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ABSTRACT. The investigation of convergence of cascade sequence plays an im-
portant role in wavelet analysis on the Euclidean space and also in wavelet
analysis on the Heisenberg group. This paper characterizes the LP(H%) (1 <
p < oo)-convergence of cascade sequence on the Heisenberg group in terms of
the p-norm joint spectral radius of a collection of matrices associated with the
refinement sequence and gives a sufficient condition.

1. INTRODUCTION

In the theory of wavelets, if one goes beyond the Euclidean space R?, the first
and perhaps the most important case is the Heisenberg group H?. The theory of
admissible (continuous) wavelets on the Heisenberg group was established in [6].
[10] gave a result on the existence of the orthogonal (discrete) wavelets on the
Heisenberg group and showed that at most countably many solvable Lie groups are
suitable for building multiresolution analysis. In [7] Peng constructed two kinds of
orthogonal wavelets on the Heisenberg group. To our best knowledge, whether the
Cohen’s condition holds on the Heisenberg group has not been proved. Thus, the
convergence of cascade sequence may be the only method to check the existence of
refinable functions and to check the orthogonality of shifts of refinable functions on
the Heisenberg group. Therefore, the investigation of the convergence of cascade
sequence is important in wavelet analysis on the Heisenberg group. In this paper
we shall investigate the convergence of cascade sequence in LP(HY) (1 < p < o0)
on the Heisenberg group. We partly extend the results of convergence of cascade
sequence on the Euclidean space in [2] to the Heisenberg group.

The Heisenberg group H? is a Lie group with the underlying manifold R x R% x
R and the multiplication

(1) (x,y, )2,y t) = (w+ 2, y+ o, t +t + 22"y — 2z2y),
where x = (1'1,"' ,Zd),fﬂ/ = (xllv ,x:j)ay = (yl;"' 7yd)ay/ = (ylv"' ,yd) S Rda
and t',t € R.
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1414 HEPING LIU AND YU LIU

Let T = {(m,n,1) € H® : m,n,€ Z% [ € Z} be a discrete subgroup of H¢
satisfying al' C I', where « is the homogeneous dilation of Heisenberg group defined
by a(z,y,t) = (2z,2y,4t). Let Ty be a complete representative of distinct right
cosets of I'/a(T) such that 0 € T'y. It is easy to show that [al',I'] = 2%, where
Q = 2(d + 1) is the homogeneous dimension of Heisenberg group. For example,
when d = 1, we can choose

(2) Io={e=(e1,€a,€3): €1,e0 =0, or 1;e3 =0,1,2, or 3}.
The discrete subgroup I' acts on H? by

(3) U’yf(xvyat) = U(m,n,l)f('ra y7t) = f(’yil(xvy’t))
:f(x7m7y7n7t7l72(nx7my))v

where v = (m,n,l) €I and f € LP(H?).
The dilation « acts on LP(H?) by

(4) af (@,y.t) = f(a(w,y.1)) = f(22,2y.4t), f € LP(H").
It is obvious that the operators U, and o are not commutative, but we have U,a =

aUaq(y)-
The homogeneous norm on the Heisenberg group is defined as follows:

(5) | (z,y,t) |= max((|z > + |y [1)2,] £]2), (z,y,t) € HL

The theory of multiresolution analysis on the Heisenberg group has been estab-
lished in [I0]. See [7] and [10] for the definition of multiresolution analysis on the
Heisenberg group.

For a given multiresolution analysis on the Heisenberg group, there exists 2¢ — 1
wavelet functions {1}, e € ') := To\{0}, such that {DU,1°}.crg er, jez forms

an orthonormal (wavelet) basis for L2(H?), where D7 f(-) = Q%ajf(-). This fact
can be proved by the general approach in [I].

In order to investigate the convergence of cascade sequence, we shall consider
the refinement equation

(6) ¢ =Y h(y)al,¢.
yel’
The nonzero solution of this equation is referred to as («a, h) refinable function and
h = (h(7))~er is called a refinement sequence. In this paper, we assume that the
refinable function ¢ is compactly supported and satisfies fHd d(q)dg = 1. Also,
we assume that the refinement sequence h is finitely supported and satisfies the
normalized condition
> h(y) =29,

yel

where @ is the homogeneous dimension of H?.
Starting with a compactly supported function ¢, we define

(7) d)n-&-l = Zh(’Y)O‘U'yébna n:051727"' .
~el

The sequence () is called the cascade sequence associated with the refinement
sequence h. We shall say that the cascade sequence converges (strongly) in LP(H?)
if || ¢ — ¢ ||[p— 0 as n — oo. Many works are concerned with the convergence
of cascade sequence on the Euclidean space. In [4] W. Lawton, S. L. Lee and
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CASCADE SEQUENCE ON THE HEISENBERG GROUP 1415

Z. W. Shen investigated the L?(R%)—convergence of cascade sequence in terms of
the spectrum of the restricted transition operator. In [2] Bin Han and Rongqing
Jia characterized the LP(R?) (1 < p < oo)—convergence of cascade sequence by the
joint spectral radius. However, there are few papers concerned with this subject
on the Heisenberg group. Lawton extended the theory of refinable functions to a
connected nilpotent Lie group G and investigated the L?(G)-convergence of cascade
sequence in [5]. Based on these papers, we shall give a characterization of the strong
convergence of cascade sequence on the Heisenberg group.

We denote by N,Z, R the set of the positive integer, the integer, and the real,
respectively throughout this paper.

2. CONVERGENCE OF CASCADE SEQUENCE ON THE HEISENBERG GROUP

In order to solve the refinement equation (Bl), we start with a compactly sup-
ported function ¢ € LP(H?) (1 < p < oo) and use the iteration scheme f, =
Ty, n=0,1,2---, where T}, is the bounded operator on LP(H?) given by

(8) Tho =) h(v)alyp,
vyer
with the refinement sequence h finitely supported on I'.

Lemma 1. Let h be a finitely supported refinement sequence on I, and let T}, be
the bounded operator defined by [8l). Then

(9) T = ha(7)a"Usep,
vel
where the sequences h, are given by
(10) hi=h and hy(y)=_ h(af hn—1().
Bger

Proof. This can be proved by induction on n. Indeed, (@) is valid for n = 1. Suppose
n > 1 and (@) is true for n — 1. Then by the induction hypothesis we have

Tpe = Tp ' (The)

= ) hua ()" UL (The)
vel

= Zhn,l( o 1U Zh aUﬁnp
~eT Bel

= Zzhnfl(v)h(ﬁ)anUa(v)ﬁ@
Ber el

= > (D ol (7)718))a"Upp
Ber  ~er

= > ha(B)a"Usep.
Ber

To describe our main result, we introduce the linear operator A.(e¢ € T'y) on
Io(T) as follows:

(11) Acv(y) =Y hla(v)eB™Mu(B), v € lo(T),

Ber
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1416 HEPING LIU AND YU LIU

where [(T") is the space consisting of all finitely supported sequences on T.
Let A be a finite collection of linear operators on a finite dimensional vector

space V. For a linear operator A on V', we define ||A| = ”mHax {||Av||}.
For a positive integer n we denote by A™ the Cartesian power of A. A" =

{(Ay,---,A,) + Ay,--- A, € A}. When n = 0, we interpret A° as the set {I},
where I is the identity mapping on V. Let

[A"|oo = max{||A;---Apll : (A1, -, A4,) € A"}
Then the uniform spectral radius of A is defined by
1
poo(A) = Tim [IA"]E.
n—oo

The uniform joint spectral radius was introduced by Rota and Strang in [§].
The p-norm joint spectral radius of a finite collection of linear operators was
introduced by Jia in [3]. We define, for 1 < p < oo,

A= D> A AP )

(A1, Ap)EA™

For 1 < p < oo, the p-norm joint spectral radius of A is defined to be
1
pp(A) = lim [[A"]5
n—oo
It can be easily verified that this limit exists, and

(12) lim [A"

1 1
;= inf |A"|5
¢ = Inf |A%]}5

Clearly, p,(A) is independent of the choice of the vector norm on v. If A consists
of a single linear operator A, then p,(A) = p(A), where p(A) denotes the spectral
radius of A, which is independent of p. If A consists of more than one element,
then p,(A) depends on p in general. By some basic properties of {?, we have that,
for1 <p<r< oo,

(13) (#A) 775 pp(A) < pr(A) < pp(A),

where #A denotes the number of elements in A. Furthermore, it is easily seen from
the definition of the joint spectral radius that p(A) < poo(A) for any A € A.

Lemma 2. Let A.(e € Ty) be given by ) and v € lo(T"). Suppose

£=a"(7)a" (en) - alez)en,
where €1, & € Lo,y € . Then
(14) (hn *0)(€) = (Ae,, -~ Acy ) (7)-
Proof. This can be proved by induction on n. For n = 1, we have
(hy % 0)(€) = D> h(EB0(B) =D h(a(y)e1f)o(B) = (Ae,v) (7).
ger ger

Hence (I4)) is true for n = 1.
Suppose n > 1 and (4 is valid for n — 1. By (EI])]) we have

(hn #0)(€) = Y hn(E870(B) = Y3 ha () h(a(n) ~'€B~ v (B).

per BET nel’
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CASCADE SEQUENCE ON THE HEISENBERG GROUP 1417

Write £ = a(fl)sl, where & = O[n_l(’y)an_Q(gn) ... gy. Then
(hn % 0)(€) =D D humamu(B)haln™ 6)e18) = Y hnor(n)Acyo(n~"1).
nel’ gel’ ner

By the induction hypothesis we obtain

(hn #0)(§) = (hn—1% Ac,v) (1) = (Ae,, -+ Aey) (A2, 0) () = (Ae, - Ay Ay 0) (7).
This completes the induction procedure.

A subspace W of V is said to be A-invariant if it is invariant under every operator
Ain A. Let X be a subset of V. The intersection of all A-invariant subspaces of V'
containing X is invariant, and we call it the minimal A-invariant subspace generated
by X. This subspace is spanned by the set

{A1---Ajz:xe X, (A, 4 €N j=0,1,---}.
If V is finite dimensional, then there exists a positive integer k such that the set
{Ay-Ajz v € X, (A, ,Aj) € M,j = 0,1,-- ,k} spans the minimal A-
invariant subspace generated by X.
We define, for 1 < p < oo,

Aol = D0 A Al )P
A, Ay €A
and, for p = oo,
IA"v]|0o = max{||A1--- Apv|| : (A1,---,A4,) € A"}
For 1 <p < o0, IP(T") denotes the Banach space of all sequences on I' such that
lally < o0, where Jlall, = (3 |a(1)[?)7 (1< p < 00) and allsc = supla(y)]

~el e
Let v € [p(T"). For v € ', we denote by V., the right difference operators on [(I")

V() = v(-) = v(-).
In the following lemma, the underlying vector norm on ly(T') is chosen to be the
norm on [P(T).

Lemma 3. Let A = {A.,e € Ty} and v € l[o(T"). Then

(15) A" [lp=[ b * v [|p, 1 <p <00,
where h, is defined by (EEII) and h,, * v is given by
(hp *v) Z hn (8 1y, vy eT.
Ber

n—l(

Proof. Suppose & = a"(7)«w €n) - aleg)er, where g1, e, € Ig and v € T.

Then by Lemma 2l we have
(hn % 0)(§) = (Ae,, -+ Acyv)(7)-
Hence (I3 is true for p = co. When 1 < p < oo, we have
[ Bn %0 [lp= Z | B % 0(€) |P= Z Z | Ac,, - Aeyo(y) [P
ger €1, ,en€lgyel

This verifies (I3 for 1 < p < occ.
Suppose that A = {A.,e € Tp}. We claim that, for each v € [3(T"), the minimal
A-invariant subspace generated by v is finite dimensional. In order to establish this
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1418 HEPING LIU AND YU LIU

result, we shall introduce the concept of admissible sets. For a finite subset K of T,
recall that {(K) is the linear subspace of [5(I") consisting of all sequences supported
on K. A finite subset K of I' is said to be admissible for A if [(K) is invariant
under A (see [2]). The following lemma shows that there exists a finite subset K of
" such that K contains the support of v and is admissible for all A.(e € Ty).

Lemma 4. Suppose h is a sequence on I with the support Q@ = {y € T : h(vy) # 0}
being finite. Let A, be the linear operator on lo(T') given by (). Then a finite
subset K of I' is admissible for A = Aq if and only if

(16) a ' (QK)NT C K.

Consequently, for any finite subset G of I, there exists a finite subset K of T’
such that G C K and K is admissible for all A.,e € T'y.

Proof. Suppose K is admissible for A. Let v € a~1(QK)NT. Then a(y) =n3,3 €
K,n € Q. It follows that Ads(y) = h(a(y)B3~1) = h(n) # 0. Since K is admissible
for A, we have Ads € [(K) and v € K. This shows that (I8 is true.

Conversely, suppose ([I0) is true. Let v € [(K) and v € T'. Then Av(y) =
> ger h(a(y)B~Hv(B) # 0 implies that a(y)3~1 € Q for some 8 € K. It follows
that a(y) € QK. Therefore, v € a }(QK)NT, and v € K. This shows that A
maps [(K) to [(K). In other words, K is admissible for A.

From the above proof we see that a subset K of I' is admissible for A, if and
only if

(17) a ' (QKe Y C K.
Now suppose G is a finite subset of I'. Let
H=aGUQU{0},

Ky = |J(a Y (H)a2(H) - a—"(H)),
Ky = J(a(gh) - a=2(T5 a1 (T ),

and
K = (K1K5)NT.

In other words, v € K if and only if v € I" and v = 12, where 71 € Ki1,7v2 € Ka.
Since 0 € H and G C a 'H, we have G = GNT C o 'HNT C K. Moreover,

a Y OQKe H)NT C (o' (H)a Y (Ky)a " (K)a " (e1))NT C (K1 K)NT = K.
Thus, K satisfies (IT7)). Hence K is admissible for A.,e € T'y.

Lemma 5. Let A be a finite collection of linear operators on a vector space V. Let
v €V, and let V(v) be the minimal A-invariant subspace generated by v. If V(v)
is finite dimensional, then

1

(18) Tim [[A"0]F = pp(Alvr):

We omit the proof of Lemma [ because it is similar to that of Lemma 2.4 in [2].
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CASCADE SEQUENCE ON THE HEISENBERG GROUP 1419

Theorem 1. Let the refinement sequence h be finitely supported. Let A = {A. : ¢ €
Lo}, where A. are the linear operators on lo(T") given by (). Then for v € lp(T),

1
(19) Tim [ 0]F = pp({Aclvey € € To)),

where V (v) is the minimal A-invariant subspace generated by v. Moreover, if W is
the minimal A-invariant subspace generated by a finite set Y, then

1
(20) pp({Aclw : € € To}) = max{ lim |h, = vl }.
veEY n—oo

Proof. By Lemma [ V (v) is finite dimensional, and so the relevant joint spectral
radius in (20)) is well defined.
By Lemma [3] we have

th*UHp = ||AnUH;D7 1 Spg o0, = 1727"' .

Applying Lemma [l to the present situation, we obtain (I9).
To prove the second part of the theorem, we note that W is a finite sum of the
linear subspace V(v),v € Y. Hence

pp({Aclw = e € To}) = max{p,({Aclv (o) : € € To})}-
This, together with (I9)), verifies ([20).

The next theorem gives a sufficient condition about the convergence of the cas-
cade sequence on the Heisenberg group.

Theorem 2. Let h be a finitely supported refinement sequence and Zwer h(y) =

m=29. If

. 1 E
(21) nh_{go IVihnllg <m?, j=1,2,---,2d+1, V; =V,,,
where e, -+ ,eaq+1 are the unit coordinate vectors in R24t1 then the cascade se-
quence associated with the refinement sequence h converges in the LP—norm (1 <
p < 00).

Proof. To simplify the statement we give the proof of the theorem in case of d = 1.
Of course, it holds when d # 1. Let A. (¢ € T'y) be the linear operators on lo(T")
given by ([I) and W the minimal invariant subspace of A, (¢ € T'y) generated by
V;d (j =1,2,3). Then W is finite dimensional, and by Theorem [ we have

5}
.
3

pp = pp({Aclw : e €To}) = g%{nlggo 1V han

Thus (21 is equivalent to p,({Ac|lw : € €To}) < mr.

We pick a compactly supported function ¢ in LP(H') such that ZveF U, =1
Let f,, = T)'¢o, gn = I} ¢, where T}, is the operator given by (8) and we can choose
®o to be the characteristic function of the tile in H! (see [9]) (in the case p = oo, we
assume that ¢ is continuous). Clearly, ¢g satisfies Zwer U,¢o = 1. Moreover, let
b, be the sequence given by b, (v) = lrgjaé(?) |Vihn(7)], v € . We claim that there

exists a positive constant C' independent of n such that

(22) 1 fasr = gallp < Cm™ 7 |lballp, 1<p < oo
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1420 HEPING LIU AND YU LIU

If p, < m%, then we can find 7 (0 < r < 1) such that p, < rm. By the definition

1
of p, and Theorem [Il we see that ||b,|; < rmy for sufficiently large n. Hence,

there exists a positive constant Cy such that ||b, ||, < CO(Tm%)” for all n > 1.

If we choose ¢ to be ¢p, then it follows from [22) that || fr+1 — fullp < CCor™.
This shows that the sequence {f,,} converges to a function f in the LP(H')-norm.
Furthermore, (22) tells us that || f+1 — gnllp — 0 (n — 00).

On the other hand,

lgn+1 — f”p < g1 — gn”p + | frng1 — f“p

Therefore, ||gn+1 — fllp — 0 (n — o0). Thus, it suffices to prove [22).

For a sequence A\ € lo(T') and a subset G of H!, we denote the supremum of A
on the set T'NG by || Ao (G). Let xn(7) = a~"(7[0,1)3), forn =1,2,--- , y € T.
We note that H' = U, er Xn (7). By @) we have, for g € H,

Fra1(@) =D b (B)a" ' Usdo(q)
B

and
Zh a"Uy¢(q).
Since ZB Uppo =1 and Z Uy = 1, it follows that
(23) frt1(q ZZ nt1(8) = ha ()] Uno(q)a™  Usgo ().

In the above sum we only have to consider those terms for which o"U,¢(q) # 0
and o Ug¢o(q) # 0.

Let ¢ € xn(7), where v € T is fixed for the time being. Suppose a™U,¢(q) # 0.
Then we have v~ 1a™(q) € [0,1)3 and n~1a"(q) € supp(¢). It follows that

(24) n=7(y""a"(q))(n" a"(g)) ! € [0, 1] supp(¢) .
Suppose a" ' Ug¢o(q) # 0. Then 3~ 1a"*1(q) € supp(¢o). This, combining with

n~ta"(q) € supp(¢), yields

_ _ ~1 _
(25) B a(n) =B~ " (g)(a(n™ a" (@) € supp(¢o) a(supp(e)) .
We use the fact that > Uye)h(B) = 1, for all 8 € I'. This will be proved later.
Therefore, we have

(26) hn1(5) = Ua@h(B)[hn(€) = hn(n))-

¢er
We observe that Uy g)h(8) # 0 implies «(§)™'8 € supp(h). This, together with
@3), gives

27)  a(&"'n) = a(¢)BB ™ a(n) € supp(h) supp(¢o) alsupp(¢)) .
In light of [24) and ([27), there exists a positive constant M such that both n
and ¢ belong to y[—M, M]?, provided that a"U,¢(q) # 0,a" ™ Uzpo(q) # 0 and
h(B) # 0.
a(é)

However hn(€) — hp(n) can be written as a sum of finite terms of the form
Vihn(8), where § € v[—A, A]*NT, j = 1,2,3, and A is a positive constant. Indeed,
it follows from (27) that there exists a positive constant B such that | 715 |< B.
Let €710 = (en1,6n2,6n3). We know | h,(y) — hn('yej*l) | can be written as the
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form | h,,(8) — hn(Be;) |, for j =1,2,3, and v, € I'. Without loss of generality,
we assume that €,1 > 0,642 > 0,653 + 2651 €n2 > 0, where (e,1,6n2,6n3) =
(6n1,0,0)(0,€,2,0)(0,0, 8,3 + 261 n2). Since | €71 |< B, we have | g,1 |< B,
| en2 |< B, and | e,3 |< B2. Hence, | €43 + 26,1 n2 |< 3B2. Then h, (&) — hn(n)
can be expressed as the sum of X, X5 and X3, where
X1 = hn(§) — ha(£(1,0,0)) + ha(£(1,0,0)) — hn(£(1,0,0)(1,0,0))
+ hn(g(gnh Oa 0)(_17 Oa 0)) - hn(f(gnla 07 0)(_15 07 0)(1a 0) O))a
Xo = hn(€(en1,0,0)) — hn(§(en1,0,0)(0,1,0))
+ hn(g(gnlv Oa O)(O’ ]-7 0)) - hn(f(snla Oa 0) (07 ]-a O)(Oa ]-7 0))
+ hn(£(5nla En2 — ]-a 2€n1 - 2€n15n2))
- hn(g(gnla En2 — 17 25711 - 25711877,2)(07 ]-7 O))v
X3 = hn((gnla €n2, _25n15n2)) - hn((gnla E€n2, _251115112)(07 07 1))
+ hn((5n17 €n2; 1- 25n15n2)) - hn((5n17 €n2; 1- 25n15n2)(07 07 1))
+ hn((5n17 €n2,En3 — 1)) - hn((gnla €n2,En3 — 1)(()’ 0, 1))

It follows from the above discussion that there exists a positive constant A such
that the elements with the form (71, 0,0)e1, £(71,72,0)e2 and &(y1,v2,v3)e3 satisty
that their norms are less than A. Therefore, h,,(§) — h,(n) can be written as a sum
of finite terms of the form V;h,,(6), where § € y[-A, A NT and j = 1,2, 3.

Therefore, ([26]) tells us that there exists a positive constant C; independent of
n such that

(28) 1(8) = B ()] < Cullballoo (v[=A4, A N T),

provided a"U,d(q)a™ ' Usgo(q) # 0 for g € xu(v). Since Y- scp [ Upo(q)| = 1,
by ([23) and (28) we obtain
(29) |frt1(0) — 9n(@)] < C1a™[9]°(@)[|bnll oo (v[— A, A]> NT),

where [¢|%(q) = nyer | Usd(q) |, q € H'.
In the case p = o0, ¢ is a continuous function with compact support; hence,

there exists a positive constant Cy such that |¢|%(q) < Cy for all ¢ € H!. It follows
from 29) that || fn+1 — gnlleec < C1C2]|bn||co- This proves [22) for the case p = .
For 1 < p < o0, we deduce from (29) that

[ @ -grascr [ @el@ra S o
Xn (’Y) Xn('Y) WE’Y[—A,APOF
Since ¢ is compactly supported, we have
191°(a) = > Uné(q)], g €[0,1)%
n€l' N[0,1)3(supp(¢))~*
Hence, C5 := f[o 1)e |#|°(q)Pdg < co. Consequently,
/ ( )[0‘"\¢|0(Q)]”dq =m™" [¢1°(q)]Pdg = Cam™".
n ’Y

7[0,1)3
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Finally, we obtain

=gl 3 [ 1fua(@) - ga@)lPdg

~er n (’Y)

< Cng’m_n Z Z |bn(77)|p'

vy€El ney[—A,A]2NT

However,
Yoo P =Y P D 1=Ca)y ] ba)l?
y€L nevy[—A,A]3AT ner yen[—A,APBAT ner

where Cj is the number of the element of n[—A, AP NT
Therefore, there exists a positive constant Cj such that

||fn+1 - gn”p < CSm%||bn||p

This proves (22)).
At last, we prove that } .. Ung)h(B) = 1, for all 8 € I'. It is sufficient to prove

ZEEF ae)h(B) =1, for all 3 € I'o.
Note that T' is the disjoint union of «a(I')e (¢ € I'y). Since Z'yer h(y) = 16,
> cery 2_per Ua(p)h(€) = 16. Therefore, we only need to prove that

(30) > Uaah(e) =Y Uaah(0), Ve €Ty,
Ber Ber

We know from (I0]) that

> ha(B) = h(aly) ' B)hn-1(y)

Ber BET el
=Y h(a(y) B hn1(7) =16 hu1(v)
per yel’ yel’

We deduce by the induction on n that s . hy,,(8) = 16". Moreover,

ZUa(ﬁ)hn(V) = ZZUa(B)Ua(n)h(W)hnq(n)

Ber BET neT
= ZUQ(B)h Zhn 1 ﬂ 77
per nel’
= 16" Uaah(7)
ger
Therefore,
> Uags[h(7) = h(0)] = 16~ " [U(s)hn(7) = Ua(g)hin(0))].
pger Ber
It follows that
(31) | Z (Ua@hn(7) = Ua(s ha(0))| < 167DV kg 1.
per

Since v € Iy, ||Vyhy|1 is less than a finite sum of |V h,|1 (j = 1,2,3) (it is in
the same way we write h,,(§) — hyn(n) as a finite sum of V;h,(6)).
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If @I) holds for p = 1, then we have that 16~ =DV h, |1 — 0 as n — oc. If
1) holds for 1 < p < oo, then it follows from (I3) that

p1({Ac lwie €To}) <16 p,({Ac |w: £ €To}) < 16" 7167 = 16,

because #{A. |w: e € Tg} = 16. Thus, ([2I)) is still valid for p = 1, and we have
that 16~ D ||V, A, |1 — 0 as n — oo.
Therefore, this proves 3 ¢ Ua(e)h(8) = 1, for all 8 € I'o.

Remark. In Theorem 2 we only give a sufficient condition to characterize the con-
vergence of cascade sequence on the Heisenberg group, which is different from that
of the Euclidean space (see [2]).
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