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ABSTRACT. Let M be a finitely generated module over a local complete inter-
section R of characteristic p > 0. The property that M has finite projective
dimension can be characterized by the vanishing of ext’k(fnR, M) for some
i > 0 and for some n > 0.

Let (R, m, k) be a local ring of characteristic p > 0. The Frobenius endomor-
phism fr : R — R is defined by fr(r) = r? for r € R. Each iteration f} defines
a new R-module structure on R, denoted by 'R, for which a-b = a?"b. For
any R-module M, F(M) will stand for M ®p 'R and Fi(M) will stand for
Homp ('R, M). Avramov and Miller [A-M] proved that over a local complete in-
tersection ring, if a finitely generated R-module M satisfies Tor’* (M, 7"R) = 0 for
some fixed i,n > 0, then it is of finite projective dimension. Later, Dutta [D] pro-
vided a simple proof of this result without using the notion of “complexity”. Using
a similar method as in [D], we obtain another characterization of finitely generated
modules of finite projective dimension over complete intersection rings.

Theorem. Let M be a finitely generated module over a local complete intersection
ring R. If for some i,n > 0, Exth(/"R,M) = 0, then M has finite injective
dimension over R.

Proof. Without loss of generality we can assume that R is complete and the residue
field k is perfect. Let R = S/x, where S is a complete regular local ring of character-
istic p > 0 and x = (x1,...,,) is an ideal generated by an S-sequence 1, ..., Z;.
Write R, = S/x”n. Note that with this notation, every R,-module is also an
R;-module via the natural surjection R; - R, for all [ > n.

Let f” = f§ ®g R (base change of f§ : S — S along the S-algebra R). We
know by Kunz’s Theorem [K| Theorem 3.3] that fg is flat. Since k is perfect, fg
is module finite. It follows that f™ : S/x — §/xP" is also flat and module finite.

Observe that the map R Ir, R can be factored as
(1) S/x 5 /%" T §)x

Received by the editors October 4, 2004 and, in revised form, December 14, 2004.

2000 Mathematics Subject Classification. Primary 13C14, 13C40, 13D05, 13D40, 13H10.

Key words and phrases. Complete intersection, finite projective dimension, finite injective
dimension, flatness, Frobenius, Ext, Tor.

This research was carried out while the author was supported by a research grant from the
UIUC Campus Research Board of the University of Illinois under the supervision of S. Dutta.

(©2005 American Mathematical Society
Reverts to public domain 28 years from publication

1271

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1272 JINJIA LI

or
RIS R, I R,

where 7, : §/xP" — S/x is the natural surjection. Thus fB="n" ]7"
It follows from the adjointness of Hom and Tensor that for any R-module T',

(2) Hompg, (R, HomR(fN"Rn,T)) ~ Hompg(R ®g, f"Rn,T) ~ Homp("'R,T).

Let I® be an injective resolution of M over R. Since f™ is flat, HomR(fan7 I*)is

an injective resolution of HomR(f ‘R, M) over R,. Therefore, by (2)
Ext}, ('R, M) = H (Homg ('R, I*))
~ HI(Homp, (R, HomR(fN"Rm I%)))
= Ext}, (R, Homp(' 'Ry, M)),¥j >0,
but
Homp(f Ry, M) = Homp(X'S @, R, M)
~ Homg ('S, M)
= F2(M).
Hence, Ext}, (YR, M) ~ Ext%n (S/x, F2(M)),¥j > 0.

Next, we show Ext’ ('R, M) = 0 for some i > 0 implies Ext%(/"R, M) = 0 for
all i > 0. Consider a filtration of S/x?" of the form

0— K; — S/xP" — §/x — 0,
0— Ky — K; — S/x—0,

0— Kt" — Kt”,1 — S/X — 07

where K; = S/x. By applying HomRn(—,ﬁg(M)) to the above short exact se-
quences, we get the long exact sequences of Ext’s. Since Ext}én (S/x, F, g(M)) =0,
working from the last long exact sequence up to the first long exact sequence,
we obtain that Extgl(S/x, ﬁg(M )) = 0. Similarly, one can also obtain that

Extgll(S/x, ﬁg(M)) = 0 if 4 > 1. Repeating these processes, we get
Extly, (S/x, F2(M)) = 0

for all 7 > 0. _ _ .
Then, we show Ext%(/"R, M) = 0 implies EthR(fnJrR, M) =0,Y1i>0. We need
the following lemma.

Lemma. Let A — B be a ring homomorphism such that B is a finitely generated
free module over A. Let M, N be A-modules. Then, as A-modules,

Ext; (Homy (B, M), Homy (B, N)) ~ Hom 4 (B, Ext’y (M, N)).
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Proof of the Lemma. Note that, as A-modules,
Homp(Hom (B, M),Homy (B, N))
~ Hom (Homa (B, M) ®p B, N) (adjointness)
~ Hom 4 (Homu (B, M), N)
~ Homus (M ®4 B, N) (since B is A-free)
~ Hom 4 (B, Homy (M, N)).

This proves the case when ¢ = 0. For ¢ > 0, let J*® be an injective resolution of V.
Then Hom 4 (B, J*) is an injective resolution of Hom 4 (B, N) over B since B is free
over A. So, as A-modules,

Ext;(Homy (B, M), Homy (B, N))
= H'(Homp(Homa (B, M),Homa (B, J*)))
~ H'(Homa(B,Hom4 (M, J*)))
~ Hom (B, H (Homa (M, J*))) (B is A-free)
= Hom (B, Ext’ (M, N)). O

Now suppose for some fixed i > 0 (therefore for all ¢ > 0 by the first part of the
proof) that

Exti (TR, M) = 0,
i.e.
Ext, (S/x, F3(M)) = 0.
This implies that

Hompg, ("Ry11, Extly, (S/x, F2(M))) =0,

where fdenotes fs ®s R, : R, — R,41 (base change). Since fRnH is free over
R,, by the Lemma, we have

Extly,  (Homp, (‘Ros1, 8/x), Homp, (Rot1, FZ(M))) = 0,
l1.e.
(3) Extl, ,, (Fs(S/x), Fg*! (M)) = 0.
We claim that, as S/xP-modules,
Fs(8/x) = /.
To see this, first note that by adjointness
Fs(S/x) = Homg(’S, §/x)
~ Homgy (5/x ®s 7S, S/x)
= Homg/ (' (5/x?), /),

where fis the map f" in the factorization (1) with n = 1. Then observe that since
S/x and S/xP are complete intersections and S/xP is a finitely generated S/x-

module via f, Homs/x(f(S/xp), S/x) is a canonical module for S/xP and hence is
isomorphic to S/x? as an S/xP-module.
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It follows that Fi(S/x) is isomorphic to §/x? as an Ry, -module via the natural
map R,41 — Ry (i.e. the natural map S/xanrl — S/xP).
Replacing Fs(S/x) in (3) by S/xP, we obtain

(4) Extl, ., (S/x?, Fg* (M) = 0.

Consider the following short exact sequences:

(5) 0= S/(x1,28, .. a?) =5 G/ P aP) — S/xP — 0
and

(6) 0— S/xP 5 8/(Ptt ab, . aP) 5 S/ (xy, a8, ... aP) — 0.

Apply Homp,, ., (—, ﬁg“(M)) to (5). From the associated long exact sequence and
(4), we obtain an isomorphism (induced by A)

(7) Exth  (S/(z1,25,...,aP), F2HL(M))

~ Extly  (S/(x7h 2h,. .. ah), F2H(M)).
(7,13§+1(M)) to (6), we get a map (induced by p)
(8) Exth  (S/(z1,25,...,aP), F2HL(M))

— Extyy  (S/(a 2h, .. af), FiT (M),

Similarly, applying Hompg

n+1

which is an isomorphism for ¢ > 2 and a surjection for ¢ = 1.
The composition of maps A in (5) and p in (6) is the following multiplication:

fl:p
S/(xy,2h, ... k) — S/ (w1, 25, ..., 2b),

which is a O-map. By (7) and (8), it induces

Extp, ., (S/(z1,28, ..., ak), F§* (M) = Exthy, , (S/ (21,25, ab), F§T (M),

which is an isomorphism for ¢ > 2 and a surjection for ¢ = 1. Hence

Exty, ., (S/(x1,25, ..., a8), F§HH (M) = 0.

Repeating this process (r — 1) times, we obtain
Extl, . (S/x, FiT (M) =0,

i.e.
f'n.+

Exth(!" "R, M) =0
for all ¢ > 0.

Therefore by induction, Extﬁ%(fkR, M) =0 for all k >n and all 7 > 0.

Finally, the assertion in the Theorem follows immediately from the following
result due to Herzog ([H], Theorem 5.2): If M is a finitely generated module over
R, then M is of finite injective dimension if and only if Ext’ (¥R, M) = 0 for all
1 > 0 and infinitely many n. O

Remark. The above theorem actually characterizes finitely generated modules with
finite projective dimension also, since it is well known that over Gorenstein ring,
a finitely generated module is of finite projective dimension if and only if it is of
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finite injective dimension. To sum up, if M is a finitely generated module over a
local complete intersection R, then the following are equivalent:
(i) projdimp M < oo,
(ii) Torf(M,?"R) = 0 for some fixed (all) 7,7 > 0,
(iii) Exth (7R, M) = 0 for some fixed (all) i,n > 0,
(iv) injdimp M < oo.
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