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ABSTRACT. Let H be a complex Hilbert space, B(H) the algebra of all bounded
linear operators on H and S*(H) the real linear space of all self-adjoint op-
erators on H. We characterize the surjective maps on B(H) or S%(H) that
preserve the numerical ranges of products or Jordan triple-products of opera-
tors.

1. INTRODUCTION

Denote by C the field of complex numbers and by R the field of real numbers.
For a Hilbert space H, (-,-) stands for its inner product, B(H) the algebra of all
bounded linear operators on H and S*(H) the real linear space of all self-adjoint
operators in B(H). For every A € B(H), the numerical range of A is the set
W(A) = {{Az,z) | = € H, ||z|| = 1} and the numerical radius of A is defined as
w(A) =sup{|A\| | A € W(A)}. Amap U on H is called a conjugate unitary operator
if U is conjugate linear and U*U = UU* = I.

Numerical range of operators is a very important concept and is extensively
studied in both theory and applications. Particularly, many authors have studied
numerical range preserving maps on various operator algebras; see [1]-[6], [9], [11],
[12], [I3, Chapter 5]. In this paper, we characterize surjective maps ¢ : B(H) —
B(K) such that

(1.1) W (6(A)p(B)) = W(AB) for all A, B € B(H).

Here H, K are two Hilbert spaces. This work is motivated by the result of
L. Molnéar [I0], who characterized surjective maps ¢ on B(H) such that

o(¢p(A)p(B)) =o(AB) forall A, B € B(H).
Here o(T) is the spectrum of T' € B(H).

In Section 2, we show that a surjective map ¢ : B(H) — B(K) satistying (1.1)
has the form ¢(A) = LUAU* for all A € B(H), where U is unitary. Also we show
that a surjective map ¢ : B(H) — B(K) satisfying
(1.2) W(p(B)p(A)p(B)) = W(BAB) for all A,B € B(H)
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1436 JINCHUAN HOU AND QINGHUI DI

must be a multiple of a C*-isomorphism (by a cubic root of unity). In Section 3,
we treat the problems for maps ¢ : S*(H) — S%(K). In Section 4, we characterize
the maps ¢ : B(H) — B(K) satisfying

W(p(A)*¢(B)) = W(A*B) for all A, B € B(H),

and

W (p(B)p(A)*¢(B)) = W(BA*B) for all A,B € B(H).
We obtain more general results covering these in the indefinite inner product space
context. Some remarks and questions are given in Section 5.

2. MAPs ON B(H)

In this section we discuss the question of characterizing maps which preserve
numerical ranges of operator products or numerical ranges of operator Jordan triple-
products. The following are our main results.

Theorem 2.1. Let H and K be complex Hilbert spaces and let ¢ : B(H) — B(K)
be a surjective map. Then ¢ satisfies Eq. (1.1) if and only if there is a unitary
operator U : H — K such that ¢ is of the form

p(A) = eUAU™
for all A € B(H), where e = £1.

Theorem 2.2. Let H and K be complex Hilbert spaces and let ¢ : B(H) — B(K)
be a surjective map. Then ¢ satisfies Eq. (1.2) if and only if there is a scalar A
with \> = 1 and a unitary operator U : H — K such that either

(1) ¢(A) = N\UAU* for all A € B(H); or

(2) ¢p(A) = NUAU* for all A € B(H), where Al is the transpose of A with
respect to an arbitrarily fixed orthonormal basis of H.

The next lemma is crucial for our proofs of Theorem 2.1 and 2.2 as well as other
results of this paper, which gives new characterizations of rank-one operators by
numerical range of operator products.

Lemma 2.3. Let A € B(H). The following conditions are equivalent:

(i) A is a rank-one operator.

(ii) For every B € B(H) with AB # 0, W(AB) is either an ellipse which has 0
as a focus or a line segment which has 0 as an end point.

(iii) For every B € B(H), BAB # 0 implies that W(BAB) is either an ellipse
which has 0 as a focus or a line segment which has 0 as an end point.

Proof. (i)=-(ii) and (i)=-(iii) are obvious since, under the assumptions, AB and
BAB are of rank one and the numerical range of every rank-one operator has the
form stated in (ii).

(ii)=-(i). Assume that rankA > 2. Then there exist linearly independent vectors
21,29 € H such that Azy L Azs and ||Azq|| = ||Aze|| = 1. Let B = az; ® Azy +
Bro ® Axo + yr1 ® Axo, o, 3,7 € C. It follows that AB = aAxy ® Az + fArs ®
Azg + yAx1 ® Azo. If o, § and y are all nonzero, then W(AB) is an ellipse which
has «, 8 as focuses, contradicting to the conditions of (ii).

(ii)=-(i). Assume, on the contrary, that A satisfies (iii) but rankA > 2. We have
to show that there exists a B € B(H) such that W(BAB) is neither an ellipse with
0 as a focus, nor a line segment with 0 as an end point.
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If dim H > 4, then there exists a rank-four projection P such that rank(PAP) >
2. In fact, there exist vectors x1,xs with x1 Lxs such that Az, and Az, are lin-
early independent. Let X = [z1, 29, Az, Axs], the linear subspace spanned by
{x1,29, Ax1, Az2}. Then dim X < 4 and Px APx has rank > 1. Here we denote
by Pp, the projection with closed subspace L as its range. Take any 4-dimensional
subspace Hy containing X and let P = Py,. It is obvious that rank(PAP) > 2.

Denote A1 = PA|g, € B(H,). If we have shown that there is an operator
B, € B(H,) such that ByA1B; # 0, 0 € W(B1A1By) but W(B1A;1By) is neither
an ellipse with 0 as a focus, nor a line segment with 0 as an end point, then, let

B = ( B;l 8 > . Tt is clear that W (BAB) is neither an ellipse with 0 as a focus, nor

a line segment with 0 as an end point since W(BAB) = conv{W (B A; B;)U{0}} =
W(B1A1By) as 0 € W(B1A1B1). Where conv(A) denotes the convex hull of the
set A. Thus we get a contradiction and then the proof of (iii)=(i) for the case
dim H > 4 is completed. So, the task of proving (iii)=-(i) is reduced to the four
dimensional case.

Identify B(H4) with My(C) and assume A € M4(C) has rank greater than 1.
Then there exists a transformation S : C? — C* with S*S = I, such that S*AS €

M>5(C) is invertible. Thus there is a 2 x 2 unitary matrix U = < ZH 312 >
21 U22

and there are positive numbers s1, sy such that S*AS = < 801 80 >U . Take
2
T:C*— C*sothat W= (S T )e MyC) is unitary. Then
S*AS  S*AT st 0 gear
WrAW = ( T*AS T*AT > =\ 0,
T*AS T*AT
Pick nonzero complex numbers b; and bs so that ﬂuslb% + ﬂggSgb% = 0. Let
B=W({U* ( %1 l? > @ 0)W* € My(C). Then
2

X o sibE 0 _( us1b? g1 s2b3
W BABW B U < 0 Szbg EB 0 B ﬂlgslb% ’1_1,2252173 @ 0

= 2 - 2
It is easily checked that the matrix 1_;115117% %2152()%
U1281b1 UQ282b2
values A\; and Ay with A\; + Ao = 0, and hence its numerical range, as well as the
numerical range of BAB, contains 0 but is neither an ellipse with 0 as a focus, nor

a line segment with 0 as an end point. This completes the proof. O

) has two nonzero eigen-

The rest of this section is devoted to proving Theorem 2.2. The proof of Theorem
2.1 is similar and we omit it here. To do this, we need two more lemmas which are
also useful in Section 4.

For finite rank operators in B(H) one can define a trace functional tr by tr(A) =

ZZ:1<$k, fk> when A = 2221 T @ fk

Lemma 2.4. Let A,C € B(H). If tr(BAB) = tr(BCB) for every rank-one pro-
jection B € B(H), then A= C.

Proof. Let B = = ® x, where x is a unit vector. Then B is a rank-1 projection
and every rank-1 projection takes this form. By the assumption, we have (Az, z) =
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1438 JINCHUAN HOU AND QINGHUI DI

tr(Az®x) = tr(BAB) = tr(BCB) = tr(Czx®x) = (Cz,x). Thus (Az,z) = (Cx, z)
holds for every unit vector x € H, which entails A = C since H is complex. (]

Lemma 2.5. Let T € B(H) be invertible. Then (T 'z, f\(Tx, f) = (x, f)> for
every z, f € H implies that there exists a A € C such that T = .

Proof. Fix a nonzero z € H. Then, for every f € [z]" C H, we have (T 'z, f) = 0
or (Tz, f) = 0 since (T, f)(Tx, f) = (x, f)* = 0.

Let M, = {f € [z]* | (Tz, f) =0} and N, = {f € [#]" | (T'x, f) = 0}. Then
M,UN, = [z]". Because [z]", M, and N, are all closed linear subspaces, we must
have M, C N, = [z]" or N, C M, = [2]*.

If N, = [z]", then T~z € [z]. So there exists a A, € C such that T~z =
Ao # 0, that is, Tz = A\, ‘.

If M, = [z]*, then Tz € [z], that is, Tz = A, for some scalar A,.

Since x is arbitrary, we see that, for every = € H, there is a scalar A\, such that
Tx = Agzx. This implies that there exists a A € C such that T' = AI. (I

Now we are in a position to prove Theorem 2.2. Note that, if two rank-one oper-
ators have the same numerical ranges, then they have the same nonzero eigenvalues,
and hence have the same traces. This simple observation will be used frequently in
this paper.

Proof of Theorem 2.2. 1t is clear that we need only to check the necessity. Suppose
that ¢ satisfies Eq. (1.2). For the sake of simplicity we assume K = H.

First we check that ¢ preserves rank-one operators in both directions. Let A €
B(H) be a rank-one operator. For every T' € B(H), there exists a B € B(H) such
that T = ¢(B). It follows from W(T'¢(A)T) = W(BAB) and Lemma 2.3 that ¢(A)
is a rank-one operator. Similarly, ¢(A) is a rank-one operator will imply that A is
a rank-one operator, too.

Second we show that ¢ is linear. Let A, A" € B(H) be arbitrarily given and let
B € B(H) be a rank-one operator. Notice that, for rank-one operators T and S,
W(T) = W(S) will imply tr(T) =tr(S). Then Eq. (1.2) implies that

tr(¢p(B)(¢(A+ A)p(B)) = tr(B(A+ A)B) = tr(BAB) + tr(BA'B)

= tr(6(B)@(A)¢(B)) + tx(6(B)$(A)(B)) = tr(#(B)(#(A) + $(A)$(B)).
Since ¢(B) runs over all rank-one operators when B runs over all rank-one op-
erators, Lemma 2.4 ensures that ¢(A + A') = ¢(A) + ¢p(A), ie., ¢ is additive.
Similarly, we can check that ¢ is homogeneous.

So, ¢ is a linear bijection on B(H) preserving rank-one operators in both direc-
tions. It follows from [8 Lemma 1.2], either

(i) there exist bijective linear operators U and V on H such that ¢(z ® f) =
Ur@Vf (Yo, f € H); or

(ii) there exist bijective conjugate linear operators U and V on H such that
Pz f)=Ufc Ve Vz,f € H).

Suppose the case (i) occurs, we will show that ¢ has the form (1) stated in
Theorem 2.2. By Eq. (1.2), we have W(z ® f) = W(¢p(D)o(z @ f)o(I)). So,
by taking trace, (z, f) = <¢(I)2Ux,Vf> holds for every x,f € H. It follows
that U,V are bounded and V*¢(I)*U = I. Eq. (1.2) also yields that ¢(I)° =
G(I)~". Hence V*¢(I)"'U = I, ie., ¢(I) = UV*. As V*¢(I)U = V*UV*U and
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V*UV*UV*U = I, we have V*UV*U = (V*U)~. Since W((z @ f)I(z ® f)) =
W((Uz@Vf)p(I)(Uz @V f)), we see that (z, f)* = (V*¢(I) Uz, f)(V*Uz, f), that
is, (z, f)* = (V*U) 'z, fY{V*Uz, f) holds for all z, f € H. By Lemma 2.5, there
exists a A € C such that V*U = M. Notice that I = (V*U)? = A3I, so A*> =1 and
V* = AU~!. Thus we have ¢(z ® f) = \U(z ® f)U~! for all rank-one operators
z ® f, where \3 = 1.
Now, for every A, we have
WUz HUT$(AU (@ HUT) =W((@e A e f)).
So tr(A2(z@ fU 1 p(A)U(z®@ f)) = tr((z® f)A(z® f)). It follows from Lemma 2.4
again that A\2U~1¢(A)U = A. Hence ¢p(A) = \UAU ! holds for every A € B(H).
Let € H be a unit vector; then we have
0,1] =W((z@z)(z@z)(z @) = W(d(rz)d(r@z)p(r @ x))
WUz U WU(e)U ' U(r@2)UY) =WUzozU ).
This implies that Ur ® (U~1)*z is a rank-one projection and hence (U~1)*z is
linearly dependent of Uz for every unit vector x. It follows that (U~1)* € [U] and
there exists a p > 0 such that UU* = ul. Let Uy = (\/,E)’lU7 then U, U;* = I. So
¢(A) = \U1 AU, ™ for all A € B(H), where A*> = 1 and U is unitary. Hence ¢ has
the form (1) stated in Theorem 2.2.

Assume the case (ii) occurs, let us show that the form (2) in Theorem 2.2 holds
true. Taking A =z ® f and B = I in the equation (1.2), we get

W)U f@Vx)p(I)) =W(p(I)d(x® f)o(l)) =W(z® f).
Note that both U and V are conjugate linear. So by taking trace we have (z, f) =
(DU f,d(I)*Vz) = (=, V*¢(I)2Uf> for every x, f € H. Now it is easily checked
that both U and V' are bounded, and V*QS(I)QU = I. Thus, similar to the corre-
sponding part in the proof of case (i) above, one gets ¢(1)° = ¢(I)"", ¢(I) = UV*,
and V*UV*U = (V*U)~!. The equation

W(ze Hi(ze f)=WUfeVe)e(I)(Uf @ V)
yields that

()= (6(DOUf,Va)(Uf, V) = (a2, VDU f)(z,V*Uf)
(@, (V*U)~ )=, VU f)

for every z, f. By Lemma 2.5 we see that V*U = A with \> = 1. Now for every
A, it follows from W((Uf @ Va)p(A)(Uf @ Va)) = W((z® f)A(z ® f)) that

tr((z @ f)A(z @ f))
=tr(Uf @ Va)p(A)(Uf @ Va)) = ($(AUf, Va)(Uf,Va)
= (U ¢(A) Va, f) (2, VUf) = (U*$(A)* ANU) )z, f){z, Af)
= (NU*G(A)" (U") e, f){z, f)
= tr((z @ ) NU*S(A) " (U"))(z @ f))
for every rank-one operator x ® f. By Lemma 2.4, we obtain that

XU (A (U*) ' = A,

that is, B
p(A) = \UA*U!
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for every A € B(H). Now it is trivial to check that U can be taken as a conjugate
unitary operator. Pick an orthonormal basis {e; | j € J} and define a conjugate
unitary operator J : H — H by Jx = Zjejgej ifo=73",cs&e;. Itis clear that
J? =1,J"=J and A* = JA'J, where A' is the transpose of A with respect to
the basis {e; | j € J}. Let Uy = UJ and a = A. Then, U; is a unitary operator,
a® =1 and ¢(A) = aU; AU} for all A € B(H), finishing the proof. O

3. MAPS ON THE SPACE OF SELF-ADJOINT OPERATORS

In this section we characterize the maps on the real linear subspace S*(H) of
all self-adjoint operators on a complex Hilbert space which preserve the numerical
ranges of products of operators.

Theorem 3.1. Let H, K be complex Hilbert spaces and let ¢p: S*(H) — S*(K) be
a surjective map. Then

(3.1) W(¢(A)o(B)) = W(AB)
for all A, B € §“(H) if and only if there is a unitary operator U : H — K such
that ¢ is of the form
d(A) = eUAU™
for all A € §°(H), where e = £1.

Similar to Section 2, our proofs are based on the following characterizations of
rank-one self-adjoint operators.

Lemma 3.2. Let A € S%(H). The following conditions are equivalent:

(i) A is of rank one.

(ii) For every B € S*(H), AB # 0 implies that W(AB) is either an ellipse with
0 as a focus or a line segment with 0 as an end point.

Proof of Theorem 3.1. Suppose that ® satisfies Eq. (3.1). Applying Lemma 3.2 we
can prove that ¢ preserves rank-one operators in both directions and ¢ is real linear.
Thus ¢ preserves adjacency in both directions with ¢(0) = 0. By [7], there exists a
bijective linear or conjugate linear operator V on H and a real scalar ¢ € R\ {0}
such that ¢(x @ ) = cVa @ Vz for all z € H.

For every x € H with ||z|| =1, we have z ® x = (z ® z)(z ® x). Hence

0,1] = W(z ®z) = W(g(z @ 2)*) = &|Va|*[0, ||Val|?].
It follows that ¢ |[Vz|* =1, |[Va| = ﬁ”m” for every x € H. Let U = /|c|V;

then U is a unitary or conjugate unitary operator such that

1 1 _
Ux®TUa:=c\c| W@ Uz = Uz @ Ux
c

—
Vel Vel
with € = £1.

There is no loss of generality in assuming that e = 1.
If U is unitary, then for every rank-one operator T' € S*(H), we have ¢(T) =
UTU*. Thus, for each A € S*(H),

W(Az@z) =W(@(A)p(z @) =W(p(A)U(z @ 2)U™)
= W(U*¢(A)Uz @ z)

Pxzr)=cVe@ Ve =

and hence
(U*op(A)Uz,x) = (Az, x)
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for all x € H. This ensures that
p(A) =UAU" for all A € S*(H),

that is, ¢ has the form stated in the theorem.

We assert the case that U is a conjugate unitary operator cannot occur. Assume
on the contrary that U is conjugate unitary such that ¢(x ® ) = Uz ® Uz for all
x € H. It follows that, for every A € S*(H) and every x € H,

WAz @ z) = W(d(A)p(x @ z)) = W(p(A)Uz @ Ux)
and consequently,

(x, Az) = (Az,x) = (¢(A) Uz, Uzx) = (x, U p(A)Ux).
Thus we still have ¢p(A) = UAU* for every A € S(H). On the other hand, for
T € B(H),

UTU z,z) = Uz, TU*x) = (T*U*x,U*z),
so W(UTU*) =W(T*) = W(T)*. Thus we get
W(AB) = W(¢(A)$(B)) = W(UABU*) = W(AB)* = W (BA)

for all A, B € §*(H), which is impossible. The proof is completed. O

4. MAPS PRESERVING NUMERICAL RANGES OF SKEW PRODUCTS

The purpose of this section is to classify the maps which preserve numerical
ranges of skew products or Jordan skew triple-products of operators on Hilbert
spaces, i.e., the maps ¢ which satisfy

W(¢(A)*¢(B)) = W(A"B) or W(a(B)¢(A) ¢(B)) = W(BA"B).

Taking indefinite inner product structures into consideration, we discuss it here in
a more general situation. In fact, we show that

Theorem 4.1. Let H; be complex Hilbert spaces and S; € B(H;) invertible self-
adjoint operators, i = 1,2. Let ¢ : B(Hy) — B(Ha2) be a surjective map. Then
(4.1) W (S5 ¢(A)"S20(B)) = W (S A"S1B)

holds for all A, B € B(Hy) if and only if there exist a nonzero real number ¢ €

R\ {0}, a linear invertible bounded operator U € B(Hy, Ha) and a unitary operator
V € B(Hy, Hs) satisfying U*SaU = cUSy and S2V = ¢V Sy, respectively, such that

p(A) =UAV*
for all A € B(H,).

Theorem 4.2. Let H; be complex Hilbert spaces and S; € B(H;) invertible self-
adjoint operators, i = 1,2. Let ¢ : B(Hy) — B(Hz) be a surjective map. Then

(4.2) W ($(B)Sy ™ ¢(A)*S2(B)) = W(BS, ' A* S, B)

for all A, B € B(Hy) if and only if there exist a number ¢ € R\ {0} and a unitary
operator U such that either

(1) U*S;'USy = cI and $(A) = UAU* for all A € B(Hy); or

(2) StU*SU = ¢l and ¢p(A) = UAU* for all A € B(Hy). Where At is the
transpose of A with respect to an arbitrarily fized basis.
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In particular, if both S; and S5 are the identity, we have

Corollary 4.3. Let H, K be complex Hilbert spaces and let ¢ : B(H) — B(K) be a
surjective map. Then

(4.3) W(o(A)*¢(B)) = W(A"B)

for all A,B € B(H) if and only if there exist unitary operators U and V in
B(Hy, Hy) such that ¢ is of the form

p(A) =UAV”
for all A € B(H).

Corollary 4.4. Let H, K be complex Hilbert spaces and let ¢ be a surjective map
from B(H) onto B(K). Then

(4.4) W(d(B)p(A) $(B)) = W(BAB)

for all A, B € B(H) if and only if there exists a unitary operator U such that either
d(A) = UAU* for all A, or ¢p(A) = UAU* for all A.

So, Eq. (4.3) and Eq. (4.4) give a characterization of #-isomorphisms multiplied
by a unitary and a characterization of C*-isomorphisms between B(H) and B(K),
respectively.

We give a proof of Theorem 4.2 here. The proof of Theorem 4.1 is similar.

Proof of Theorem 4.2. 1t is clear that we need only check the “only if” part. As-
sume that ¢ satisfies the Eq. (4.2). For A € B(H;), T € B(Hy,H3) and S €
B(Hy, Hy), we denote AT = S71A*S, Tt = S7'T*Sy and ST = S;15*S, re-
spectively. It is clear that t is an involution, i.e., (BT) = B, (BC)' = CTBf,
(aB+ C) = aB’ +CT and (B~!)T = (B")~!. Thus the equation (4.2) becomes

(4.5) W(¢(B)¢(A)'¢(B)) = W(BA'B)

for every A, B € B(H;) and ¢ satisfies Eq. (4.5).

Similar to the proof of Theorem 2.2 in Section 2, we can show that ¢ is a linear
bijection preserving rank-one operators in both directions. Thus, either

(i) there exist bijective linear operators U : Hy — Hs and V : Hy — Hj such
that ¢(z ® f) =Uxz @V f (Vx, f € Hy); or

(ii) there exist bijective conjugate linear operators U : Hy — Hs and V : Hy —
H, such that ¢p(a ® f) =Uf @ Va Vo, f € Hy).

Suppose first that ¢ takes the form (i). Let A = B = I in (4.5), we get
d(D oI o(I) = 1. So (1) is invertible and ¢(I)" = ¢(I) 2.

Let B=1Tand A=z ® f in (4.5), we get

W (p(I)Sy H(Vf @ Ux)Sag(I)) = W(s(D)o(z @ f) p(I))
= Wz f))=W(S '(f®)S).

So (p(1)So 'V f,6(1)*SoUx)= (S1 ' f, S1x)=(f,x). Tt follows that U and V are
bounded, and (¢p(I)*SoU)*¢(I)Sy ™'V =1, i.e.,

U*Sa¢(1)°S, ™1V = 1.
As ¢(INT = ¢(I)~2, we have ¢(I) = UV*, and consequently,
S = 6N = (V) U (v o
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Taking A=Tand B=2zQ f (x, f € Hy) in Eq. (4.5), we get

W((UzeV o) (UzaVf)=Wd(xe o) e ) =W({(ze )z f).
This yields
(DD Uz, VU, V) = (, )
for every z, f € Hy. So (V*¢(I) Uz, f)(V*Uz, f) = (x,f)g, that is,
UV VU ) = (, f)°

for every z, f € H;. By Lemma 2.5 in Section 2 we see that there exists a A € C
such that V*U = M. Hence V* = \U™Y, ¢(I) = UV* = X and M = ¢(I)T =
#(I)~2 = X721 Since |\?A = 1, we get A = 1. It follows that
(4.6) Pz f)=Uxe U!
for every z @ f € B(Hy).

Now, let A € B(H;). For any rank-one operator B =z ® f, Eq. (4.5) gives that

WUz ® U '¢(A) Uz fIU)
= W(s@@ Aoz f)) =W(xe A (@ f)).
Thus we have tr((z® f) U t¢(A) U (z® f)) = tr((z® f)AT(z @ f)) for every z® f,
and by Lemma 2.4 in Section 2, we get U 1¢(A)TU = AT. So we have shown that
(4.7) p(A) = (U HAUT = (UT)TAUT
holds for every A € B(Hy). Egs. (4.6) and (4.7) together yield that
¢ f)=U ) (= HUT=U@e HU

for every z,f € Hy. So (U!)Tz and Uz are linearly dependent for every x € Hy,
and then, there exists a € R\ {0} such that UUT = puI.

In Eq. (4.5), let A =1 and B = 2 ® x, where © € H; with ||z|| = 1. Then
0,1] =W(z®z) =W (U (z®@2x)UT), this entails that (UT) "'z and (UT)*x are
linearly dependent. So there exists a scalar a > 0 such that (UT)*UT = al. This
implies that there is a unitary operator U; and an ag € R such that ap? = o and
(UT)* = apU;. Thus we have

o(A) = U, AU
for every A S B(Hl) Note that ,LLI = U[]]L = aoz(Ul*)TUl* = Oz(U1*)TU1*. Let
¢=ap L then U,TU; = ¢l ie.,
SflUl*SgUl =cl.
So ¢ has the form stated in Theorem 4.2 (1).

Assume that the case (ii) occurs. We will show that ¢ has the form stated
in Theorem 4.2(2). Note that U and V are conjugate linear bijections, a similar
argument as that in the beginning of case (i) shows that both U and V are bounded,
H(I)T = ¢(I)72 and ¢(I) = UV*. Let A=1 and B =2 ® f in Eq. (4.5), then we
get

W((UfoVa)p(D'(Ufe V) =W(pze o) ¢z f) =W({(z f)(zo [)).
This implies that

((D)TUL,Va)(Uf, V) = (x, f)*
for every z, f € Hy. So (z, V*¢(I)TU f){(z, V*Uf) = (z, f)?, that is,

(@, UL (V) )@, VU f) = (2, f)?
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for every z, f € H;. By Lemma 2.5 we see that there exists a A € C such that
V*U = M. Hence V* = A\U™Y, ¢(I) = UV* = X and M = ¢(I)t = ¢(I)72 =
A721. Tt follows that A = 1 and

(4.8) P f)=Ufe U") ‘z

for every x ® f € B(H;). Let A € B(H;). For any rank-one operator = ® f, Eqs.
(4.5) and (4.8) together imply that

W((Uf @ U") 2)p(A) (Uf o (U*) ') =W(@e ATz e f)),
and hence
tr((z ® NUH(S(A)N)(U)Hz e ) = tr((z© AT (@ @ ).
Applying Lemma 2.4, we see that U*(¢(A))*(U*)~! = Al ie.,
U*Sap(A)Sy H(U*) ™1 = S71A*S,.
Thus we have proved that
(4.9) $(A) = 1 AU

for every A € B(H;), where Uy = (51U*S3) ™! is a conjugate linear operator. Then,
for any x ® f we have

(Ufex)Ui'=¢(ze f)=Ufe (U*) ',

this implies that U; f is linearly dependent of U f for every f € H;. Thus we must
have Uy = U and ¢(z ® f) = Uy f ® (UF) " tx for every z ® f.
Now, for every unit vector z € Hy, since

0,1] = Weez) =W z)eI)i¢z o))
= WU (z @2)U; ' Uy (z @ 2)UT ) = W (U @ (Uf) ),

we see that (U7)~! = pU; for some 8 > 0. Let V; = /BU;. Then V; is conjugate
unitary and

P(A) = V1AV

for all A € B(Hy). Equivalently, there exists a unitary operator Us : H; — Hj such
that

(4.10) #(A) = Uy A'U;

for all A, where A! is the transpose of A with respect to an arbitrarily fixed or-
thonormal basis. By substituting Eq. (4.10) in Eq. (4.2) with B being rank one,
and noting that W(T*) = W (T), it is easily checked that

tr(B'U5 Sy ' U (AN U; SoUs BY) = tr(BY (S A*S,)! BY).
By Lemma 2.4 again, we get U Sy 'Us(AY)*Us SoUy = (S;1A*S;)t. This implies

that there is a scalar ¢ such that Uj SaUs = ¢(St) L. So StU;SoUs = cl as desired.
The proof is finished. O
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5. REMARKS AND QUESTIONS
Before concluding this paper we give some remarks and propose a question.

Remark 5.1. The results in this paper are still valid if we replace the numerical
range by the closure of numerical range. Moreover, Theorems 2.1 and 2.2 are still
true if we replace B(H) and B(K) by standard operator algebras A on H and B
on K, respectively. Recall that a standard operator algebra on H is a subalgebra
of B(H) which contains the identity I and all finite rank operators. Similarly,
Theorems 4.1 and 4.2 still hold if we replace B(H;) (B(H) and B(K)) by standard
f-operator algebras A4; on H; (A on H and B on K, resp.).

Remark 5.2. Based on the results and the methods in this paper, it is not difficult to
classify the surjective maps that preserve numerical ranges of k-products (or skew
k-products) of operators with k > 2 of the form A7'A3*--- A*, where AT" = A; or
Af. For example, let ¢ : B(H) — B(K) be a surjection such that

W(p(A1)p(Az2) ... ¢(Ak)) = W(A1Az ... Ay)

for all Ay, Ay, ..., Ay € B(H). Then particularly we have W (¢(I)*~2¢(A)¢p(B)) =
W (p(A)d(B)p(I1)*—2) = W(AB) for all A, B. Similar to the proof of Theorem
2.2, it is easily checked that ¢(I) is invertible, ¢ is linear and preserves rank-one
operators in both directions. It follows that ¢(I) is a multiple of the identity I, and
there exists a unitary operator U and a kth root A of 1 such that ¢(A) = A\UAU*
for all A € B(H).

It is natural and interesting to ask similar questions as in this paper for a more
general case of the numerical radius.

Question 5.3. How do we classify the maps which preserve the numerical radius
of operator products or operator Jordan triple-products?
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