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A NOTE ON PERIODIC POINTS OF ORDER PRESERVING
SUBHOMOGENEOUS MAPS

BAS LEMMENS AND COLIN SPARROW

(Communicated by Jonathan M. Borwein)

Abstract. Let R
n
+ be the standard closed positive cone in R

n and let Γ(Rn
+)

be the set of integers p ≥ 1 for which there exists a continuous, order pre-
serving, subhomogeneous map f : R

n
+ → R

n
+, which has a periodic point with

period p. It has been shown by Akian, Gaubert, Lemmens, and Nussbaum that
Γ(Rn

+) is contained in the set B(n) consisting of those p ≥ 1 for which there ex-

ist integers q1 and q2 such that p = q1q2, 1 ≤ q1 ≤
(n
m

)
, and 1 ≤ q2 ≤

( m
�m/2�

)
for some 1 ≤ m ≤ n. This note shows that Γ(Rn

+) = B(n) for all n ≥ 1.

1. Introduction

Let K be a polyhedral cone in a finite dimensional real vector space equipped
with the norm topology and let f : K → K be a continuous map that preserves the
ordering induced by K. Suppose, in addition, that f : K → K is subhomogeneous,
that is, λf(x) ≤ f(λx) for all 0 ≤ λ ≤ 1 and x ∈ K. It was proved by Akian et al.
[2, Theorem 2.1] that every bounded orbit of f : K → K converges to a periodic
orbit and, moreover, that the period of each periodic point of f is bounded by

(1) βN = max
1≤m≤N

(
N

m

)(
m

�m/2�

)
=

N !
�N

3 �!�
N+1

3 �!�N+2
3 �!

∼ 3N+1
√

3
2πN

,

where N is the number of facets of the polyhedral cone K. In fact, it follows from
[2, Theorem 5.1] that the set of possible periods of periodic points of continuous,
order preserving, subhomogeneous maps f : K → K, denoted Γ(K), is contained
in a finite set B(N) consisting of p ≥ 1 for which there exist integers q1 and q2

such that p = q1q2, 1 ≤ q1 ≤
(
N
m

)
, and 1 ≤ q2 ≤

(
m

�m/2�
)

for some 1 ≤ m ≤ N

(compare [2, Section 7]). On the other hand, if the polyhedral cone K is the
standard positive cone given by R

n
+ = {x ∈ R

n : xi ≥ 0 for 1 ≤ i ≤ n}, then
it follows from [2, Theorem 2.2] that Γ(Rn

+) contains the set A(n) consisting of
those p ≥ 1 for which there exist integers q1 and q2 such that p = lcm(q1, q2),
1 ≤ q1 ≤

(
n
m

)
, and 1 ≤ q2 ≤

(
m

�m/2�
)

for some 1 ≤ m ≤ n. As R
n
+ has n facets, we

thus have the following inclusions:

A(n) ⊂ Γ(Rn
+) ⊂ B(n) for all n ≥ 1.
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It has been shown in [2, Section 7] that the largest element of A(n) has the same
asymptotics as βn in (1), which is the largest element of B(n). Knowing these facts
it is natural to ask if one could completely determine the finite set Γ(Rn

+) and, in
particular, to see if Γ(Rn

+) = A(n) or if Γ(Rn
+) = B(n). The purpose of this note is

to show that Γ(Rn
+) and B(n) are equal. The idea of the proof can be sketched as

follows. First we take q1, where 1 ≤ q1 ≤
(

n
m

)
, distinct parts of the cone, such that

every element in these q1 parts has exactly m nonzero coordinates. Subsequently
we select in each of the q1 parts, q2 distinct points, where 1 ≤ q2 ≤

(
m

�m/2�
)
, and

construct a continuous, order preserving, subhomogeneous map f : R
n
+ → R

n
+ which

has the set of q1q2 points as a periodic orbit. It is known that f has to map parts
into parts and that the periodic orbit can have at most

(
m

�m/2�
)

points in a part
of the cone that consists of elements with exactly m nonzero coordinates (see [10,
Theorem 5.2] and [2, Corollary 4.4]).

Before going into the details of the proof it is useful to recall several definitions.
Let X be a finite dimensional real topological vector space. A subset K of X is
called a closed cone if it is a closed convex subset of X such that λK ⊂ K for all
λ ≥ 0 and K ∩ (−K) = {0}. A closed cone K is called a polyhedral cone if there
exist finitely many linear functionals ϕ1, . . . , ϕm such that K = {x ∈ X : ϕi(x) ≥
0 for 1 ≤ i ≤ m}. In other words, K is the intersection of finitely many closed half-
spaces. A face of a polyhedral cone is a set of the form F = K∩{x ∈ X : ϕ(x) = 0},
where ϕ : X → R is a linear functional such that K ⊂ {x ∈ X : ϕ(x) ≥ 0}. The
dimension of a face is the dimension of its linear span and is denoted by dim(F ).
A face F is called a facet if dim(F ) = dim(K) − 1.

A cone K in a vector space X induces a partial ordering ≤ on X by x ≤ y if
y − x ∈ K. A map f : K → K is called order preserving if for each x, y ∈ K with
x ≤ y we have that f(x) ≤ f(y). The map f : K → K is said to be subhomogeneous
if λf(x) ≤ f(λx) for all 0 ≤ λ ≤ 1 and x ∈ K. A point x ∈ K is called a periodic
point of f : K → K if fp(x) = x for some integer p ≥ 1. The minimal such p ≥ 1
is said to be the period of x under f .

Maps that are order preserving and subhomogeneous arise in various areas of
mathematics, including the theory of discrete event systems [3, 5], optimal control
and game theory [1], idempotent analysis [8], nonlinear Perron-Frobenius theory
[4, 12], and in the analysis of monotone dynamical systems [6, 7, 9, 11, 12, 13]. A
particularly interesting class of continuous, order preserving, homogeneous maps
on the standard positive cone are the so-called min-max maps. To define this class
of maps it is convenient to first introduce the following notation: for a, b ∈ R we
write a ∧ b to denote min{a, b} and a ∨ b to denote max{a, b}. A min-max map
f : R

n
+ → R

n
+ is a map such that each coordinate function fi(x) is of the form

fi(x) =
m∨

j=1

(
∧

k∈Ij

ai
jkxk),

where each Ij is a nonempty subset of {1, . . . , n} and every ai
jk > 0. Here the integer

m and the sets Ij can depend on i. A simple example is the map f : R
3
+ → R

3
+

given by

f

⎛
⎝ x1

x2

x3

⎞
⎠ =

⎛
⎝ (2x2 ∧ x1) ∨ (2x1 ∧ x3)

2x3 ∧ x1

2x1 ∧ x2

⎞
⎠ .
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It is easy to verify that x = (1, 2, 0) is a periodic point of f with period 4. We shall
use the min-max maps to prove the equality Γ(Rn

+) = B(n) by exhibiting for each
p ∈ B(n) a min-max map on R

n
+ with a periodic point of period p.

2. Proof of the equality

Having recalled these definitions we now prove the result of this note.

Theorem 2.1. For each n ≥ 1 the sets Γ(Rn
+) and B(n) are equal.

Proof. It has been shown in [2, Theorem 5.1] that Γ(Rn
+) ⊂ B(n) for all n ≥ 1.

To prove the opposite inclusion let p ∈ B(n) and suppose that p = q1q2, where
q1 and q2 are integers such that 1 ≤ q1 ≤

(
n
m

)
and 1 ≤ q2 ≤

(
m

�m/2�
)

for some
1 ≤ m ≤ n. We need to construct a continuous, order preserving, subhomogeneous
map f : R

n
+ → R

n
+ and a periodic point of f of period p.

We begin by constructing a periodic orbit of size q2 in {1, 2}m. Let w1, . . . , wq2 be
vectors in {1, 2}m such that each wk has exactly �m/2� coordinates equal to 2 and
put wq2+1 = w1. Note that there are

(
m

�m/2�
)

such elements in {1, 2}m and hence
we can do this for all possible values of q2. It is easy to verify that {w1, . . . , wq2}
is a periodic orbit of the min-max map g : R

m
+ → R

m
+ given by

g(z)i =
∨

k : wk+1
i =2

( ∧
j : wk

j =2

zj

)
, 1 ≤ i ≤ m and z ∈ R

m
+ .

Indeed, one can check that g(wk) = wk+1 for all 1 ≤ k ≤ q2.
The idea is to copy the points w1, . . . , wq2 into q1 distinct parts of the cone R

n
+

and subsequently to define a min-max map f : R
n
+ → R

n
+ that cycles through the

q1q2 points. To do this we first select q1 distinct subsets Ia of {1, . . . , n} of size m.
Each set Ia corresponds to a part Pa of the cone R

n
+ by defining

Pa = {x ∈ R
n
+ : xi 
= 0 if and only if i ∈ Ia}.

Now we copy the set {w1, . . . , wq2} into each of the q1 parts Pa by inserting zero
coordinates in the correct places. To do this formally it is convenient to introduce
the following function. For 1 ≤ a ≤ q1 and 1 ≤ k ≤ m let ν(a, k) be the index of
the kth nonzero coordinate of the elements of Pa. So for each 1 ≤ a ≤ q1 we define
the copying function ηa : R

m
+ → R

n
+ by

ηa(z)i =
{

zk if ν(a, k) = i,
0 otherwise.

By applying the functions ηa to the set {w1, . . . , wq2} we obtain p = q1q2 distinct
points in R

n
+. For 1 ≤ a ≤ q1 and 1 ≤ b ≤ q2 we let ya,b ∈ {0, 1, 2}n denote the

vector given by ya,b = ηa(wb). Thus, ya,b is the copy of wb in the part Pa.
To complete the proof we define a min-max map f : R

n
+ → R

n
+ such that

(2) f(ya,b) =
{

ya+1,b if 1 ≤ a < q1,
y1,b+1 if a = q1,

for each 1 ≤ a ≤ q1 and 1 ≤ b ≤ q2. (Here the index b is counted modulo q2.) It is
clear that if f satisfies (2), then ya,b is a periodic point of f with period p = q1q2.
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Before we define the min-max map f : R
n
+ → R

n
+ we introduce the following

notation. For each x ∈ R
n
+ we let x|Ia

denote the vector in R
m
+ with coordinates

(x|Ia
)j = xν(a,j) for 1 ≤ j ≤ m. Now let f : R

n
+ → R

n
+ be given by

f(x)i =
[ ∨

1≤k<q1

(
∧

j∈Ik

2xj) ∧ ηk+1(x|Ik
)i

]
∨

[
(

∧
j∈Iq1

2xj) ∧ η1(g(x|Iq1
))i

]

for 1 ≤ i ≤ n and x ∈ R
n
+. As f is a min-max map, it is continous, order preserving,

and homogeneous. To see that (2) holds for f , we remark that
∧

j∈Ik
2ya,b

j = 0
whenever k 
= a and

∧
j∈Ik

2ya,b
j = 2 otherwise. We also have that ya,b

|Ia
= wb and

therefore

f(ya,b)i = (
∧

j∈Ia

2ya,b
j ) ∧ ηa+1(wb)i = 2 ∧ ya+1,b

i = ya+1,b
i ,

if 1 ≤ a < q1. On the other hand, if a = q1, then

f(ya,b)i = (
∧

j∈Iq1

2yq1,b
j ) ∧ η1(g(wb))i = 2 ∧ η1(wb+1)i = y1,b+1

i

and this completes the proof. �

We conclude by noting that there are other ways to cycle through the points ya,b

by using different min-max functions. In fact the only restriction on the periodic
orbit is that if two of its points are in the same part of the cone, then their images
should also be contained in a single part of the cone.
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