Lemma 1 below, since
w,, has a cofinal subset of order type N, and hence the limit of the inverse system
corresponding to w,, is homeomorphic to the limit of an inverse sequence (cf. the
comments after Corollary 2.5.12 in [7]).
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STRONG PARACOMPACTNESS 1215

Lemma 1 ([7, Corollary 2.5.11]). Let § = {Xa, 7§, A} be an inverse system and
A" a subset cofinal in A. Then the map f : X = @S - X = @S' defined
by f(x)a = xo for each a € A (x = (Ta)acnr € X) is a homeomorphism where
S ={Xq 7§, A}

Theorem 4. For each infinite cardinal k, there exists an inverse system S =

{Ax, f{, A} such that each Ay is a discrete space, each f{ and each projection f
are onto maps, and im S = T'(k) and [A] = k.

Proof. This theorem was essentially proved in [I0, Theorem 2]. But, for the reader’s
convenience, we shall write this proof briefly. Let X = T'(k). Let A = {A|X < K}
be the set of ordinals and for each A € A, let Ay = (A +1)U{x} = {a|la < A}U{x}
be the space of ordinals with the discrete topology.

Then A, with the usual order of ordinals, is a directed set. For each A\,u € A
with A < 1, define f{': A, — A\ by

f”(a)—{a if a <A,
s =

k ifa> A

Then
(I) S = {Ax, f{', A} is an inverse system.
(II) lim § is homeomorphic to X.
To prove (II), let us define g : X — [[ cp Ax by

(@) a if a <A,
« =
TEON=V e ita>a

Then g(a) = (g(a)r)rea € im S for each a € X. O
Claim. ¢ is a homeomorphism from X onto liLnS .

Proof. 1) It is clear that g is one-to-one.
2) g is onto. To prove this, let a € @S be an arbitrary element.

(i) In case ay = & for each A € A, then g(k) = a.
(ii) In case there exists A € A such that ay # &, let Ag = min{\|a) # x} and
put a = ay,-
Then

a if A > Ao,
ay) =
ko if A< Ao

Moreover, we have oo = Ag and we have g(a) = a.

3) g is continuous. Since fy o g is continuous for each A € A, g is continuous.
4) g is an open map. O

Proof. Let A € X. If X\ # &, then g(A\) = f5 ' ({\}). Moreover, g((\, x]) = {g(x)} U

{9 1A < p < s} ={g(0)} UL i) |A < p < w} = £ ({8D):
(III) It is easy to see that fy is onto for each A € A. O

Proof of Theorem 2. Let S be the inverse sequence in Theorem 3. For each n € N,
let X,, = R x A,, and for each n,m € N with n < m, define 7" = 1gr x f".
Then {X,, 7", N} is an inverse sequence and Iim{X,, 73", N} = R x T'(w,,). Since

ny ''n ny 'n >

R X T'(wy) is metrizable, it is paracompact. Each X, is strongly paracompact and
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1216 KEIKO CHIBA

each 7" is an open and onto map and all projections ,, are open and onto maps.
Thus liLn{Xn,wm N} is not strongly paracompact by Example 1 because R is

n

closed in R. 0

Proposition. If w, is a closed (resp. an open) and onto map for each o, 3 € A,
then 78 is a closed (resp. an open) and onto map for each o, 3 € A with o < 3.

Proof. By [6, Lemma 2.1], if the projection m, is onto, then 7§ (A) = mam, ' (A) for
each 0 with § < « and for each A C X,. This implies the Proposition. Il

Remark 1. In Theorem 2, if n < m, then 7] is not a closed map. To prove this,
let us choose a;,i = 1,2, ..., such that w, < a1 < as < ... < a; < ... < wy, and put
F = U;en({1/i} x {a;}). Then F' is a closed subset of R x A,, because {o;|i =
1,2,...} is a closed and discrete subset of A,,. But 77 (F) = (U;en11/i}) % {wo}
is not closed in R x A,,.

By the Proposition, 7, is not a closed map. Thus the following question remains.

Question 1. Let S = {X,,, 77", N} be an inverse sequence with 7”* (or 7, ) a closed
and onto map and each X, is strongly paracompact. Suppose lim S is paracompact.
Is @S strongly paracompact?

Lemma 2. If X is a paracompact T-space and Y is a Ti-space having only one
non-isolated point, then X XY is paracompact.

Proof. Let G be an arbitrary open cover of X x Y and 39 the only non-isolated
point of Y. For each z € X, let us choose an open set U(z) in X and an open
set V, in Y such that (x,90) € U(x) x V, and {U(z) x V,, | € X} < G (partial
refinement). Since X is paracompact, there is a locally finite open cover M of X
such that M < {U(z) | = € X}. For each M € M, let us choose an z € X such
that M C U(x) and put x = x(M). Then H = {M x Vyar) | M € M} is a locally
finite collection of opensetsin X xY, H={H | H e H} < Gand UH D X x {yo}.

Since X x (Y ~{yo}) is paracompact and X x Y ~|JH is closed in X x (Y ~{yo}),
X x Y N UH is paracompact. Therefore, there is a locally finite closed cover K of
X x Y ~|JH such that £ < G. Then HUK is a locally finite closed refinement of
G. Since X x Y is a regular space, X X Y is paracompact. (I

Proof of Theorem 1. Let x be an arbitrary infinite cardinal. Let & = {A,, f7", N}
be the inverse sequence in Theorem 3. By Theorem 4, there is an inverse system
S" = {By,g§,A} with |[A| = &, each By is a discrete space such that liLnS/ is
homeomorphic to T'(k).

Let us define a partial order on N x A as follows: Let (n, A), (m,u) € N x A. Let
us define (n, \) < (m, p) if n < mand A < p. Then N x A is a directed set. For each
(n,A\) € Nx A, put Z, \y = Rx A, x By, and for each (n, \), (m, u) € N x A with

<7’L, )‘> < <m7M>v put hg:’)\ﬂg = 1r X f:ln X gﬁf Then S” = {Z<n7A>,h§nm’£>,N X A}

is an inverse system with [N x A| = & and each Z, 5 is strongly paracompact

and each hénm’)f? is an open and onto map and each projection A, )y is an open

and onto map, and liLnS” is homeomorphic to R x T(w,) x T(k). Since R X
T(w,,) is paracompact and T'(k) has only one non-isolated point, by Lemma 2,
R X T'(w,) x T'(k) is paracompact. Therefore, @S” is paracompact but is not
strongly paracompact. (I
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STRONG PARACOMPACTNESS 1217

3. COMPACTNESS

It is well known that for T5-spaces, every limit space of inverse systems of com-
pact spaces is compact (cf. [7]). But, for non-Th-spaces, limit spaces are not
necessarily compact, e.g, A. H. Stone constructed the following example.

Example 2 ([I2] Example 3]). There is an inverse sequence S of compact spaces
such that lim S is not compact.

Similarly, we obtain the following.

Example 3. For each cardinal x > w, there is an inverse system S of compact
spaces such that limS is not s-Lindeldf, i.e., L(imS) > x where L(X) is the
Lindel6f number of X.

Proof. For each a@ < k™, let X, = k* with the topology as follows: For each
B8 < «, {8} is an open set and for each 8 > o, Vg ={V|B € V C X,,|Xo N\ V] is
finite} is a neighborhood base of 3.

Then X, is compact and is not Th-space. For each @ < 3, define 7% : X5 — Xq
to be the identity map. Then 7 is continuous. Put S = {X,, 72, A} where A = x+.
Then X = @S is discrete.

To show this, let pg : [[,cp Xa — X be the projection for each 8 € A.

For each 8 € A, define z7; as follows: 2 = (¥a)aer, Ta = B for each a € A.
Then X = {:EZW € A}. For each 8 € A, define Ug = pgl({ﬂ}) N X. Then Ug is
open in X and U = {x}}. O

Stone proved the following.

Theorem A ([I2, Theorem 5]). Let S = {X,, 2, A} be an inverse system such
that each X, is a compact Ty-space and each 72 is a closed map. Then X = 11218
is compact.

Remark 2. In the above example, 72 is not a pseudo-open map. Since 7, is onto, by
the Proposition, 7, is not an open map. Therefore, the following question remains.

Question 2. Is there an inverse system S = {X,, 77, A} such that each X,
is compact and each 72 (or each m,) is an open and onto map and X = lim S is
paracompact, but X is not compact?

4. W-00-REFINABILITY AND WW-00-REFINABILITY

In this section we investigate df-refinability-like properties.

Definition 2. A space X is called “O-refinable” (resp. “d6-refinable”) if every open
cover G of X has a #-sequence (resp. d6-sequence) {H,|n € N} of X such that each
‘H,, is an open cover of X and H, < G.

A sequence {Hy|n € N} of X is called a “f-sequence” (resp. “d6-sequence”)
of X if for any z € X there is an n, € N such that ord(z,H,,) < w (resp.
ord(z, Hp, ) < w) where ord(z, H,,) = |{H;z € H € H,,_}|

Definition 3. Let U/ and V be open covers of X. V is called a pointwise W-
refinement of U at x if there is a finite subfamily & of U such that V(z) < U . Here
V(z)={V eV|r eV}

Let U be a cover of X and (V,,)nen a sequence of covers of X. A sequence (V,,),,
is called a pointwise W-refining sequence for i/ if for each x, there exists an n, such
that V), is a pointwise W-refinement of U at x.
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1218 KEIKO CHIBA

The next characterization of f-refinable spaces was given by J. M. W. Worrell.

Theorem B ([I3], or cf. [I4, Theorem 3.4]). A space X is O-refinable (submeta-
compact) if and only if every open cover of X has a pointwise W-refining sequence
by open covers.

Definition 4 ([8]). Let £ and G be covers of X. L is called a “point-star F-
refinement” of G at x € X if there is a finite subfamily G of G such that z € N G
and st(z, £) € UG where st(z, £) = J{L|z € L € L}.

A sequence (L, )nen of covers of X is called a “point-star F-refining sequence” of

G if for each z € X, there is an n, € N such that £,,_ is a point-star F-refinement
of G at .

H. J. K. Junnila gave the next characterization of submetacompactness.

Theorem C ([8]). A space X is O-refinable (submetacompact) if and only if every
open cover of X has a point star F-refining sequence by open covers.

Now we shall define new properties.

Definition 5. Let U and V be open covers of X. V is called a pointwise countable
W-refinement of I at z if there is a countable subfamily ¢" of U such that V(z) < u'.
Let U be a cover of X and (V,,)nen a sequence of covers of X. A sequence (V)
is called a pointwise countable W-refining sequence for U if for each z, there exists
an n, such that V, is a pointwise countable W-refinement of I/ at x.
We shall say a space X is w-d6-refinable if every open cover of X has a pointwise
countable W-refining sequence by open covers.

Definition 6. Let £ and G be covers of X. £ is called a “point-star C-refinement”
of G at € X if there is a countable subfamily G' of G such that € (|G  and
st(x, L) c UG

A sequence (L) nen of covers of X is called a “point-star C-refining sequence” of
G if for each z € X, there is an n, € N such that £, is a point-star C-refinement
of G at x.

We shall say a space X is ww-df-refinable if every open cover of X has a point
star C-refining sequence by open covers.

It is obvious that every d&6@-refinable space is w-d6-refinable and every w-906-
refinable space is ww-df-refinable.

Lemma 3. (1) Let G be an open cover of X and (Vy)nen a pointwise countable W-
refining sequence of G. Then there exists a pointwise countable W-refining sequence
(Hn)nen of G satisfying the following conditions: For each x € X, there exist an
ng € N and a countable subfamily g of G such that H,(z) < G for each n > n,.
(2) Let G be an open cover of X and (V,)nen a point-star C-refining sequence
of G. Then there exists a point-star C-refining sequence (Hn)nen of G satisfying
the following conditions: For each x € X, there exist an n, € N and a countable
subfamily G of G such that x € (G and st(x,H,) C UG for each n > n,.

Proof. Let us put H,, = A/, Vi(={Ni=, Vi|lVi € V; for each i = 1,2, ...,n}). Then
(Hn)nen is a desired one. O

A cover U of a space X is directed if for any U,V € U, there is W € U with
UuV cw.
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Lemma 4 ([9]). A space X is k-paracompact if and only if for every directed open
cover U with cardinality < k, there is a locally finite open cover V of X such that

{VIV € V} refines U.

Theorem 5. Let {Xo, 7§, A} be an inverse system and X = lim {X,, 7§, A}
Suppose each projection T, is a pseudo-open map and X is K-paracompact where
|A| = k. Then:

(a) If each X, is w-00-refinable, then so is X.

(b) If each X, is ww-00-refinable, then so is X.

Since the proofs of part (a) and part (b) are quite similar, we shall give the proof
only for part (b).

Proof of part (b). Let G = {G¢|¢ € =} be an arbitrary open cover of X. For each
a € Aand € € E, let U, ¢ be the maximal open set in X, satisfying 7, (Un¢) C Ge
and put Uy = Ugez Uae- Then {7 (Us)|a € A} is a directed open cover of X.
Since X is k-paracompact, by Lemma 4, there exists an open cover {W,|a € A} of
X such that:

(1) W, C 7, (Uy) for each o € A, and

(2) Wo C Wy if a < B.

Let us put T, = Xo~\Int 74 (X ~ W,). Then

(3) T, is closed in X, and T, C U, for each a € A.

Put C, = Int 7, 1(T,) for each a € A. Then

(4) C ={C4|a € A} is an open cover of X (cf. [2]).

Since X is k-paracompact and |C| = k, there is a locally finite open cover O =
{O4|a € A} such that:

(5) O, C C, for each a € A.

Let us put Uy, = {Un ¢l € E}. Then U, is an open cover of U,. Since X, is
ww-d6-refinable, by (3), using Lemma 3, we can choose a sequence (Lq m)men Of
collections in X, satisfying:

(1)a. Each set of L4 4, is an open set in X,.
(1)) To C U La,m for each m.
(#i1)q. For each y € T,, there are an m(y) € N and a countable subset A(y)
of = such that y € ﬂgeA(y) Une and st(y, Lom) C UgeA(y) U, for each
m > m(y).
Put £, = {7 (L) N Ou|L € L4m,a € A} for each m. Then:

(6) L., is an open cover of X for each m. It is obvious that each set of L, is
an open set of X. Let © = (24)aecar € X. Then z € O, for some «. Since
To € T, by (5), (i1)a, To € L for some L € Ly . Thus x € 7,1 (L)N O, €
L.

(7) (Lm)men is a point-star C-refining sequence of G. O

Proof. Let © € X. Then, since O is locally finite, there exists a finite set {c;|i =
1,2,...,k} of A such that z € O, <= « = «; for some i = 1,2,..., k. For each
i=1,2,..., k, since zo, € T,,, there exist an m; € N and a countable subset A; of
E such that zq, € Neea, Ui e and st(a;; Laism) C Ugea, Uai g for each m > m;.

Let us put m = max{m;|i = 1,2,...,k} and A = Uf:l A;. Then m € N and A4
is a countable subset of =. If £ € A, then £ € A; for some i = 1,2,..., k. Hence
Za, € Uy, e and so x € 1,1 (Ua, ). Thus € G¢. Hence z € Neea Ge-
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Let L' € L,, with z € L. Then L' = 7;'(L) N O, for some a € A and some
L e Ly . Since a = a; for some i, x € w;il (L)NOy,. Thus x4, € L € L, m. Since
m > mi, L C Ugea, Uas ¢ Therefore, T (L) N Oq, C Ueea, T (Ua,e) N Oq, C

Ugea, Ge- Thus st(z, L) C Ugea Ge- O

Let x be an infinite cardinal. A space X is called k-f-refinable (k-submetacom-
pact) if every open cover G of X with |G| < x has a f-sequence {H,|n € N} of
open refinements of G.

If P is a topological property, X is called hereditarily P if every subspace has P.

It is easy to see that X is hereditarily P if every open subspace has P when P
is w-00-refinability or ww-d6-refinability.

Theorem 6. Let {Xo, 7§, A} be an inverse system and X = lim {X,, 7§, A}
Suppose X is hereditarily k-submetacompact where |A| = k.

(a) If each X, is hereditarily w-00-refinable, then so is X.

(b) If each X, is hereditarily ww-60-refinable, then so is X.

We only give the proof of part (b).

Proof of part (b). Let G be an arbitrary open subspace of X and G = {G¢|¢ €
=} an arbitrary open cover of G. For each o € A and § € E, let Uy be the
maximal open set in X, satisfying 7, (Ua¢) C G¢ and put U, = Ugez Uae
Then U = {r;1(U,)|a € A} is an open cover of G with || = k. Since G is k-
submetacompact, there is a sequence (O, )nenN of open refinements of U satisfying
the condition: For each x € G, there exists an n, € N such that ord(z, O, ) < w.
We can represent O,, = {Opnla € A} with Oy, C 7,1 (Uy,) for each a € A. Let
us put Uy = {Un | € Z} for each o € A. Then U, is an open cover of U,. Since
U, is ww-06-refinable, by Lemma 3, there is a sequence (L4 m)menN of open covers
of U, satisfying:
(Do Loym < Uq.
(2)q. For each y € U,, there are an m(y) € N and a countable subset A(y)
of = such that y € (Neca(y) Uae and st(y, La,m) C Ugeay)Uag for each
m > m(y).
m = {n Y (L)N Oan|L € Lom,a € A}. Then
(3) VI is an open cover of G for each n,m € N.
(4) (V™) p.men is a point-star C-refining sequence of G. O

For each n,m € N, let us put V"

Proof. Let © € G. Then there exists an n, such that ord(z,0,,) < w. Let
{ay]i = 1,2,...,k} be a finite subset of = such that z € O,,, <= o = q; for
some i = 1,2,...,k. Since for each i, zo, € U,,, by (2)a,, there are an m; € N
and a countable subset A; of Z such that o, € Neca, Uas ¢ and st(za,;; La;m) C

Ugea, Uai ¢ if m > m;. Let m = max{my|i = 1,2,...,k} and A = Ule A;. Put
n=ny. Then x € (4 Ge and st(z,Vy) C Ugea Ge. O
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