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ABSTRACT. We show that if log(2 — A)f € L?(R%), then the inverse Fourier
transform of f converges almost everywhere. Here the partial integrals in the
Fourier inversion formula come from dilates of a closed bounded neighbourhood
of the origin which is star shaped with respect to 0. Our proof is based on
a simple application of the Rademacher-Menshov Theorem. In the special
case of spherical partial integrals, the theorem was proved by Carbery and
Soria. We obtain some partial results when \/log(2 — A)f € L?(R%) and
loglog(4 — A)f € L?(R%). We also consider sequential convergence for general
elements of L2(R?).

1. INTRODUCTION

We treat the almost everywhere convergence of partial integrals of inverse Fourier
transforms on Euclidean space, for functions in L? with logarithmic Sobolev prop-
erties. The partial integrals are formed by integrating over dilates of a fixed closed
bounded region V which is star shaped with respect to the origin and has the origin
in its interior. Particular choices of V' give rise to the familiar cases of spherical and
polyhedral partial integrals. Our results are proved by a very simple application
of the Rademacher-Menshov Theorem. In particular, we show that if the Fourier
transform satisfies

1) | s+ 1)) [F| dy < .

then the partial integrals

Snf(e)= | Fy)e*m=v dy
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1652 L. COLZANI, C. MEANEY, AND E. PRESTINI

converge almost everywhere as R — oco. If we reduce the power of the logarithmic
factor, we have a partial result. We show that if

2 [ stz + 1) || dy <o,

then Sg, f(x) converges almost everywhere as R, = n'*8(") — oo. When the
logarithm is replaced by loglog, we find that if

3) |, togtosta-+1u2))* [Fn| dy < o.

then S, f(x) converges almost everywhere as m — oo, for unbounded sequences
(rm) whose terms are in a second order lacunary set, as defined in [2].

The first case, with V' a sphere, was done by Carbery and Soria [4, Theorem 3].
The introduction to their paper provides a broad description to the background of
this area of Fourier analysis. See also [6] for some weighted norm estimates in the
spherical case. The third case is a slight extension of the main result in [2], where
they work with integrals over spheres.

Our contribution is the simplicity of the proof and the fact that it is independent
of the geometry of V. The method seems to depend only on the Plancherel formula,
and follows the same idea as used in [§].

2. THE RADEMACHER-MENSHOV THEOREM

Theorem 1. Suppose that (X, ) is a positive measure space. There is a positive
constant ¢ with the following property.
For each orthogonal subset {P,, : n € N} in L?(X, u) which satisfies

(4) > (log(n + 1)) [Py < oo,

n=1
the mazimal function M(x) = sup s, ‘ij:l Pn(x)‘ is in L?(X, 1) and

o0

1/2
(5) [Mll2 < ¢ (Z (log(n +1))° IPn|§> :

n=1
In particular, when ) holds, then the series ZZO=1 P, (x) converges almost every-
where on X.

See Theorem XII1.10.21 from [IT], Proposition 2.3.1, and Theorem 2.3.2 from [T,
Pages 79-80]. Here log means logarithm with base 2. For an application in L?(R%),
see part (b) of Lemma 5.1 in [5].

3. SETTING UP THE PARTIAL INTEGRALS

Suppose that V is a bounded closed subset of R? having 0 as an interior point
and star shaped with respect to 0. Let § = d(0,0V) > 0. For each R > 0 dilate V'
to get RV = {Ry : y € V}, so that the dilated set has measure

|IRV| = RV| and d(0,0(RV)) = Rp.
Define partial integrals by

(6) Spf(z)= [ flye*™@vdy,  Vfe L*RY),
RV
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INVERSE FOURIER TRANSFORMS 1653

which give Fourier inversion in norm, limg_.« ||Srf — f|l, = 0. If f € L?*(R?) and
Srf(x) converges almost everywhere as R — oo, then its limit equals f(x) almost
everywhere.

Now let (R,)52; be an unbounded increasing sequence of positive real numbers
and fix an element f € L%(R?). We think of the partial integrals Sg, f(x) as partial
sums of the orthogonal expansion

(7) Sk f@)+ > (Sr, f(x) = Sr,_, f(2)).
n=2

Define P, f € L?(R?) by setting

Sk, f(x) ifn=1,
Sr, f(x) — Sg,_, f(z) ifn>2.

Then the partial sums of () are

(8) Pof(z) = {

Sk, f(z)=> Puf(x), Vn>1zeR’
k=1
and m # n implies that P,,f 1L P,f. The Plancherel formula says that

2
‘dy.

) imsti= [ Jfw

4. CONVERGENT SUBSEQUENCES

Suppose that f € L?(R?). Since Sif converges to f in norm, there exists a se-
quence (R,)5%, with lim,, o Sg, f(x) =f(x) almost everywhere. The Rademacher-
Menshov Theorem gives a way of describing one such sequence.

Proposition 2. Suppose f € L?(R?). If an increasing unbounded sequence 0 =
Ry < R1 < Ry < --- has the property

= 2
(10) > IS8, f = Sk, f]; (log(n +1))* < 0,
n=1
then lim, . Sg, f(x) = f(x) almost everywhere. Furthermore, for each f €

L2(R%) there is an increasing unbounded sequence (R,)%, with property (I0).

Proof. The first statement is a direct consequence of Theorem [Il It remains to
prove the second statement. If f has bounded support, then it is integrable and
the statement is immediate. Now suppose that fis not compactly supported. The
function R — F(R) = ||Srf]l2 is continuous and its values are non-negative. If
R’ < R, then F(R') < F(R"), and limp_.oc F(R) = ||fll2- Let (an)$; be a
sequence of positive numbers with

o0 o0

Z a, =1 and Z(log(n +1))%a, < oo.

n=1 n=1
There is an increasing unbounded sequence (R,,)22 ; with the property

n=1

FR) =113 am, ¥n>1.

m=1
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1654 L. COLZANI, C. MEANEY, AND E. PRESTINI

In particular, ||Sg, ., flI3 — |Sk, fII3 = ant1]/f||3, for all n > 1. Define the projec-
tions as in (§). Then we have that

> (log(n+1)?|Pufl3 < oo

n=1

and we can apply Theorem [ O

The Cauchy-Schwarz inequality and the Plancherel formula imply that when a
sequence of partial integrals converges, then the sequence can be perturbed slightly
and still preserve convergence.

0
n=1

Lemma 3. Suppose (R;,)
and n > 1 define the set

E,(n)={r>0: ‘rd—R;ﬂgp}.

s an increasing unbounded sequence. For each p > 0

For these sets and f € L?(R?) there is the inequality,

n>1 \reE,(n)

sup ( sup |5, f () — SR,Lf(w)> <|Ifl=VplV],  VYzeR"

Now fiz f € L2(R?) and suppose (R,,)%, is an increasing unbounded sequence for
which Sg, f(x) converges almost everywhere. Furthermore, let E, = Jo° | E,(n).
If (rm)pe—q is an increasing unbounded sequence whose terms belong to a set E,,

then lim S, f(z)= f(z), almost everywhere.
m—00

Proof. If0 < R —r4 < p, then rV C R,V and |R,V \ 7V| < p|V]|, so that

1/2
(1) |5Rnf<x>—s,.f<x>s</R \ﬂy)fdy) VoIV,

VATV

Since f € L?(R), the right-hand side tends to zero as R,, — co. A similar argument

applies to the case 0 < rd — Rfl <. O
We can apply the Rademacher-Menshov Theorem again to give a minor extension
of Proposition
Lemma 4. Suppose that f € L*(R%) and (R,,)%, satisfy ([IQ) of Proposition B If
(rm)S0_ is an unbounded increasing sequence with the property that
{m: R, <rm < Rpt1}| <en?, Vn > 1,
for some positive constants ¢ and vy, then
lim S, f(z)=f(z), almost everywhere.
m—0o0

Proof. For each n > 1, suppose that there is a finite set of M,, real numbers arranged
in the interval (R, R,+1), say

R,=ri(n) < <ruy, (n) = Rpi1
and define functions

Qk,n(x) = Srk+1(n)f(x) - Srk(n)f(x)a 1 S k< Mn-

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



INVERSE FOURIER TRANSFORMS 1655

These functions form an orthogonal subset of L?(RY) and so the Rademacher-
Menshov Theorem says that

1< men, [Sru /() = S, S ()] T 1<men,

Zan

has L? norm bounded by

c(log M) ||Sr, ., f — Sk, f||, = ¢ (log M) | Py fll, -
Suppose that
log M,, < ~vylogn =log(n”), Vn>2.
Because of ([I0) we see that

o0

max |Srm(n)f($) - SR"f(:B)|2

1<m<M,

n=1
is in L!(R%). We then have that as n — oo,

1<mi}§\4 |S,ﬁm(n) f(z) — Sg, f(z |HO almost everywhere.

5. THE MAIN RESULT

Proposition 5. Suppose that f € L*(RY) satisfies the condition ({). Then
Rlim Srf(z) = f(x), almost everywhere on RY. Furthermore, there is a constant
— 00

¢ >0 so that for all w € RY,

S

Proof. Take the sequence R,, = n'/? in setting up (§) and let
M (@) = sup|Sk, f(z)], Vo R
n>1

2

sup [Srf(z)|

R>0

dz < C/Rd (log (2 + [y?))” ‘f(y)‘Z dy.

When y is in the shell R,V \ R,_,V it satisfies |y| > (n — 1)}/?3 and for large n
there is a constant ¢ > 0 for which

log(n+1) <clog (2+[y),  Vye€ R,V \ R, V.
Combine this with (@) to see that

2 2 22 | 70|
(og(n + D2IPIF < e | (1og 2+ 1s1%)* | Fw)| " dy.

nV\Rnflv

Since f satisfies inequality (dI), the sum of the terms on the right-hand side is finite.
This verifies the hypothesis @) in Theorem [ and so Sg, f(x) converges almost
everywhere as n — co. Furthermore, we see that since () holds, then inequality
B says that

(13) Ml < ([ Qo2+ 10)? [Foo| )"
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1656 L. COLZANI, C. MEANEY, AND E. PRESTINI

We can dominate the maximal function over R > 1 by the maximal function over
the sequence (R,)22; plus a remainder,

sup |Sgf(x)] < Mf(z) + sup ( sup |9, f(x) - SR,Lf(x)|> :

R>1 n>0 \ R, <r<R,41

We chose the sequence R,, = n'/? so that the increments in the measure of the
dilates of V' are constant,

[BnV A\ Bpa V| =nV]=(n-1DV|=|V].

If R, <7< Ryi1, thenn <7r? <n+1and [r? —n| = |rd — RY < 1, so that we
can apply Lemma [l with p = 1. Hence

(14) sup ( sup  [Sf — Smf) <l fll2-
n>0 \ R, <r<Rp41 0
Combine inequalities (I3]) and (I4) to prove (2. O

See [6l Chapter 2] for more sophisticated methods for estimating Sg, f(x) —
Srf(x).

6. THE CASE OF ONE POWER OF LOGARITHM

The first part of the method used above can be applied to other sequences.

Proposition 6. Suppose that f € L?*(R?) satisifies the condition @) and that
R, =n'e" forn >1. Then lim Sg, f(x) = f(x), almost everywhere on RY.
n—oo

Proof. We have that log(R,,) = (logn)? and for large n there is a constant ¢ for
which

(15 Qogln+ DPIPSE <c [ tog (2 + [91?) |Flw)|” .

R, V\Ryp_1V
Inequality (2) means that the sum of the terms on the right-hand side is finite and
so Theorem [] applies. O

Note that nlosn = 2(ogn)® grows slower than any unbounded geometric progres-
sion but faster than n*, for each k € N. The measure of the shell R,V \ R, 1V
grows too rapidly to use the estimate from Lemma Bl However, Lemma [4 gives
convergence for some other sequences.

Corollary 7. Suppose that f € L*(RY) satisfies @) and (1,,,)°_; is an unbounded
increasing sequence with the property that

Hm cnloen < < (n4 1)log("+1)H <en?, Vn > 1,

for some positive constants ¢ and . Then lm S, f(z)= f(z), almost every-
m— 00

where.
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INVERSE FOURIER TRANSFORMS 1657

7. ITERATED LOGARITHM

Fix @ > 1 and define the geometric progression R, = a”, for all n > 1. For
y € R,V \ R,_1V we have |y| > a”flﬁ and for large n there is a constant x > 0
with
loglog(4 + |y|*) > klog(n + 1).
This means that for large n we have

k2 (log(n + 1))2/

RyVAR, 1V

f)| dy

~ 2
</ (toglog(4+ y1*)* [ F(w)]| " dy
RoV\Rn_1V

and we can again apply Theorem [
Corollary 8. Suppose that f € L?>(R?) satisifies @) and that a > 1 is fized. Then
lim Synf(x) = f(x), almost everywhere on RY.
Remark 7.1. For lacunary spherical partial integrals there is a much stronger result
in [3l Theorem B] and in [7].

Lemma [ can be applied to the case of R,, = a™.

Corollary 9. Fiza > 1 and let (r,)5°_; be an unbounded increasing sequence with
the property that

Hm:angrmga”H}‘gcn”, Vn > 1,

for some positive constants ¢ and y. If f € L?(R?) satisfies @), then
lim S, f(z)=f(z), almost everywhere.
m—0oQ

We can combine Corollary [l with Lemma Bl and Corollary [@ to extend the result
of [2] to the case of general V.

Corollary 10. Fiz a > 1 and suppose f € L?(R?) satisfies [@)). Let
A={a"(1-a%) : n,keN}

and suppose that (rm,)0_, is an increasing unbounded sequence whose terms belong
to A. Then limy, o0 Sy, f(x) = f(x), almost everywhere.

Proof. Let R, = a™ and consider the set F1, as defined in Lemma[3] We need to
count how many elements are in (A \ E1) N [a"~!, a"], for each n > 1. That is, we
count how many k satisfy

(16) a" —a™ (1 —aF)4 > 1.
This is equivalent to the inequality

1-(1-a®d>ag
and the left-hand side is equal to da=*y?~! for some 1 —a~% <y < 1. Taking
logarithms, we see that if k satisfies the inequality (L6]), then we must have k < ¢n,
for some constants c. This shows that A\ E; satisfies the criterion of Corollary [

If a sequence has its values in A, then it is made up of subsequences in AN E; and
A\ E;. Apply Lemma B for AN F; and Corollary @ for A\ F. O
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1658 L. COLZANI, C. MEANEY, AND E. PRESTINI

8. CAPACITY

We conclude with an extension of Theorem 1.3 of [9] to summation based on the
set V. Following Definition 2 in [9], for each 0 < a < d the (o, 2)-capacity of a
subset X C R? is

Co(X) =1inf {[|f||3: f € LZ(RY), Goxf(z)>1,VzeX}.

—~ —a/2
Here G, is the Bessel kernel, with G, (y) = (1 + |y|2) . Its properties are cat-

aloged in [10}, Section V.3]. Most importantly, G, (x) > 0 for all « # 0. Notice that
if feL%(RY) and X C {z: Gqo* f(z) > A}, then Co(X) < A72||f||3. Capacity is
subadditive and sets of capacity zero have Lebesgue measure zero.

Let R, = n'/? for each n > 1, as in the proof of Proposition [, and define
Mf(z) = sup,>1 |Sr, f(x)|. Recall that this satisfies inequality (I3]).

Lemma 11. Suppose that ¢ € L?(R?) satisfies

(a7) Nig.a)i= [ 187 (1+19%)” (o8 (2-+ o) dy < .

for some 0 < a < d. There is a positive constant ¢ so that
Co ({z: Mp(x) > A}) < eA2N(p,a), VA > 0.
Proof. Since ¢ satisfies (7)), there is a 1) € L?(R?) with ¢ = G, * ¢ and

Nip.) = Nw.0) = [ [iw)|

R4
Inequality (I3) can be applied to both 1 and to ¢ = G, * 1, so that the maximal
functions satisfy M1 € L2(R%) and M(G, *1) € L?(R%). Since G, is positive, the
observation on page 1419 of [9] can be adapted to our sequential maximal function
so that

(log (2 + |y))* dy < oc.

M(Gy x ) (z) < G % (M) (), Vz € R%
For each A > 0 let
Xy ={z: M(Gq*1) (x) 2 A} C{z: Gy x (M)(z) > A}.
From the definition of capacity, Cu (X)) < A72||M1[|3 < cA72N (1), 0). O
Proposition 12. Suppose that ¢ € L*(RY) satisfies (IT) for some 0 < a < d. The

set on which Sre(x) does not converge to ¢(x), as R — oo, has («,2)-capacity
zero.

Proof. The argument based on Lemma [3] shows that it is enough to consider the
convergence of Sg, ¢(x) as n — oo. Let ¢ be the function in the previous proof, so
that ¢ = G, *1p. For § > 0 let H € C2°(R?) satisfy

N<w—H,o>:/ D) - A )

R4
We know that limg_.oo SrR(Go * H)(z) = Go x H(z), for all z. For each > 0,

{o: s s, p(0) - (o) >

n—oo

2
| (log (2 -+ [y))” dy < &.

- {x:ilgSR” (p—GoxH) (x)| > g}u{x: lo(x) — Gy x H(z)| > g}
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Lemma [TT] shows that

Co ({x :sup |Sg, (Go * ¥ — Gy * H) (z)] > g}) < 4en20.

n>1

Observe that |Gy * 1) — Gy x H| < Gy, * |¢p — H|. The definition of capacity shows
that

Co ({#:1Ga x (@) = Gax H@)| > 1 1) < d2|1p - H|} < 4n~2cE6.

Letting § — 0, we find that

Ca ({r s tmsuplSi o) - o)) > 0} ) =0,

n—oo

for every n > 0. The set of divergence is

U {o: sl o(0) — o) > 1.

k>1 n—oo

which is a countable union of sets of (v, 2)-capacity zero and so it also has (a, 2)-
capacity zero. ([

One consequence of this proposition is that the partial inverse Fourier integrals of
functions in Sobolev classes L2 (R?) converge pointwise, with the possible exception
of sets with zero (« — ¢, 2)-capacity, for every € > 0.
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