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PERTURBATION THEORETIC ENTROPY
OF THE BOUNDARY ACTIONS OF FREE GROUPS
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(Communicated by David R. Larson)

ABSTRACT. We compute the exact value of Voiculescu’s perturbation theoretic
entropy of the boundary actions of free groups. This result is a partial answer
of Voiculescu’s question.

1. INTRODUCTION

In the serial papers [Voill [Voi2, [Voi3] on perturbations of Hilbert space operators,
D. Voiculescu studied a certain numerical invariant k_(7) for a tuple 7 of operators.
This number can be viewed as a kind of dimension of 7 with respect to the Macaev
ideal (see [Voil] and [DV]). In [Okall, [Oka2], we computed the exact value of k__(7)
for a family 7 of operators in the following two classes: (1) creation operators
associated with a subshift, which were introduced by K. Matsumoto [Mat], (2)
unitary operators in the left regular representation of a finitely generated group.

In [Voidl [Voi5], Voiculescu defined the perturbation theoretic entropy Hp (€2, 901)
for a von Neumann algebra 9t and a set € of unitary operators normalizing 9.
Thanks to the theory of the standard form of von Neumann algebras, the pertur-
bation theoretic entropy can be defined even for a tuple of automorphisms of a
von Neumann algebra without assuming the existence of invariant states. In the
case where M = L>°(X) and {2 consists of the unitary operator Uy induced by an
ergodic measure preserving transform 7' on a probability space (X, 1), he obtained
that

%h(T) < Hp(Up,L*™®(X)) < 61(T),

and moreover if T is Bernoulli, then Hp(Ur, L>°(X)) is proportional to h(T),
where h(T) is Kolmogorov-Sinai entropy. These results suggest that the pertur-
bation theoretic entropy has a certain relation to Connes-Stgrmer entropy [CS].
However for the free shift o on the free group factor L(F.,), it is quite different.
Indeed, Connes-Stgrmer entropy H (o) = 0, but the perturbation theoretic entropy
Hp(o,L(Fw)) = 4+00. Thus the perturbation theoretic entropy may be a better
concept of entropy in some highly non-commutative cases. We also mention that the
perturbation theoretic entropy is well defined for transforms with quasi-invariant
measures and depends only on the class of the measure. However, it is an open
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problem whether Hp(Ur, L>(X)) can be non-zero and finite in the absence of an
invariant measure.

We consider in the present paper the boundary actions of free groups. If dF y is
the boundary of the free group Fy with the canonical symmetric generating set S,
then using the similar technique of [Okal], we obtain the lower bound

HP(QN,LOO((?FN)) 2 10g(2N - 1),

where Qn = {Us,}aes, U, is the corresponding unitary on L?(OFy,u) and p is a
certain harmonic measure on 0F . Unfortunately we cannot get the upper bound
of Hp(Qn, L*(0FyN)). However if we replace L>°(0Fy) by the smaller algebra
C(9F ), then we obtain the equation

Hp(Qn, C(0Fy)) = log(2N — 1).

This result is a partial answer of the above-mentioned problem because there is
no invariant measure on OFy under the action of Fy. We also remark that this
number coincides with the topological entropy h(Fn;0Fn) (see e.g. [BW]).

2. PRELIMINARIES

We quickly introduce several definitions and results of [Voi3| [Voidl [Voi5], which
we will use. The Macaev ideal (C_(H), | - ||%) in the C*-algebra B(H) of bounded
operators on a separable infinite-dimensional Hilbert space H is defined by the
norm

1Tl = s ()5,
j=1

where s1(T) > so(T) > --- are the eigenvalues of (T*T)'/2. Tts dual is denoted by
(C(H), || -|IT). The set F(H) of finite rank operators is dense in Cx (H) but not
in C;f (H).
If r=(T1,...,Ty) with T, € B(H) (1 < k < N), the invariant k__(7) is defined
by
=

(1) = liminf max ||[[A,T]

ACF(H)f 1<isN
where F(H)| = {A € F(H) | 0 < A < I} with the natural order. We will evaluate
k> (1) using the following facts.

Fact 1. If A,, € F(H)] with A,, T I, then we have

[

koo

(1) <liminf max |[[A,T;]

m—oo 1<i<N ”Oo

Fact 2. Let {X;}i<icn C CF(H). It YN [T, Xi] € Ci(H) + B(H) ., then we

have
’Tf (Z[TiaXi]>

i=1

N

< k() Y IXGl,
i=1

where C;(H) is the trace class ideal and

IX|F=_inf X+ Y|}
YEF(H)
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Remark 1. Note that for X € C; (H), we have
X = limsup L5
! n—00 Zj:lj !

Moreover if an operator X has singular values ca™™ with multiplicities da™ (n > 1),
where some constant ¢ > 0 and positive integers d, o, then one can obtain that

cd
loga’

Definition 2 (cf. [Void], [Voi6]). Let 2 be a C*-algebra acting on a Hilbert space
H and let Q be a set of unitaries on H normalizing 2, i.e., UAU* = A for U € Q.
The perturbation theoretic entropy Hp(€2,2) is defined by

Hp(Q,2A) =sup{k (wUT) |we F(Q),7 € FA),dimC*(1) < +o0},
where F(2) and F () are sets of all finite subsets of 2 and 2, respectively.

X1 =

Remark 3. The above definition is slightly different from the original one in [Void].
Our definition is introduced in [Voif]. One can easily check that all results in [Void]
and [Voi5] can be also obtained if the above definition is adopted. We believe that
our definition is better, because we do not need to deal with the invariant k-_(7)
for a family 7 of infinitely many operators. We also remark that if we consider the
original definition, then our main result can be obtained by the same proof.

We note that Hp(Q,2) = 400 unless k(1) = 0 for all 7 € F(A) with
dim C*(7) < +oc0. It is clear that if 9t = 21", then we have that

Hp(Q,9) > Hp(2,2),

3. RESULTS

Let Fy = (ai,...,an) be the free group with the canonical generating set S =
{a!,...,aE'} and OFy its boundary with the product topology,

OFy = {(xn)?zozl | 2n € S, Tny1 # 1'7:1}

Note that Fy acts on 0Fy by left multiplications. We always assume that the
expression such as x7 - - - &, is reduced throughout this paper. We define the prob-
ability measure p on OF v by

1

WO (1)) = m7

where C'(z1 - - x,) is the cylinder set. We consider the C*-algebra C(JFy) acting
on the Hilbert space L?(0F v, ) by left multiplications and the unitary operator
U, on L*(9F y, u) for g € Fy given by

U, )@ = flg™"2), dj—;“<:c>,

for f € L?(OF v, u). Note that if = (2,,)32, € dFy, we have

dg.
dp

() = (2N — 1)|gn\*|g_1gn\
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for sufficiently large n, where g, = x1--- 2, and | - | is the word-length on Fy. We
denote by Xg,...s, the characteristic function of C(zy ---x,). We remark that for
a€Sandn>2,

CN Xagem, HT1=0a"",

where ¢y = V2N — 1. Let Qn = {U, }acs-

Proposition 4.

. -1
CNXazy-z, Hx1F#a T,
Uale T, — { !

HP(QN, C’(@]FN)) Z log(2N - 1)
Hence,
HP(QN, L°°(81FN)) Z 10g(2N - 1)
Proof. We set Hy = Cx where x(x) =1 for € Fy and for n > 1,

H, = span{xz, ...z, }-

Note that HyCH; C---CH, C---CH=L?(0Fy,p) and dim H,, =2N (2N —1)"~
for n > 1. We also define the subspace K,=H,N H —, for n > 1. One can easily
check that

K, = Span{Xﬁ:1~~~xn,1x - Xa:lnwnfly}
with dim K; = 2N —1 and dim K,, = dim H,, —dim H,,_; = 4N(N —1)(2N —1)"~2
for n > 2.

We denote by P, the projection onto K,. For a € S we define the operator
X, € B(H) by

Xe=2, . 2N/( 2N—1) aneN — 1y L nUabos
n>121,...,2n
For a € S and n > 2, let us denote by P,(a) the projection onto
K, (a) = span{Xay .-z, 12 — Xa1--an_1y | 1 = a}.
Then it is easy to check that
Z Pp(a) =

aes
and dim K,(a) = 2(N — 1)(2N — 1)"2 for a € S. Moreover P,U}P,11 =
)

(P, —Pp(a=")U} forn > 2 and P, U}P,11 = UfP,41(a) for n > 1. Tt follows that
1
Z VaXa = Z 2N(2N — 1)n—1P"+1’
a€sS n>1
and )
XU, = U; Py (a)U, — P
Z NZ 2 +22N2N_1)n2”
a€S a€eS
Therefore,
1 § 1
Tr (Z[Ua, Xa]> ‘ = oy (Z Uan(a)Ua> = oy Tr(P2) =2(N —1).
a€S a€S
For a € S, we next estimate the norm ||XCL||;~FQ By using the fact in Remark 1 as
1
C 2N,d ( )’a )
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we obtain that ( )
T 2(N —1

1XallT = o1 o 17

2N log(2N —1)

Hence it follows from Fact 2 that

Theorem 5.

Proof. We define the finite-dimensional C*-subalgebra 2, of 2 = C(0F 5 ) by 2o =
Cx and

A, = Span{lemmn}
for n > 1. Note that dim 2y = 1,dim2l,, = 2N(2N — 1)"~! and

A= Umn.

n>0

We denote by P, the projection onto the subspace H,, = A, x C L?(0Fx, ). Note
that for a € S and n > 2,

Pn—l < UaPnU; < Pn+1-

Let 7 € F(A) with dim C*(7) < 4o00. Note that C*(7) is contained in Ax for
some K > 1. Then we define

1 K+m—1

Since
1 K+m—1 1 K+m—1 1
UanU; - Qm = E T;{ (UaPnU; - Pn) < E — (Pn—i-l _Pn) < EPK-i-m
and
K+m-—1 1
UanU; - Qm Z E ZI:( (Pn—l - Pn) Z *EPK+m;

we obtain that )
UanU; - Qm = EPK+mCmPK+m
for some contraction C,,. Since P, T I, we also have that Q,, T I. Moreover each
@, commutes with 7. Therefore we have
1

liminf |U,QumU; — Qmllw < lim —log(2N(2N — 1)K+m=1) = log(2N — 1),

m—00 m—oo M,
and our assertion follows from Fact 1 and Proposition 2. O

Remark 6. We also prove that k() = log(2N—1), actually. We wonder how this
is related to our previous result k- (An) = log(2N —1) in [Okal] for Ay = {Aq}taes,
where A is the left regular representation of Fp, because Q2 and Ay generate the
same C*-algebra, although they are not unitarily equivalent. (See, e.g., [FTP] for
the representation U of Fy arising from the Poisson boundary.)
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