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A NOTE ON ANALYTICITY AND FLOQUET ISOSPECTRALITY

ROBERT CARLSON

(Communicated by Carmen C. Chicone)

Abstract. A simple argument shows that certain complex Hill’s operators
have the same Floquet multipliers as the zero potential case. Previous results
are extended to include matrix coefficients and some meromorphic potentials.

Most of the spectral analysis for Hill’s equation

(1) −y′′ + q(x)y = λy, q(x + 1) = q(x)

assumes that q is real [3], but there has been some interest in complex potentials.
In particular, inverse problems have been studied [4, 7, 8] for

(2) q(x) =
∞∑

k=1

qke2πikx.

The basis for these analyses is the fact that when q has the form (2), the Floquet
multipliers for (1) are the same as for the case q = 0. A recent paper [9] provides
an elementary computational approach to this result.

This note gives a short alternative proof, while also providing some generaliza-
tions. It will be convenient to assume that q(x) ∈ L2

loc(R). Introduce the complex
variable z = x + it, and note that (2) implies that q extends analytically to the
upper half-plane. This fact was explicitly used in [7, 8].

The first observation is both general and straightforward. Consider the periodic
linear homogeneous equation

(3)
N∑

j=0

Aj(z)Y (j) = 0, Y (z) ∈ C
N , Aj(z + 1) = Aj(z), AN (z) = I,

whose K × K matrix coefficients are analytic in a strip

S = {z = x + it | a < t < b,−∞ < x < ∞}.
The Floquet multipliers for (3) are the eigenvalues of the action of translation by
the period 1 on the NK-dimensional space of solutions.

Let z0 = x0+it0 ∈ S. A unique K×NK matrix solution Y(z, z0) of (3), analytic
for z ∈ S, is determined by requiring the NK × NK matrix function

Ψ(z) =

⎛
⎜⎝

Y(0)

...
Y(N−1)

⎞
⎟⎠
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to satisfy Ψ(z0) = I. The columns of Y(z, z0) are a basis of solutions of (3), and
the eigenvalues of the Floquet matrix Ψ(z0 + 1) are the multipliers. The choice of
z0 selects a matrix representation of translation by 1 with respect to a particular
basis [1, pp. 78–80, 90–91]. This discussion establishes the first lemma.

Lemma 1. The Floquet matrices Ψ(z0 + 1) are similar. Their eigenvalues, which
are the Floquet multipliers for (3), are independent of z0 ∈ S.

By fixing t = t0, (3) induces an equation on the real axis, with a basis of solutions
given by the columns of Y(x + it0, x0 + it0). The multipliers, inherited from (3),
are thus independent of t0 (and x0).

Theorem 2. Suppose q(x) in (1) is a K × K matrix function q(x) = q0 +∑∞
k=1 qke2πikx whose K × K matrix Fourier coefficients satisfy

∑
k ‖qk‖2 < ∞.

The Floquet multipliers for (1) are the same as for the case q = q0.

Proof. Extend q analytically to 0 < t < ∞. For convenience assume that x0 = 0,
and 0 ≤ x ≤ 1. Defining q(x + i∞) = q0, the function t → q(· + it), is continuous
from [0,∞] to L2[0, 1]. For each λ ∈ C the entries of the Floquet matrix Ψ(1 + it)
are continuous functions of q(·+it). This continuity extends to the trace, and to the
other elementary symmetric functions of the eigenvalues which are the coefficients
of the characteristic polynomial of Ψ(1+it). By the previous lemma and continuity
these elementary symmetric functions are constant functions of t ∈ [0,∞], so agree
with the corresponding elementary symmetric functions for (1) when q = q0. �

Theorem 2 extends to certain meromorphic potentials with trivial monodromy.
Suppose that q(z) is a meromorphic function in C. Say that (1) has trivial mon-
odromy if all solutions are single-valued meromorphic functions of z for all λ ∈ C.
Examples such as

−y′′ +
2π2

cos2(π[z − b])
y = λy

with independent solutions

y1 =
√

λ cos(
√

λ[z − b]) + π tan(π[z − b]) sin(
√

λ[z − b]),

y2 = −
√

λ sin(
√

λ[z − b]) + π tan(π[z − b]) cos(
√

λ[z − b]),
may be constructed via Darboux transformations [2, 5, 6]. One obtains the following
with no important changes to the proof of Theorem 1.

Theorem 3. Suppose that q(z) is meromorphic in C with trivial monodromy. As-
sume in addition that q(z + 1) = q(z), that q(z) has only finitely many poles in the
vertical strip 0 ≤ x < 1, and limt→∞ q(x + it) = q0. Then the Floquet multipliers
for (1) are the same as for the case q = q0.
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