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ABSTRACT. Let B(H) denote the algebra of operators on a Hilbert H. If A;
and Bj € B('H) are commuting normal operators, and C; and D; € B(H) are
commuting quasi-nilpotents such that A;C; —~C;A; = B;D;—D;B; =0, then
define MJ‘,N]' € B(H) and g,E € B(B(H)) by Mj = AJ‘ +Cj, Nj = Bj -‘rDj7
E(X)=A1XAs+ B1XBs and E(X) = M1 XMz + N1 XN>. It is proved that
E~1(0) C Ho(€) = £€71(0) and X € E~1(0) = ||X|| < kdist(X, E(B(H))),
where k > 1 is some scalar and Ho(€) is the quasi-nilpotent part of the operator

E.

1. INTRODUCTION AND NOTATION

For a Banach space operator T', T € B(V), the kernel T=1(0) and the range
T (V) are said to have a k-gap for some real number & > 1, denoted T~1(0) L, T(V),
if

y € T7H0) = [|yl| < kdist(y, T(V)))

[9, Definition]. A subspace M of the Banach space V is said to be orthogonal to
a subspace N of V, in the sense of G. Birkhoff and R. C. James (see [11} p. 93]),
if [|m|] < ||m + nl| for all m € M and n € N. This asymmetric definition of
orthogonality coincides with the usual definition of orthogonality in the case in
which V = H is a Hilbert space. A 1-gap between T-1(0) and T'(V) corresponds
to the range-kernel orthogonality for the operator T in the sense of [I 2]. The
following implications are straightforward to see:

T7H0)LeT(V) = T H0)NT(V) = {0} = T H0)NT (V) = {0} = asc(T) < 1,

where T'(V) denotes the closure of T'(V) and asc(T') denotes the ascent of T. A
k-gap between T71(0) and T(V) does not imply that T'(V) is closed, or even when
T(V) is closed that V = T~1(0) @& T(V) (see for example [1], [2] and [21]).

Let V = B(H) be the algebra of operators on a Hilbert space H, and let 645 €
B(B(H)) denote the generalized derivation ap(X) = AX — XB. If A,B € B(H)
are normal (or, more generally, if A, B € B(H) satisfy the Putnam-Fuglede com-
mutativity property that 6,5(0) C 8,1 5.(0)), then ,5(0) L §ap(B(H)) (see [T,
[7], [I7] and some of the references cited there). This orthogonality extends to
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1728 B. P. DUGGAL

the elementary operator Aap € B(B(H)), Aap(X) = AXB — X. Cyclic sub-
normal operators A, B € B(H) do not satisfy the property d,5(0) C 6,1 5.(0).
However, 6,%(0) L §44(B(H)) for a cyclic subnormal operator A [I7], and this
orthogonality fails in the absence of the hypothesis that the subnormal A is cyclic
[12]. Observe that cyclic subnormal operators are essentially normal, which implies
that m(A) is a normal operator (whenever A is a cyclic subnormal), where 7 de-
notes the Calkin map. Since an operator X € B(H) in the commutant of a cyclic
subnormal operator is subnormal [24], and since ||X|| = [|7(X)]|| for a subnormal
operator X, it is seen that §,4(0) L §44(B(H)) is consequent to the Putnam-
Fuglede commutativity property 5;(114)77(14)(0) - 5;(114*)“#)(0). We generalize this
argument to prove a result (see Theorem 3.4 infra) which not only subsumes a
number of the extant results on the range-kernel orthogonality of the operators
dap and Aap but also leads to some new ones. Our principal objective in this
note is to study the range-kernel orthogonality of the operators d 45 and A 4p un-
der perturbation by suitable quasi-nilpotents. For this we consider the elementary
operator Eap(X) = A1 X Ay + B1 X By, where A = (A;, Ay) and B = (B, Bs) are
commuting tuples of normal operators. We prove that if C;, D; are quasi-nilpotent
operators in B(H) such that (the commutators)

[4;,C5] = [Bj, D;] = [C},D;] =0

for j =1,2, M; = A; 4+ C; and N; = B; 4+ Dj, and the elementary operator Enin
is defined by Epn (X) = M1 X My + N1 X Na, then ER/IlN(O) - 5;]13(0) = Hy(€AB)
and Eqyjn(0) LxEas(B(H)), where Hy(Eap) denotes the quasi-nilpotent part of the
operator EaB.

In the following dap shall denote either of the (already introduced) operators
d0ap and A 4p. For an operator T € B(V), we shall denote the spectrum, the point
spectrum, the approximate point spectrum, the surjectivity spectrum, the isolated
points of the spectrum and the spectral radius of T' by o(T), 0,(T), 04(T), 0su(T),
isoo(T') and r(T'), respectively. Recall that T is normaloid if r(T) = ||T||. The
commutator AB — BA of A, B € B(V) will be denoted by [4, B]. The operator
T € B(V) is said to be Fredholm if T'(V) is closed and both the deficiency indices
dim(71(0)) and co-dim(7'(V)) are finite, and then the indez of T is defined to
be ind(T) = dim(T~1(0)) — co-dim(7'(V)). The essential spectrum o.(T) of T is
the complement in C (= the set of complex numbers) of the Fredholm set of T.
The ascent of T, asc(T), is the least non-negative integer n such that 7-"(0) =

Tf(n+1)(0).
The quasinilpotent part Hyo(T — A) and the analytic core K(T — X) of T — X are
defined by
Ho(T =X ={zeV: lim ||(T—X\"z||* =0}
and

K(T — A\) = {z € V : there exists a sequence {x,,} CV and ¢ > 0 for which
x=20,(T — Napt1 =z and ||z, || < " ||z|| for all n = 1,2, ...}.
We note that Ho(T — A) and K (T — \) are (generally) non-closed hyperinvariant

subspaces of (T'— \) such that (T'— \)"P(0) C Ho(T — \) for all p=0,1,2,... and
(T —NK(T —)\)=K(T—\) [19].
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We shall be making but a passing reference to the concepts of a decomposable
operator, Bishop’s property (), the decomposition property (0), and the single-
valued extension property. The interested reader is referred to the monograph [18]
for information on these concepts. The operator T' € B(V) is a generalized scalar
operator if there exists a continuous algebra homomorphism ® : C>* — B(V)
for which ®(1) = I and ®(Z) = T, where C°°(C) is the Fréchet algebra of all
infinitely differentiable functions on C (endowed with its usual topology of uniform
convergence on compact sets for the functions and their partial derivatives) and Z
is the identity function on C (see [5] and [I§]).

2. ELEMENTARY OPERATOR dg, 4,

A Banach space operator H, H € B(V), is said to be hermitian if the numerical
range of H is a subset of the set R of real numbers (equivalently, if ||exp(iaH)|| =1
for all @ € R; see [4, p. 55]). An operator A € B(V) is normal if there exist
hermitian elements H, K € B(V) such that A = H 4+ iK and [H,K] = 0. Let
A; = H;j+iK;, j = 1,2, be normal elements of B(V). Then §4, 4, = 0, 1, +90k, i,
where |lezp(icdm, m,)|| = |lexp(iadk, k,)|| = 1 for all & € R and [0p, 1,, Ok, K,] =
0. Hence d4,4, € B(B(V)) is normal, and it follows from [I3, Theorem A] that
6;\11142 (0) L da,4,(B(V)). The normality of A; and A, is not sufficient to guarantee
the normality of A4, 4, (see [9, Example 2.1]), and an argument similar to that
for the case §4,4, cannot be applied to conclude that AZ}AZ (0) L Aa,a,(B(V)).
However, if A;, Ay € B(H) are normal, then AZ%M(O) = AZ%A; (0). (This is the
well-known Putnam-Fuglede theorem for the elementary operator A4, 4,; see, for
example, [8].) Define the Hilbert space H by H = H®H. Let the normal operator A,
the operator X € B(H) and the operator Djge € B(B(H)) be defined, respectively,
by A = Ay @ A3, X = [§%] and A4 (X) = AXA* + X. Then A7 (0) =
AEA(O)’ and it follows from [7, Theorem 1] that A;ii{* 0) L (Aj4(B(H)) U
A 4. 4(B(H))), and hence that AL, (0) L (A4, 4,(B(H)) U Aaras(B(H))). We
have proved the following proposition (see [11 2, [7, [, [16, 17, 22]).

Proposition 2.1. If Ay, As € B(H) are normal, then
x4, (0) L (da,a,(B(H)) Uda; a3 (B(H))).
Let A denote a C*-algebra with norm ||.|| 4.

Corollary 2.2. If a1,as are normal elements of A, then
d(;llaz (0) L (da1a2 (-A) U daIaS (-A))

Proof. There exists a Hilbert space H and a #-isometric isomorphism ¢ : A —
B(H) preserving order such that A; = t¢(a;) and Ay = ¢(az) are normal elements
of B(H). Let x € d,}, (0); set 1(z) = X. Then X € d,. , (0), and

ajaz

lzlla = [1X]I < min([[X + da, 4,(V)]], [|[X + da; a5 (Y)]])

= min(||z + da,a; (Y)[ |4, [|7 + dazas (y)]].4)
for every y € A. O

Recall from Kittaneh [I7] that if A € B(H) is a cyclic subnormal operator, then
614(0) L 644(B(H)). This orthogonality fails in the absence of the hypothesis
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that A is cyclic [I2]. For the elementary operator Ag4, we have the following
corresponding result.

Proposition 2.3. If A is a cyclic subnormal operator, then to each X € A;&(O)
such that X? # 0 there corresponds a scalar k = k(X), 0 < k < 1, such k|| X|| <
NAAA(Y) + X|| for every Y € B(H).

Proof. Let X € A;4(0). Then AXA = X = AXAXA = X?A = AX? =
X2A = 644(X?™) =0 and AX?*™~ 1A = X?m~1 for every integer m > 1. Hence
| X2 < ||044(Z2) + X?™|| for every integer m > 1 and Z € B(H). Choose
Z = YAX?*"~1 then || X?™|| < [|Aaa(Y) + X||||X?™ 71| for every Y € B(H) and
all integers m > 1. Let n = 2m; since limp, o || X™||% = limp, o0 |[(X2)™ |27,
and since X?™ is subnormal for every value of m, r(X) = 1/[| X2|]. Set ||Aaa(Y)+
X[ =C. Then || X?™|] < C||X?™2|||| X|| for every m > 1, and it follows from

X2 X el m
TS e T Y oo <C
X1 X3 X %S 11X
that
X2
=2 1" <o
|1 X1

for every integer m > 1. Hence Tlgl)lz < C. Define k by % =k;then0< k<1

and k|| X|| < C. O

The following (simple) theorem generalizes Proposition [ZT] Kittaneh’s result on
cyclic subnormal operators and Proposition Let 7 : B(H) — B(H)/K(H)
denote the Calkin map, and let C denote the Calkin algebra B(H)/K(H). Recall
that an operator A € B(H) is essentially normal if w([A, A*]) = 0.

Theorem 2.4. Let Ay, Ay € B(H) be essentially normal operators. Set dr(a,)r(a,)
=D and dTr(Af)ﬂ-(A;) =D.,. Then Dfl(O) 1 (D(C) U D*(C))

Proof. Since the operators (A1) and m(As) are normal elements of the C*-algebra
C, Corollary applies. O

Theorem 24 applies in particular to operators Ay, Ay € B(H) for which d;llh (0)
- d;% A (0). Such operators satisfy the Putnam-Fuglede commutativity property:
dAlAQ(X) =0= dAfA;(X) = 0. Observe that if dAlAz(X) =0= dATA;(X) =
0, then H; = ranX reduces A;, Hy = kertX reduces Az, and Ay = Ay,
and Ag; = As|p, are normal operators (see [§]). Following an argument similar
to that leading to the statement of Proposition EZI it is seen that d', (0) L
(da,4,(B(H)) Udas a;(B(H))). Theorem 2.4l says more. Let

S§=A{T € B(R) : [|=(T)[| = [IT1]}-

Examples of operators T' € S are provided by hyponormal operators (|7%|? < |T|?),
and paranormal operators (||Tz||?> < ||T?z]|||x|| for every x € H) which have no
eigenvalues of finite multiplicity. (Indeed, every normaloid T' € B(H) such that T'
has no eigen-values of finite multiplicity is in S, for the reason that for such an
operator boundary o(T") C 0,(T") = the left essential spectrum of T' (see [6 1.8.11
Proposition]), and hence ||T|| = r(T) = r(x(T)) = ||=(T)||.)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



RANGE-KERNEL ORTHOGONALITY 1731

Corollary 2.5. If Ay, A € B(H) are essentially normal operators, then:
(i) to each non-trivial X € d:\}AQ(O) there corresponds a scalar k = k(X), 0 <
k <1, such that

RIIXI| < min{||da, 4, (Y) + X[, [|da; a5 (Y) + X||}
for every Y € B(H);
(i) (da;4,(0) NS) L (da,a, (B(H)) Udas as(B(H))).

Proof. Observe that if X € d;hlAQ (0), then n(X) € d;(lAl)W(AZ)(O). The operators
A; and A, being essentially normal, it follows from an application of Theorem [2.4]
that

[ (X)[| < min([[x(da, a,(Y) + X)|[, [[7(daz a3 (Y) + X)[])
< min(||da, a,(Y) + X[[, [[day a3 (V) + X]])

foreveryY € B(H) and X € d;hlAz (0). The proof of (i) follows if we set k = ||7T|(§H)H .
). O

\
Evidently, k = 1is independent of X in the case in which X € S; this proves (ii

Corollary 25 applies in particular to n-multicyclic hyponormal operators (which,
by the Berger-Shaw inequality [I4, Theorem 4.4], are essentially normal). Again,
Corollary holds for all X € 5;11142 (0) in the case in which A;, Ay are cyclic
subnormal operators. In such a case B = A1 & A, is a cyclic subnormal operator
and every Z € 055(0) is subnormal (and hence in S) by a well-known result of
Yoshino [24]. Recall that A € B(H) is p-hyponormal, 0 < p < 1, if |[A*|?P < |A|?P.
(A 1-hyponormal operator is hyponormal.) Since an n-multicyclic p-hyponormal
operator satisfies

trace(|A[?? — |A*)s < Dareac(A),
™

[23, Theorem], m(JA|*’ — |A*|??) = 0. Observe that A is p-hyponormal implies
7(A) is p-hyponormal, and then 7(|A4|??) = {|x(A)|*>}?. (A p-hyponormal is ¢-
hyponormal for every 0 < ¢ < p (see [23] and [I0]), and we may assume without
loss of generality that p = 27! for some natural number m.) Hence {|m(A)|?}? =
{|m(A*)|?}?, which implies that m(A) is normal.

Corollary 2.6. If Ay, Ay € B(H) are n-multicyclic p-hyponormal operators, then
(d4)4,(0)NS) L (da, a,(B(H)) Uda;a;(B(H))).
It is worth mentioning at this juncture that p-hyponormal operators belong to

the set S. To see this, recall that p-hyponormal operators are normaloid and to
each p-hyponormal operator A there corresponds a hyponormal operator A such

that o.(A) = oc(A4) and [|A[| = ||A]] [10], which implies that ||7(A)|| = ||x(A)|| =
[IA]] = [|A]].
3. PERTURBED ELEMENTARY OPERATOR Eap

Let A = (4, A3) and B = (By, B2) be commuting tuples of normal operators
in B(H), and let C}, D; be quasi-nilpotent operators in B(H) such that

[4;,C5] = [Bj, D] = [Cj, D] =0

for j = 1,2. Define M;, N; € B(H) by M; = Aj + C;,N; = B; + D; and the
elementary operator Enin by Emn(X) = M1 XMy + N1 XN, We prove that
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Eyin(0) € Exg(0) = Ho(Ean) and Eyfn(0) LeEap(B(H)). But before that we
give a simple proof of the following known result (see [9] [16] 22]).

Lemma 3.1. £45(0) LxEan(B(H)).

Proof. A familiar argument (see the proof of [9, Theorem 2.7]; see also the argument
leading to Proposition[2.]) shows that to prove the lemma it will suffice to prove that
¢71(0) Ly ¢(B(H)), where ¢ € B(B(H)) is the operator ¢(X) = AXA* + BX B*
for commuting normal operators A and B.

The Berberian extension theorem [14 p. 43] says that given an operator T €
B(*H), there exists a Hilbert space K D H and an isometric *-isomorphism 7" — T
preserving order such that o(T) = o(T°) and 0,(T) = 0,(T°) = 0,(T°). For
simplicity, let us denote the Berberian extension T° of T by the (lower case) letter
t. Thus a, b are commuting normal operators with o(a) = o,(a), o(b) = 0,(b), and
X € ¢10) implies that ¢(z) = axa* + bxb* = 0. We divide the proof into the
cases 0 ¢ o(b) and 0 € o(b). If 0 ¢ o(b), then

o(x) = blab~'zb* " ta* + 2)b* = by ()b,
where t = ab~ ! is normal. Evidently, ||z|| < ||Aw-(2) + z|| for every z € A (0) =
$#~1(0) and 2z € B(K). Choose z = byb*; then ||z|| < ||¢(y)+z|| for every z € ¢~1(0)
and y € B(K).

Assume now that 0 € o(b) = 0,(b). Then b = 0 & byy (with respect to the
decomposition £ = K1 @& Ky, say), where bag is invertible. Since [a,b] = 0, a =
a11 @ ase (with respect to K = K1 @ K3). Letting = have the corresponding matrix

representation x = [2;,]5,._;, it then follows that
6(2) + | = an1ziia; + T 1121203 + 12
22221071 + T21 22222035 + b22222b35 + T22

for every z = [2,]5,2, € B(K). Since by is invertible, the norm of the jr-th
entry in the above matrix is > ||z;.||, which (see [3]) implies that the norm on the

2 lzgel] > Yja]|. Letting & = 4,

right-hand side in the above equality is > 1 >° -

we have

|zl < Ellp(2) + x|
for every x € ¢71(0) and z € B(K). Let Z=[3 Y], Y € B(H), and choose z = Z%;
then [ X|| = ||z < K|l¢(2) + =[] = Ello(Y) + X|. O

The constant k, although an improvement on the constant in [9, Theorem 2.7],
is not the best possible. That distinction goes to k = 1, and is achieved in the case
in which A;l(O) N B;l(O) = {0} (see [22, Theorem 2.4] and [9 Corollary 2.8]).

The following corollary is immediate from Lemma 3.1

Corollary 3.2. asc(éa) < 1.
Corollary 3.3. £,5(0) = £415.(0), where A* = (A}, A3) and B* = (B}, B}).
Consequently, Exp(0) LpEa--(B(H)).

Proof. Since asc(éap) < 1 and A and B are commuting tuples of normal operators,
Eap satisfies the Putnam-Fuglede theorem: Eap(X) = 0 = Ea-p~(X) = 0 [20].
Now apply Lemma B to Ea-p-. O
Theorem 3.4. (i) Eyjn(0) € Exp(0) = Ho(EaB)-

(ii) Enin(0)Li(EaB(B(H)) U Ea-p- (B(H))).
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Proof. The proof of part (ii) follows from part (i), via an application of Lemma 3]
and Corollary B3t we prove part (i).

Let Lr and Ry € B(B(H)) denote, respectively, the operator of left multiplica-
tion by E, Lg(X) = EX, and the operator of right multiplication by E, Rg(X) =
XE. Define ¢pprp(X) = LeXRp. Let X € Ey(0). Then Eap(X) = —®(X),
where ® = ¢4, ¢, + by 4, + G0y + OB.Dy + P01 By + Py D, Recall from [5 4.3.8
Lemma| that the sum of two commuting quasi-nilpotent operators, also the prod-
uct of two commuting operators one of which is quasi-nilpotent, is quasi-nilpotent.
Since [Lg, Rr| = 0, and since the operators Ly and Rg are quasi-nilpotent when-
ever F is quasi-nilpotent, the operator ® is quasi-nilpotent, which implies that
lim, o0 ||E%5(X)||* = 0, and hence that X € Ho(Eap).

The operators A; and B;, j = 1,2, being normal, the operators L4,, Lp,,
R4, and Rp, are generalized scalar operators. Furthermore, since [4;, B;] = 0,
[La;, RB;] = [La,Ra,, L, Rp,] = 0. Observe that La, and Ra,, similarly Lp,
and Rp,, are commuting generalized scalar operators with two commuting spectral
distributions. Hence Eap = La,Ra, + Lp, Rp, is a generalized scalar operator
(see 4.3.3 Theorem, 4.4.2 Proposition and 4.4.3 Theorem of [5]), which implies that
there exists an integer p > 1 such that Ho(Eas) = E4p(0) [, 4.4.5 Theorem].
By Corollary B2 asc(€as) < 1; hence Ho(EaB) = Exp(0), which implies that
X € E4p(0). O

Let m(A) and 7(B) denote the tuples (7(A1), 7(A2)) and (7(B1), 7(B2)), respec-
tively, and let (as in Section 2) S = {T' € B(H) : ||T|| = ||=(T)||}. The following
corollary is an immediate consequence of Theorem [3.4]

Corollary 3.5. If A;, B;, j = 1,2, are essentially normal operators in B(H), then
(Enin(0) N S) Li(Ea(B(H)) U Ea-n-(B(H))).

The fact that Eap is a generalized scalar operator (in particular, a decomposable
operator [I8 p. 97]) has a number of consequences. We describe just one such
consequence below.

As a decomposable operator, Eap satisfies both Bishop’s property () and the
decomposition property (0). In particular, both £ap and the conjugate operator
Eap have the single-valued extension property [18, Theorem 2.5.19] and o(€an) =
ca(EaB) = 0su(Eam) [I8, Proposition 1.3.2]. Furthermore, isolated points of
o(Ean) are poles of the resolvent of Eop. This is seen as follows. If A € isoo(EaB),
then (see [19] and [15])

B(H) = Ho(EaB — A) ® K(EaB — A),
which since Eap — A is (again) generalized scalar implies that
B(H) = (EaB — A) 7(0) & K(EaB — A)

for some integer p > 1 [B 4.4.5 Theorem]. Hence (Eap — A)P(B(H)) = K(EaB — )
and
B(H) = (€as — A)7"(0) & (€aB — N)P(B(H)),

ie. X is a pole of the resolvent of Eap [I5l Proposition 50.2]. Apparently,
(EaB — A)7P(0) L (EaB — NP(B(H)) at every A € isoo(Eap). In the particu-
lar case in which A\ = 0, one may take p = 1. Can this be done for a general
0 # X € isoo(Eap)? An affirmative answer here would imply the Putnam-Fuglede
property (Eas — A)71(0) = (Ea-B- — A\)"(0) for Eap — A at every A € isoo(EaB)-
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