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ABSTRACT. We study Hankel-type operators on the space of bounded har-
monic functions on the open unit disk. These operators are related to tight
uniform algebras, the Dunford-Pettis property, and Bourgain algebras.

1. INTRODUCTION

Let X be a commutative Banach algebra and let Y be a closed subspace. We
define a Hankel-type operator S, : Y — X /Y with symbol g € X by Sgf =gf+Y
for all f € Y. These operators are a natural generalization of classical Hankel oper-
ators on the Hardy space H2. The conditions for Sy to be compact, weakly compact
and completely continuous have been investigated in various function spaces. The
problem of whether all S, are weakly compact on a uniform algebra is related to
a tight algebra, and the problem of complete continuity appeared in the Dunford-
Pettis property. The latter introduced a notion of Bourgain algebras which have
been actively researched in analytic and harmonic function spaces on the open unit
disk. Recently, Dudziak, Gamelin, and Gorkin [I] studied Hankel-type operators
on analytic function spaces. But the problem of the compactness remains open in
the case of the bounded harmonic function space on the open unit disk ID. In this
paper we study this problem. See [3] and [B] as surveys for convenience.

Let L*°(D) be the set of all bounded measurable functions on . Then L (D)
is a Banach algebra with the essential supremum norm || f||s = ess.sup{|f(z)|;z €
D}. Let h>° := h*°(D) be the set of all bounded harmonic functions on D. It
follows that h* is a closed subspace of L>*°(D). For g € L>°(D), we define the
linear operator S, : h> — L>(D)/h> by Sof = gf + h*> for f € h>°. Trivially
Sy : h*® — L>(D)/h> is a bounded linear operator. Recall that S, is said to be
compact if S; maps every bounded set into a relatively compact one, and that S, is
said to be completely continuous if S, maps every weakly convergent sequence into a
norm convergent one. In general, every compact operator is completely continuous.
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But the converse is not always true. We define the following sets:

hy® ={g € L>(D) : Sy is compact},

hoe ={g € L>=(D) : S, is completely continous}.
Note that h2°® C hSS. Although h™ is not an algebra, these are closed subalgebras
of L>(D). Especially hS2 is called the Bourgain algebra of h*.

The Bourgain algebra h2S is characterized by Stroethoff, Yale, and the first
author []. Let C(0D) and L>°(9D) be the spaces of continuous and bounded mea-
surable functions on the unit circle 9D, respectively. For a function f € L*°(0D),
we denote by f the Poisson integral of f on D, that is,

fe) = | " F(e)P(c®)do 2,

where P, is the Poisson kernelef z € D. Then f € h®. For any nonempty subset
B of L>°(9D), we write B = {f : f € B}. It is known that f in h* has a boundary

function f* on 9D and F = f on D, so that h>° = L>(9D). Let H>°(9D) be the
space of boundary functions of bounded analytic functions on ID. The algebra QC
of bounded quasi-continuous functions on 9D is given by

QC = (H*™(0D) 4+ C(0D)) N (H>(0D) 4+ C(0D)).

Refer to [2] and [6] for more information. For 0 < r < 1, we write D, = {|z| < r}.
Put

V={geL*D): lgxpp,lloc =0 as r—1"}.

The equality h2 = @Z’ +V was given as Corollary 3 in [4]. In this paper, we show
that

Theorem 1.1. h® = h = @Z’—i— V.

2. PROOF OF THEOREM 1.1

To prove Theorem 1.1, we use the following facts which can easily be checked:
(i) g € he° if and only if g € A2,
(ii) Sy is compact on h*> provided that for every sequence { fy, } in h> satisfy-
ing || fnlloo <1 and f, — 0 uniformly on compact subsets of D, then there
is a subsequence { f,, }; of {fn}n such that ||Syfp;[lcc — 0 as j — oo.

Proof of Theorem 1.1. First, we show that
(2.1) CD)+V Ch®chX=QC+YV,

where C(D) is the space of continuous functions on the closed unit disk D. It is
trivial that V' C hS°. Since A% is a closed subalgebra of L>° (D), by (i) it is sufficient
to prove that z € hS°. Suppose that f, € h*°, || fnllcoc < 1 and f,, — 0 uniformly on

compact subsets of D. We shall prove that ||S. fn;[lcc — 0 for some subsequence

{fnj}j of {fn}n

Write f,, = u, + tv,, where u,, and v, are real-valued harmonic functions on
D. Denote by *u,,* v, the harmonic conjugate functions of w,,, v,, with *u, (0) =
*v(0) = 0, respectively. Set

9n = §(un +i"up +i(vn +i0n)),  hp = i(un + i up — i(vn + i vp)).
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Then f, = g, + hy, and it is known that g,, h, € H?, where H? is the Hardy space
on Dj; see Chapter III of Garnett’s book [2]. Identifying functions with boundary
functions, and denoting by || - ||2 the square integral norm on 0D, we know that

Funllz < llunllz < Ifnllz < [[falle <1, [Foalls < flonfl2 < 1.

Hence
(22) sup [|gnllmz <2, sup||hnllgz <2,
n n
where || - || 72 is the Hardy space norm. By a normal family argument, there exist

subsequences (which we do not relabel) of {g,}, {hn} such that g, — g,h, — h
uniformly on compact subsets of D for some analytic functions g and h. Since
fn — 0 uniformly on compact subsets of D and f,, = g,, + hy, g = —h on . Since

g and h are analytic, g = —h = a for some constant o with |a| < 2.
Putting
hy, —h,(0
kn = Zgn + (nin()> - Qaz,
z

then k,, is harmonic on D and
(2.3) kn = 2(gn + hy) — 2hy + ( > — az.

Since f, € h*°, 2(gn + hn) —az = 2f, —az € L°°(]D) It is clear that zh,, —
((hn, — hn(0))/2) is bounded near the origin of D. By (2.2), we have

1
(2.4) [ (2)] < ||| 2 < for zeD.

VIRP - ¢1— B

n(z) - (MmO} < I = o), O]

|Z| 2|
zhp — (B, — hy(0))/2) is bounded on D. Thus we get k,, € h™.

To show that ||zf, — kn|loc — 0 as n — o0, let € be an arbitrary small positive
number and § = /1 — €2. By (2.3), we have

12fn = nlloo = || 20hm + @) — (h +a- <Zhn(0) +a)> I

Since h,, — —a uniformly on Dy,

v - (e WOy

z

Since

(2.5) sup
z€Ds

as n — oo. For |z| > §, we have

‘z(hn(z) Ta) -

(hn(2) t@) — ——~—

< 6th ‘gaHH2 + |hn(0§+a‘

5 €4 ‘h(éﬂ by (2.2) and |a] < 2.

,‘17\42
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Combining with (2.5),

. 4e 4e
limsup ||z fn — knlloe < s =

n—00 1— 62

Since € is arbitrary,
i S fulle < B [l2n — halloe = 0.
Thus by (ii), z € h2°, and it holds that
CD)+V Ch®ch®=QC+V.

Next we show that for any g € QC, § € hZ°, that is, S; is compact on h*.

To show this, note the equality h*™ = L%) Let {fn}n be a sequence in h*°
satisfying that ||fn|lcc < 1 and f, — 0 uniformly on compact subsets of D. We
have [|S fn 4+ 2|l < |9.fn — gfnllec and

32 fa(2) — 7 (2)] < / 3(2) — g(e)|P.(0)do /2.
Since g € QC, we have

(2.6) sup sup |§(2) fu(2) — gfu(2)] = 0 as r— 1;
rdlzl<l n

see [2, [, [6]. Then for any € > 0, there exists R,0 < R < 1, such that

(2.7) sup  sup [§(2) fu(2) — gfu(2)] <c.
R<|z|<1l n

On the other hand, by the assumption, sup |§(z)fn(z)| — 0 as n — co. Now we
z€DR

define g;(e?) = g(te') for 0 < t < 1. Then g; € C(ID), §:(z) = §(tz) for z € D,

and
sup [gfn(2) — gt fn(2)| < sup / 19(e”) — gu(e”)|| fu(e”)| P=(e™)db /27
z€Dg z€Dgr JO
1+R [ . ;
< — lg(e") — g:(e")|d6/2m.
1-R J,

By the Lebesgue dominated convergence theorem,
lim sup sup |gfn(z) — g:fn(2)| = 0.
t—1 5 z€Dpr

Take a positive number ty such that g < 1 and

(2.8) sup sup [9fn(2) — gio fu(2)] < e.
n zeDgr

By (2.1), g, € C(D) C h%°, so that by considering a subsequence we may assume

that ||ge, fr. + P™]|cc — 0 as m — oco. Then

(2.9) 1t0 fr — Geon + B oo — 0 as n — oc.

We want to prove that

(2.10) SUp |gry fn(2)] — 0 as n — oo.
z€Dgr
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Let {h,}, be a sequence in h* satisfying

(2.11) ||§7t0fn = 9tofn + hnllo = ||§7t0fn = Gto fr + 1o
Since g; € C(9D) C QC, by (2.6)

Hgtofn — Gtofr + hnlloo > limsup [hy (2)] = [|hn |-

|z|—1
By (2.9) ||hnllco — 0, and by (2.11)
(2.12) ||gt0fn = 9to fulloo = 0 asn — oco.

We have

190 fn = gt frlloo = 8P lgio f(2)] = 910 (2) In(2)]:
z R

By the assumption, sup |gt0(z)fn(z)| — 0 as n — oo. Then by (2.12), we get
z€Dgr

(2.10).
Combining (2.8) and (2.10), we have

lim sup sup |g/ﬁ(z)| <e

n—oo z€Dgr

This shows that sup |g/f\n(z)| — 0 as n — oo. Since sup |§(2)fn(2)| — 0 by our
z€Dpr z€DRr
assumption, we get

sup |3(2) fn(2) = gfn(2)] = 0 asn — oo.
z€Dgr

Combining with (2.7), we have
lim sup Hgfn - gfn”oo <e

Consequently we obtain
19 fn + 2 < 1190 — 9fnlloc — 0,
that is, Sy is compact and so 62-5’ C hg°. We complete the proof. (]
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