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ABSTRACT. Let K be a field of characteristic zero and let K ((R<?)) denote the
ring of generalized power series (i.e., formal sums with well-ordered support)
with coefficients in K, and non-positive real exponents. Berarducci (2000)
constructed an irreducible omnific integer, in the sense of Conway (2001), by
first proving that an element of K((R<0)) that is not divisible by a monomial
and whose support has order type w (or w*” for some ordinal ) must be

irreducible. In this paper, we consider elements of K((R<?)) with support

of order type w?. The irreducibility of these elements cannot be deduced

solely from the order type of their support and, after developing new tools for
studying these elements, we exhibit both reducible and irreducible elements of
this type. We further prove that all elements whose support has order type w?
and which are not divisible by a monomial factor uniquely into irreducibles.
This provides, in the ring K((R<?)), a class of reducible elements for which
we have unique factorization into irreducibles.

1. INTRODUCTION

Let K be a field and G an ordered abelian group. Given a formal sum a =
Z’v a,tY with coefficients a, in K and exponents v in G, the support of a is the
set Supp(a) = {y € G | ay # 0}. Such a formal sum a is called a generalized
power series if Supp(a) is a well-ordered subset of G. The collection of generalized
power series with coefficients in K and exponents in G is denoted by K((G)) and
can be shown to be a field with addition and multiplication defined as for ordinary
power series. We define K ((G=")) to consist of those elements of K ((G)) with only
non-positive exponents, i.e., a € K((G)) is in K((G=?)) if for all v € Supp(a) we
have v < 0. K((G=")) is a non-noetherian integral domain, and we are interested
in factorization properties of its elements.

Not every integral domain has irreducible elements. However, Berarducci [1]
recently proved that if K is a field of characteristic zero and G is an ordered abelian
divisible group, then there exist irreducible elements in K ((G<")). In this paper,
for the case where K is a field of characteristic zero and G is the additive group
of reals, we introduce additional tools that enable us to construct new classes of
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irreducible elements. We also exhibit a collection of reducible elements that have a
unique factorization into irreducibles.

For a € K((G=)) we define the order type of a, ot(a), to be the order type of
Supp(a). In general, ot(a) is an ordinal number, and for the case when G = R it is
a countable ordinal. When K has characteristic zero, Berarducci [I] proved that if
a € K((R=?)) is not divisible by ¢” for any v < 0, and if a has order type w*", then
both @ and a + 1 are irreducible elements of K ((R=C)). In particular, Conway’s
series > t~1/™ + 1 is irreducible.

In this paper we concentrate on elements of K ((R<C)) with order type w?. We
show that these elements factor uniquely into irreducibles. In addition, we exhibit
collections of irreducible elements with this order type. In other words, Berarducci
shows that elements whose order type is not a product of two smaller order types
(and do not have a trivial factor of ¢7 for some v < 0) must be irreducible. By
contrast, we concentrate here on elements whose irreducibility cannot be solely
deduced from their order types and we exhibit new irreducible elements of this
kind. We also show that factorization into irreducibles is unique for the reducible
elements with order type w?.

We now state these results more precisely. Let K be a field of characteristic zero
and let R = K((R=Y)). In this K-algebra, let J denote the ideal of all elements that
are divisible by 7 for some v < 0, and define a K-vector space: R = R/(J + K).
Now for an element a = Y__ a,t® € R and for v € R=? we define the translated
truncation of a at vy to be al? = t=7 > <~ @at®. The translated truncation of
a at 7 is an element of R, and the image of this element under the canonical
homomorphism 7: R — R will be called the germ of a to the left of v and will be
denoted by al?. Note that the germ of a to the left of «y is zero unless v is a limit
point of the support of a. Now we are ready to define our main tool in the study of
elements of R with order type w?. Let a € R and assume that ot(a) is w? or w?+ 1.
Let V(a) be a subspace of R defined by

V(a) = Spang{al | v < 0}.
Note that we can easily construct elements a € R such that V' (a) has arbitrarily

high dimension n. We do this by making sure that the germs of a to the left of
n of the limit points of the support of a are linearly independent. We prove (see

Corollary B.3)):

Theorem A. Let K be a field of characteristic zero, R = K((R=?)) and let a € R.
Assume a ¢ J + K and that ot(a) is w? or w? + 1. If dimg(V(a)) > 2, then a is
wrreducible.

We also produce a large class of irreducible elements with dimg (V(a)) = 2 (see
Corollary [34)). In addition we prove (see Theorem [1):

Theorem B. Let K be a field of characteristic zero, R = K((R=?)) and let a € R.
Assume a € J+ K and that ot(a) is w? or w?+1. Then a has a unique factorization
into irreducibles.

One motivation for studying generalized power series rings is the theory of surreal
numbers developed by John Conway [2 B, [5]. Let G be the proper class No (see
Conway [2] for the relevant definitions). By substituting ¢! for w in the normal
form of a surreal number we see that Conway’s ring of omnific integers is isomorphic
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to R((G<%)) @ Z, i.e., the elements of R((G=?)) with (rational) integer constant
term. Berarducci [I] extended his irreducibility results appropriately and hence
was able to provide the Conway series as an example of an irreducible omnific
integer. Many questions about factorization properties of omnific integers remain
open. QOur results can be seen as providing evidence for the existence of non-trivial
reducible omnific integers that factor uniquely into irreducibles.

More recently (the authors became aware of these papers after the research
for the current paper was concluded), Daniel Pitteloud [6l [7] has studied rings of
generalized power series and extended Berarducci’s results. In particular, Pitteloud
[6] has proved that if @ € K((R=")) has order type w and if 0 is a limit point of
support of a, then a is prime in K((R=)). This result shows for the first time that
the ring K ((R=?)) contains prime elements. Using this result, one can give a short
proof of our Theorem [Bl The direct proof of Theorem [Bl that we give here is quite
different. We have included this proof because it further illustrates the value of
considering the vector space V(a).

We refer the reader to Berarducci [I] for a list of open problems. Of particular
interest to us is whether the results of this paper can be generalized to the ring
R((No<%)) & Z.

2. PRELIMINARIES

We begin with a number of definitions related to ordinal numbers. We follow
the notation and vocabulary of Berarducci [I] closely, and we refer the reader to
Hrbacek and Jech [4, Chapter 7] for elementary definitions and facts about ordinals.
Let OR denote the class of all ordinal numbers and let H = {p € OR | p =
0 or 3o € OR with p = w®}. Elements of H are called additive principal since they
are exactly those ordinals that cannot be written as the ordinal sum of two strictly
smaller ordinals. It follows that for every ordinal number a # 0, there are uniquely
determined ordinals o7 > --- > «, such that ¢ = w® + --- + w%. This is called
the Cantor normal form of o, and w®" is called the principal part of c.

Let a and (8 be non-zero ordinals and consider their Cantor normal forms o =
w4 4w and f = w* L +. .. +w*tm. Let m be defined as a permutation of
integers 1,...,n+m with the property that cr(1) > -+ > @r(ng-m). Now the natural
sum of o and 3 is denoted by a® § and defined by a® = w¥ @) + ... 4 WYr(nt+m)
In addition for all ordinals «, we set 0 B o = a ® 0 = a. The natural product of
a and 3 is denoted by a ® 8 and is first defined on H by w® ® w” = w*®8 and
7¥®0 =00~ = 0. The definition of ® is then extended to all ordinals using the
Cantor normal form and distributivity: y© (a®3) = (a®8) 0y = (a®) B (BO7).

Note that the natural sum and product are commutative, unlike the usual ad-
dition and multiplication of ordinals. In addition, it is easy to show (Lemma 3.5
of Berarducci [I]) that the natural sum and product are strictly increasing, i.e., if
a < B, then a v < @, and, provided vy # 0, a ©v < O 7.

In this paper, K will always denote a field of characteristic zero. Now let R
denote the K-algebra K((R=Y)). For an element a € R, we often need to focus
on properties of the part of the power series representing a with exponents just to
the left of zero. Let J denote the ideal of all elements of R that are divisible by
t7 for some v < 0. The quotient R/.J will be denoted by R. Note that R is an
infinite-dimensional K-algebra. For every element a € R, we define the germ of a
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at zero to be the image of a under the canonical homomorphism 7 : R — R. For
a € R, the germ of a at zero will be denoted by @ € R.

Now K is a subspace of R and thus so is J + K. Recall from the introduction
that R denotes the K-vector space R/(J+K) = R/K, and for every element a € R,
@ € R denotes the image of a under the canonical homomorphism 7 : R — R. a
is the germ of a to the left of zero. Clearly, a # 0 if and only if 0 is a limit point
of Supp(a). Also note that for k € K, and a € R, we have ka = ka = ka while
Eazo#%:k&'aslongasa¢J—l—Kandk;éO.

Following Berarducci, if b = ZB bst? € R and v € R=0, then we define by =
Zﬁgw bﬁtﬂ and b7 = t=7b,. We call b, the truncation of b at v, and b7 the

translated truncation of b at . In addition, we call bl the germ of b at v, and blv
the germ of b to the left of .
The following will be useful.

Proposition 2.1 (Lemma 7.5 of Berarducci [1]). Let b,c € R = K((R=?)) and

v € RS0, Then
(1) there are only finitely many pairs (3,£) € RS0 x RSV with B+ ¢ =~ and
blBcle £0 € R,

(2)
(bc)|’Y = Z blB cl€.
B+E=
One of the main tools used in this paper is the notion, introduced by Berarducci,
of ordinal value for an element of R = K ((R<")). For a € R, the ordinal value of

a (at zero) is an ordinal in H, denoted by v(a) (Berarducci [I] uses v;(a) and
Pitteloud [6] uses vo(a)), and defined by:

0 ifa=0,
i.e., if 0 is not in the closure of Supp(a),
1 ifa#0and a=0,

i.e., if 0 is an isolated point of Supp(a),
min{ot(b) |be Rand b=a} ifa#0,
i.e., if 0 is a limit point of Supp(a).

If a ¢ J+ K and 0 is not in the support of a, then ot(a) is a limit ordinal and
v(a) is precisely the principal part of ot(a). On the other hand, if a ¢ J + K and
0 € Supp(a), then ot(a) = B + 1 for some limit ordinal 8 and v(a) is the principal
part of 3. For example, if 0 is a limit point of Supp(a) and ot(a) = w? -2 +w-5+1,
then v(a) = w. For a € R and v € R=? we call v(al?) the ordinal value of a at .

Note that, for a = Zv a,t? € R and v € R, v(alV) = 1 is equivalent to av = ay
where a, is a non-zero element of K. What makes the ordinal value valuable is the

following multiplicative property:

Proposition 2.2 (Lemma 5.5 and Theorem 9.7 of Berarducci [1]). For b,c €
K((R=%)) we have

(a) v(b+c¢) <max{v(b),v(c)} with equality if v(b) # v(c),
(b) w(be) = v(b) ® v(c).
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Let 0 # b € K((R=Y)). Then, by Lemma 10.1 of Berarducci [I], the set of
ordinals {v(bl*) | 2 € RS} has a maximum a. In addition, the set {y | v(bl¥) # 0}
is contained in the closure of the support of b and hence is well ordered. A number

z € RSV is called the critical point of b if = is the smallest real number such that
v(bl®) = a.

Proposition 2.3 (Lemma 10.4 of Berarducci [1]). Let b and ¢ be non-zero elements
of K((R=%)) with critical points x,y respectively. Then

o((be) =) = v(bl*) @ v(c).

Finally we have the main theorem of Berarducci that produces irreducible ele-
ments of K ((R<?)). The theorem basically says that if the order type of an element
not in J is not the product of two smaller ordinals, then the element itself is irre-
ducible.

Theorem 2.4 (Theorem 10.5 of Berarducci [1]). Let a € K((R=?)) with ot(a) =

w*” where a is an ordinal. Ifa # 0, then a and a + 1 are irreducible elements of

K((RS)).

3. IRREDUCIBLE ELEMENTS WITH ORDER TYPE w?

An element of R = K ((R=?)) whose order type is w? is not covered by Theorem
24 In this section, we use the vector space V(a), defined in the introduction, to
analyze the reducibility of elements of this order type.

Lemma 3.1. Let K be a field of characteristic zero, R = K((R=?)), and a € R.
Assume a # 0 and that ot(a) is w? or w?+1. Assume a = bc where b,c € K((R<?))

and (without loss of generality) v(b) < v(c). Then exactly one of the following cases
holds:

(1) b€ K and c = }a has the same order type as a;
(2) ot(b) and ot(c) are w or w+ 1 and v(b) = v(c) = w.

Proof. Since ot(a) is w? or w? + 1 and a # 0, we have v(a) = w?. By Proposition
2.2 we have v(b) ® v(c) = v(a) = w?. Thus either (Case 1) v(b) = 1 and v(c) = w?,
or (Case 2) v(b) = v(c) = w.

Let y and z be critical points of b and c respectively. We first show that y = z = 0.
Using Proposition and the fact that the natural product is strictly increasing,
we have

v(aV ) = v(b) © v(c®) > v(b) © v(c) = v(a) = W

Now the ordinal value of a is greater than or equal to w?

y+z=0andsoy=2z2=0.

For the first case, 0 is the critical point of b and the ordinal value of b at 0 is 1.
Hence we have v(blY) = 0 for all y < 0. This means that b is an element of K. For
the second case, where v(b) = v(c) = w, 0 is the only limit point for b and ¢. Hence
the order types of b and ¢ are w or w + 1, and the proof is complete. ([l

only at zero. Hence

Let K be a field of characteristic zero, and let a € R = K((R=")). Assume
that ot(a) is w? or w? + 1. Define X (a) to be the set of all limit points of Supp(a)
excluding zero. In other words,

X(a) = {z<0]v(a®)=uw}
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Also recall from the introduction that the vector space V (a) is a subspace of R and
is defined by V(a) = Spang{al* | z < 0} = Spang{al* | z € X(a)}.

Proposition 3.2. Let K be a field of characteristic zero and let R = K((R=?)).
Assume ot(a) is w? or w? + 1 and that a = bc where b= b, t* and c =Y c,t"
are elements of R with v(b) = v(¢) =w. Then

(1) @#0, and ot(b) and ot(c) are w or w+ 1.

(2) For x <0 we have

alz = ¢, b+ b,c.

(3) X(a) S Supp(b) U Supp(c)\{0}.

(4)  Supp(b) U Supp(c)\X (a) U {0} is a finite subset of Supp(b) N Supp(c).
Moreover, if b and ¢ are linearly independent, then X(a) = Supp(b) U
Supp(c)\{0}. B _

(5) As a subspace of R, V(a) is spanned by {b,c}. In particular, V(a) is at
most two dimensional and is one dimensional if and only if b and ¢ are
linearly dependent elements of R.

Proof. (1) By Proposition we have v(a) = v(b) ® v(c) = w?. Hence a # 0 and
we are in the second case of Lemma [3.J1 Thus the order types of b and c are either
worw+ 1.

(2) Let 0 # z € R=. By Proposition Bl we have

dr= 3 b,

y+z=x

On the right-hand side, bl¥, the germ of b at 3, will be zero exactly when the ordinal
value of b at y is zero. Thus on the right we only need to include terms for which
the ordinal value of b at y and the ordinal value of ¢ at z are at least 1. On the
other hand, since the order types of b and ¢ are either w or w + 1, the only case
where both the ordinal value of b at y and the ordinal value of ¢ at z are greater
than 1 is if y = z = 0. This would make x = 0, which contradicts our assumption.
We thus have

alt = N b+ N bveE 4+ Y byl

y+z=z Yt+z=x yt+z=zx
v(b¥)=1 v(BY)>1 v(b¥)=1
v(c®)=1 v(c®)=1 v(cl®)>1

Again v(blY) > 1 if and only if y = 0 and v(bl¥) = 1 if and only if blv = b,. Now

letting
k= Y bye. €K,
Yt+z=x
v(b¥)=1
v(c®)=1
we have
at = k+c b+b,C
= k+cyb+b,C
So
cflﬁ = cmg+ bsC
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(3) If z € X(a), then ale # 0, and hence by the previous part we cannot have
both ¢, and b, equal to zero. This means that = € Supp(b) U Supp(c). The
conclusion follows since 0 ¢ X (a).

(4) If x ¢ X (a) U {0}, then v(al®) is 0 or 1, and in either case al* = 0. By the
previous part this means that 0154— byc = 0. Now if either ¢, or b, is not zero, then
they are both non-zero since neither b nor ¢ is zero. Also if b and ¢ are linearly
independent, then ¢, = b, = 0 and = & Supp(b) USupp(c). It remains to show that
if b and € are linearly dependent, then Supp(b) U Supp(c)\ X (a) U {0} is a finite set.
So assume ¢ = kb for some 0 # k € K and let 2 € Supp(b) U Supp(c)\ X (a) U {0}.
Then, as was argued above, czg+ b,¢ = 0 and neither b, nor ¢, is zero. Hence

¢ = 72b. Thus 5% =k, and we conclude that ¢, = —kb, for all z € Supp(b) U

Supp(c)\ X (a) U {0}. On the other hand & = kb implies that ¢ = kb + j + k' where
j € Jand k' € K. Since the order type of ¢ is w or w + 1, 7 has finite support and
thus we conclude that ¢ and kb differ in at most a finite number of terms. Thus
¢y = kby except for possibly a finite number of terms. The conclusion now follows.

(5) By (@), it is clear that V(a) C spang{b,é}. Now if b and ¢ are linearly
dependent, then span K{E,E} is a one-dimensional vector space and hence cannot

be strictly larger than V' (a). So assume that b and ¢ are linearly independent.
If yo and 2o are respectively the least elements of Supp(b) and Supp(c), then

To = yo + 20 is the least element of Supp(a), az, = by,Cs,, and we have ——a =
@0

(ib)(%c). Hence without loss of generality we can assume that a,, = by, =

¢z = 1 and yo < zp. Now since z is the least element of Supp(c), we have ¢,, =0
if yo < 20, and ¢y, = c;, = 1 if yo = 2o.

Now to obtain a contradiction, we will assume that dimV(a) = 1. It then
follows that alvo = ¢, b+ ¢ spans V(a). Let y be an arbitrary element of Supp(b) U
Supp(c)\{0}. By part @), alv # 0 and so alv = k(cyogﬁ—a for some non-zero k € K.
By part (), we have

alv = ¢ b+ bye.
Since {b, ¢} is linearly independent, we conclude

cy = key,,

b, = k.
Now if ¢y, = 0, then ¢, = 0 for all y € Supp(c)\{0}, which would make ¢ = 0, a
contradiction. So ¢y, = 1 and we have ¢, = k = b,. We conclude that b—by = a—ao
and hence b = ¢, yet another contradiction, which completes the proof. (I

Using Proposition we can immediately identify a number of irreducibility
criteria for generalized power series with real exponents that are of order type w?
or w?+1 and have zero as a limit point of their support. The first result is Theorem
[Al of the introduction.

Corollary 3.3. Let K be a field of characteristic zero, let R = K((R=°)) and let
a € R. Assume a # 0 and that ot(a) is w? or w? + 1. If dimg (V(a)) > 2, then a
is irreducible.

Proof. This is immediate from Lemma (3]) and part (&) of Proposition O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1284 J. POMMERSHEIM AND S. SHAHRIARI

Corollary 3.4. Let K be a field of characteristic zero, let R = K((R=?)) and let
a € R. Assume a # 0 and that ot(a) is w? or w? + 1. Assume dimg (V(a)) = 2
and that there exists an element o € Supp(a) that is not the sum of two elements
of X(a). Then a is irreducible.

Proof. If a is reducible, then by Proposition Bl @ = bc where v(b) = v(c) = w.
a € Supp(a) and so « is the sum of an element of Supp(b) and an element of
Supp(c). By part (@) of Proposition 3.2 band € are linearly independent and hence
by part @) of Proposition B2l X (a) = Supp(b) U Supp(c)\{0}. Thus, contrary to
the assumption, « has to be the sum of two elements from X (a). The contradiction
shows that a is irreducible. ]

4. UNIQUE FACTORIZATION FOR ELEMENTS OF ORDER TYPE w?

In the ring R = K ((R=")), it is easy to construct reducible elements of order type
w? (for example (Yo7 t71/)2) and we have seen families of irreducible elements
with this order type. In this section we prove Theorem [Bl of the introduction,
which states that elements with this order type having zero as a limit point of their
support factor uniquely into irreducibles. The proof is independent of Pitteloud’s
proof [6] that elements with order type w that have zero as a limit point of their
support are prime in R. We use a linear algebraic argument based on the vector
space V(a).

Theorem 4.1. Let K be a field of characteristic zero, let R = K((R=Y)) and let
a € R. Assume a # 0 and that ot(a) is w? or w? + 1. Then a has a unique
factorization into irreducibles.

Proof. If a is irreducible, then there is nothing to prove and otherwise, by Lemma
Bl a = be where ot(b) and ot(c) are w or w + 1 and v(b) = v(c) = w. By Theorem
2.4 both b and c are irreducible and hence a is a product of irreducibles. It remains
to show that this factorization is unique (up to units). Thus assume bc = a = de
where the order types of b, ¢, d and e are w or w + 1 and the ordinal value of each
of these is w. By Corollary B3] dim V' (a) < 2. We complete the proof in two cases
depending on the dimension of this vector space.

Assume dim V(a) = 1. By Proposition 3.2, any one of b, ¢, J, or ¢ provides a
basis for V(a) and hence there exist ki, ko, ks € K with

Pulling back to the ring R, there exist kq4, k5, k¢ € K and j1, j2,j3 € J such that

¢ = kib+ g1+ ka,
d = kob+ jo+ ks,
e = k3b+]3+k6

Note that since 0 is the only limit point of Supp(c), Supp(d), and Supp(e) we
conclude that j1, jo and j3 have finite order types. Substituting the corresponding
expressions in bc = de we get

b[A+ B]=C
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where

A = (k1 — k2k3)b,
= J1— kojz — ksj2 + ka — koke — ksks,

C = kske+ ksjs + kej2 + j2Js-
By Proposition 2.2, v(C) = v(b) ® v(A+ B) =w ®v(A + B). Now v(C) < w since
C € J+ K and so we conclude that the only possibility is for v(C) = v(A+B) = 0.
Thus C € J and so kskg = 0. By part (a) of Proposition 221 v(A + B) = w if

k1 # koks. Tt follows that k; = koks and B € J. So we also have ky = kokg + k3ks.
The equation b[A + B] = C now becomes bB = C' where

Sy

B = j1—kajs — ksja,
C = ksjs+ kej2 + J2s-
Assume B # 0 and let the critical point of B be at y where y < 0. Since B and C'
have finite order types, we have that v(B!¥) and v(C!¥) are no greater than 1. The
critical point of b is at zero, and using Proposition 2.3 we get
1> o(CY) = v(b) ® v(BY) = w® v(BW).

Since the natural product is strictly increasing, the only possibility is if v(B‘y) =0.

But this is impossible if y is the critical point of B. Hence B = 0 and it follows
that C' =0 as well.

Summarizing the above we now have
kske

k1 — koks =

ky — koke — ksks =

J1— kajs — k3jo

ksjs + kej2 + J273

== =)

Without loss of generality, we can assume k5 = 0. Then we have

ks = 0,

ki —koks = 0,

ki —koks = 0,

J1— kojs —ksja = 0,
J2(ke +373) = 0.

Since R is an integral domain, js or kg + j3 must be zero. In the former case, we get
that ¢ = koe and d = kob. In the latter, we get that ¢ = k3d and e = k3b. In either
case d and e are associates of b and ¢ and the proof of the first case is complete.

For the second case, assume dim V(a) = 2. By Proposition B2 {b,¢} and {d, e}
form two bases for the vector space V(a). Thus there exists an invertible 2 x 2
matrix P with entries in K such that in R we have

1) [gpg.

By Proposition we have that for any z < 0 we have

b,Cc+ ng: cg; =dze+ ezc’lv.
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‘We can write this as

oo b [P = e a] ﬂ e ] P|Y].

C e C

Now since {Z,E} is a linearly independent set, we must have that for all z < 0,
[cm bm] = [ez dz} P.

Thus except possibly for the constant term, every term of the generalized power
series b and c is a fixed linear combination of the terms of d and e. Hence there
exist constants kp, k. € K such that

) e o] = [e dP+ [k k.
Moding out by J + K and passing to R we have
(3) 3 = [ dr

Putting () and (B) together, we get
7~ t O 1 _ b t O 1 _ |~ 71 _ |~ > -1
{b C}P L o}_(P Gk {1 o}_[e d}_[c b}P '
Now let P = h ?] , let A = det(P), and substitute this into the last equation to
= Qv oo _ L ald B
bl 5=aF A5 2]

Equating entries and using the fact that {5,5} is linearly independent we get that
there are only two possibilities:

get

_|a O . _ |0 B . _
P[O 5] with ad =1 or PL 0] with (v =1.
The analysis for both cases is the same and so without loss of generality assume P
is diagonal with determinant one. Using equation (2) we get

c = ae+ke,
b = dd+ ky.

From be = de we get dk.d + akye + kyk. = 0 and passing to E, we have
Sked + akyé = 0.

However, {CZE} is linearly independent in R and hence k, = k, = 0. We conclude
that ¢ = ae and b = dd, and the proof is complete. O
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