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ABSTRACT. In this paper, we study some systems of integral equations, in-
cluding those related to Hardy-Littlewood-Sobolev (HLS) inequalities. We
prove that, under some integrability conditions, the positive regular solu-
tions to the systems are radially symmetric and monotone about some point.
In particular, we established the radial symmetry of the solutions to the
Euler-Lagrange equations associated with the classical and weighted Hardy-
Littlewood-Sobolev inequality.

1. INTRODUCTION

Let R™ be the n-dimensional Euclidean space, and let « be a real number satis-
fying 0 < a < n. Consider the integral equation:

(1.1) u(z) = / |z — y|a*"u(y)%dy, u>0in R".

It arises as an Euler-Lagrange equation for a functional under a constraint in the
context of the Hardy-Littlewood-Sobolev inequality. In [14], Lieb classified the
maximizers of the functional, and thus obtained the best constant in the HLS
inequality. He then posed the classification of all the critical points of the functional,
i.e. the solutions of the integral equation (III), as an open problem.

This integral equation is closely related to the following well-known family of
semi-linear partial differential equations

(1.2) (=A)/ 2y = M+ (=) g 5 0, in R™.
In the special case n > 3 and o = 2, ([[2]) becomes
(1.3) —Au ="/ =D 50, in R

Solutions to (I3]) were studied by Gidas, Ni, and Nirenberg [12] and classified
under some decay condition at infinity.

Later, Caffarelli, Gidas, and Spruck [B] removed the decay condition and obtained
the same result. Then Chen and Li [7], and Li [I3] simplified their proof. Recently,
Wei and Xu [19] generalized this result to the solutions of the more general equation
([C2) with o being any even numbers between 0 and n.
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1662 CHAO JIN AND CONGMING LI

After this, Chen, Li, and Ou [8] solved Lieb’s open problem by using the method
of moving planes and proved that every positive solution u(x) of (1)) is radially
symmetric and decreasing about some point x,. They also showed the equivalence
between the integral equation (1)) and the differential equation (2], and therefore
classified all the solutions of the semi-linear differential equation (L2).

Furthermore, another paper from Chen, Li, an Ou [9] discussed the actual system
of integral equations that maximize the constant in the Hardy-Littlewood-Sobolev
inequality. They presented and proved:

Theorem. Let the pair (u,v) be a solution of the system of integral equations:

u(x) = [ |z —y|* "0 (y)dy,
(14) { 0(z) = [ 2 — | (y)dy

with#—l—ﬁ:”;a;p,q21,0<a<n,

Assume that u € LPTY(R™) and v € LITY(R™). Then u and v are radially
symmetric and decreasing about some point x,.

In this paper, we will study the system of integral equations which is in a more
general form:

(1.5) U(x) = /Rn L(|z[, [z — y)H(lyDF (U(y))dy.
Here,
U(z) ={u1(z), uz(x), ... um(2)}, F(2) = {f1(2), f2(2), ..., fm(2)},
L(|z, |z — y|) = {t(|=], |z = y)), la(lz|; |2 = y]), - - L (|2]s [2 = y]) } 5
H(|z|) = {h1(|z]), h2(||), ..., hm(|z|)} where z,y € R", z € R™.

This system covers the Euler-Lagrange system from not only the classical HLS in-
equality, which has been studied by many researchers, but also the double weighted
HLS inequality (see section 2 for more details).

Before presenting the theorem, we first give a definition.

Definition 1.1. We say that f1, fo,..., f;, are essentially related if

lo lo
(16) Zfil(u17u2)"'7um)#Zfil(vlav27"'7v77l)
1=1 =1
provided that u; < v; for ¢ = 1,...,m and u; < v; for j € S, where § =

1,...,mN\{is, ..., i}

This definition is a simple way to say that the system (L) can’t be divided into
two or more independent subsystems. In this paper, we say that system (LH) is
essentially related when fi, fo, ..., fin are essentially related.

To be able to prove that the solutions u, ..., u, are radially symmetric around
a common center x,, this kind of assumption is necessary.

Theorem 1.2. Let U(x) be the positive reqular solutions of the essentially related
system (L)), 0 < oy < n, and B; >0 fori,j=1,...,m. Assume that:

(1) Li(s,t) < t,%, gl{; (u) < Ci7j|u|ﬁi and 1;(s1,t1) < l;i(s2,t2) provided s; <
So and t1 < to;
(2) Li(s,t) and hi(t) are positive nonincreasing in s, t; fi(z) > 0 and is nonde-

creasing in all variables for v =1,2,...,m;
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SYMMETRY OF SOLUTIONS TO SYSTEMS OF INTEGRAL EQUATIONS 1663

(3) hully) ) € 175 where pi; = bl > 2 gy > 2 for
any i, j =1,2,..m;

Then all u;(x) are symmetric and decreasing about some point x,.

Remark 1.3. In most cases, the center is at the origin. For example, in the case
that H is not constant, L # 0, and f(u) # 0 for u # 0, the center is at the origin.

Remark 1.4. In many applications, most of the C;; are zero, i.e., the systems
related to the classical HLS inequality and the weighted HLS inequality.

Remark 1.5. This theorem is a generalization of the results in [9] and [§] about the
classification of nonnegative solutions.

In particular, the result of Theorem holds for the single integral equation:

(1.7) u(z) =/ L(lz], [z = y[) H (|y[) f[u(y)]ldy.
We present it as the following:

Theorem 1.6. Let u(x) be a positive regular solution of (L) and 0 < a < n. As-
sume that L(s,t) and H(t) are nonnegative and nonincreasing, f(s) is nonnegative
nondecreasing, L(s,t) < tn%, "(u) < Clul®, B > 0 and uw(x)?H(|y|) € L« (R™).
Then u(x) is radially symmetric and decreasing about some point x,.

The following is the system of Euler-Lagrange equations for the weighted HLS

inequality:
_ 1 v(y)?
(18) { U(QZ - \xl|°‘ fRn WP lz—y[™ dy,
v(2) = 2 Jrn GRTe— W
Where0<p,q<00,0<>\<n,520,OS%<ﬁ<)\Taaandp_ll+ﬁ:
Ata+pB

n

Theorem 1.7. Let the pair (u, v) be a positive solution of system (L) and p,q >
1,pq # 1. Then u and v are radially symmetric and decreasing about some point
Zo.

In section 2, we present some background knowledge about Hardy-Littlewood-
Sobolev inequalities. In section 3, we present the proof of Theorem [[7} which is
similar to but much simpler than the proof of Theorem . In section 4, we prove
Theorems and

2. HARDY-LITTLEWOOD-SOBOLEV INEQUALITIES

2.1. The classical Hardy-Littlewood-Sobolev inequality. Let 0 < o < n,
s,r > 1 such that 1 + 1 = 242 The well-known Hardy-Littlewood-Sobolev in-
equality states that:

2.1) | s@le =y gtdzdy < Cns. )1l sl

for any f € L"(R") and g € L*(R"™).
Let Tg(x) = fR” |z — y|* "g(y)dy. Then the above inequality implies that:

(f;Tg) =(Tf,9) < C(n,s, ) I, llgll-
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1664 CHAO JIN AND CONGMING LI
Consequently, [|Tgl|, = Supy s, =1 (f, Tg) <C(n,s,a)lglls, where

T+1-1
ﬁ)_i_%_n—i-a

r ~  n

ns

Solving for p, p= _"%_.
Thus, | Tg|| ».. < C(n,s,a)|glls, where 1 < s < 7. Similarly,

n

(2.2) ITgll, < C(n,p,a)llg

np_, where

<p <o
ntap n—o

To find the best constant C' = C(n, s, «) in (ZI)), one can maximize the functional
(23 Ho)= [ [ s@le =yl gly)dody
n R‘n
under the constraints: ||f, = ||g]|ls = 1.

Letting I(f) = [pn f(z)"dz, by the Lagrange multiplier, D;J(f,g)(v) =
M DI(f)(v), which gives the first equation:

(2.4 |l gty = harf(e)

If we multiply both sides by f(z) and then integrate, we obtain A\r = J(} i
Similarly, for I(g) = [. g(x)dz, we have

1
(2.5) / x—y|* " f(y)dy = Nasg(x)* ! and Ags = ———.
e @ T7.9)
Let w = c1f77Y, v =1cg* !, p= ﬁ and ¢ = :11 By a proper choice
of constants ¢; and ¢y, (24) and ([Z3) turn into the system of Euler-Lagrange
equations for the HLS inequality:

w(r) = [pa o —yl* "v(y)dy,
(2.6) { v(x)zlﬁ;|x-wanupundy

with 0 < p < 00, 0 < ¢ < o0, ﬁntq}r—l:”;—a, uwe LPtl and v e LIt

Later in section 4, we will see how our Theorem applies to this system.

2.2. The weighted Hardy-Littlewood-Sobolev inequality. Let 1 < s,r < o0,
0<A<na+pf>0 1414240040 —9apd 1-1 -2 <2 <11 Then the
weighted HLS inequality states

f(x)9(y)
2.7 Iy dody| < Cagsnal £l lgl.
v S Tl =y yl? ’
We can also write the weighted HLS inequality in another form. Let Tg(x) =

)
Jrn faepe=grye 9+ Then
(2.8) 1Tg(z)llp = Supy sy, =1(T9(x), f(x)) < Cllg(y)lls

A

where1+%:%JFW,1<s,p<oo,a+620,0<)\<nand11;77<%<

n
Similarly, the corresponding system of Euler-Lagrange equations is:

r—1_ 1 _ 9y
A2sg(2)" = 75 Jpe R W
where A\ir = Aas = J(f, g).

1
o
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Let u=cifr L v=cog® Lip=25,q= —5. When pg # 1, (Z9) turns into

1 vy
(2.10) { (@) = =1 Jrn e g Y
(@) = G Jan ety 4y
where0<p,q<oo,0<>\<n,a+620,ﬁ—%<%<ﬁandﬁ+qﬁ=

Ata+B
S

3. ON THE SYSTEM RELATED TO THE WEIGHTED HLS INEQUALITY

In this section, we present the proof of Theorem [Tl We prove a lemma first.
For a given real number «, define

Ye=A{x=(x1,...,2n) |21 > K}, 2" = (26 — 21,29, . .., Tp), ux(x) = u(x").
Lemma 3.1. For any solution u(z) of (L), we have
ur () —u(r) = / (L], [ —y[) = L{"], |2 =y DIH ([y" DIf (us) = f (w)]dy+ E(z, £)

3

where

E(ﬂfaﬁ):*/ (L], [ = y]) = L(|2"|, =" — yDIH (ly[) — H(|y"]f (w)dy

K

- / (L], [« = yl) = L(|2"|, [z = yDIH ([y"]) f (un) dy

K

- / (L(|z], [« = yl) = L(|2"]; |=" — y)IH (ly"[) f (u )dy.

3

Proof. Since |z — y*| = |z" — y|, we have
u(z) = / L(|z|, |z — y)H(|y|) f (u)dy +/ L(|z], |2 =y H(|y"|) f (ux)dy,
t(z) = / Ll o = yDH () fa)dy + [ Lo gD H(w™ ) )y,
Then, it is easy to verify the lemma. O

To prove Theorem [[7] we compare u(z) with u,(z) and v(z) with v, (z) on X,.
The proof consists of two steps. In step 1, we show there exists a real number R < 0
such that for kK < R and x € X, we have

(3.1) ug(z) <u(z) and ve(x) <wv(x) ae.

Thus, we can start moving the plane from x < R to the right as long as (.1]) holds.
In step 2, we show that if the plane stops at z; = &, for some x, < 0, then u(x)
and v(z) must be symmetric and monotone about the plane z; = k,; otherwise,
we can move the plane all the way to 7 = 0. Since the direction of z; can be
chosen arbitrarily, we deduce that u(x) and v(x) must be radially symmetric and
decreasing about some point.

Proof. Step 1. Define
St={zx e X, u(x) <ux(z)} and X7 ={z € I, |v(z) < ve(x)}.
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1666 CHAO JIN AND CONGMING LI

Similar to the calculation of Lemma [B.Il we can obtain
1
el ~u() <€ [ @) ~ o)
sy |2z — y[Myl?
By the weighted Hardy-Littlewood-Sobolev inequality (2.8]),
(3.2) s — uHLpﬂ(z;f) <C ||Ug_1(vn - U)HL(qul)/q(gg,) :
Then by the Holder inequality,
(3.3) s = ull ot sy < Cllvellfars gy 10x = 0l pasr sy
Similarly, we have
(3.4) v — ”||Lq+1 o) <cC HUHHLPH (Su) [ (e u)”[,pﬂ(gz) .
Combining (33) and (B4,
s — “”LTHrl suy < c ||7)n||Lq+1(zv) HU‘I‘&HLP-H(Zu) llws — u||LP+1(Zg)~

Since u € LPT1(R™) and v € LI (R"™), we can choose a sufficiently large |R|
with R < 0 such that for Kk < R < 0,

l\D|’—‘

¢ ||UnHLq+1(zv ||UN||LP+1(zu <cC HU||Lq+1(EC) ||u||Lp+1(gC)

where X¢ is the complement of ¥, in R™.
So, |lux — ull o1y < 3l — ul| o1 (suy. Similarly,

1
v — ”||Lq+1(zg) < 5”“:{ - ”||L<1+1(Zg)~

These imply that [|u; —ul pr+1(gu) = 0 and [[v; —v| pa+1(zy) = 0. Therefore, the
measure of ¥} and X} must be zero, i.e. .

Step 2. We now move z7 = k to the right as long as ([B1]) holds. Suppose that
at a point Kk, < 0, we have, on %,,_,

u(z) > uy, (x) and v(z) > v, (), but u(z) £ v, (x) or v(x) £ vy, ().

Then the plane can be moved further to the right. More precisely, there exists an
€ such that

(3.5) u(z) > ug(x) and v(x) > vy(z) on X, for all k € [Ko, ko + €).

In the case that v(z) # v, (x) on X, , similarly as Lemma [3Ilindicates, we have
in fact u(x) > u,, () in the interior of X,; . Let

w, =17 € B |u(r) Suy,(x)} and @) ={x € X |v(z) < v, (7))

Then, 0bV10usly @  has measure zero and limsup,_,,, ¥y C ®; . The same is
true for that of v. Let D* be the reflection of the set D about the plane T = K.

By 33) and (34),

HU% - UHLP“ (Zv) <C ”Ufﬁ”Lq-H (=) HUHHLm—l(zu) ||uR - UHLP“(E”;)'

The integrability conditions u € LP*1(R") and v € LI1(R") ensure that one
can choose e sufficiently small, so that for all & in [k, ko + €),

<

l\D\H

C HUKHLqH (=) ||“HHLp+1 nu) O||“||Lp+1((zu ((z2))
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So, [lus — ullLr+1(suy < |u, — u|| Lp+1(sw). Similarly, we can obtain

1
v — ”||Lq+1(zg) < §HUH - U||Lq+1(zg)~

These imply [|u, —ul|r+1(sey = 0 and [[vg —v||gat1(svy = 0 for all & in [k, Ko +-€).
Therefore the measure of X% and X¢ must be zero. This verifies (3.5)), and therefore
completes the proof of the theorem. O

4. PROOF OF THE MAIN THEOREM

In this section, we present the proof of Theorem

Proof. Define 3¢ = {x € ¥, u;(2%) > u;(z)}, i=1,2,...,m, uf = u;(z") and let
¢ be the complement of ¥,..

Step 1. We prove that there exists a real number R < 0, such that for kK < R,
we have u;(z) > u;(z%), i =1,2,...,m a.e.

As a result of Lemma Bl if we compare u;(z) and uf(z) on X, with x < 0,
which implies |2"| > |z| and |z* — y| > |z — y|, then we can obtain:

wle) =) < 30 [ el o= al) = ] " = D] b DK )
j=1 7%k

(1) < 3 [ nlelle = Dbl K. 0y
j=1 7%

where K; j(y, k) = fi(ui,uz, ..., uf, uf g, up)—filur, ug, oo ug,ulf g, ur,).

By the assumptions, 0 < K ;(y, k) < (u}‘)ﬁj (uf — uj), combining with those
estimates about [;, h;, f; together, we obtain:

m

ui (™) — u;(x i wf) (uf —
(42 u) z<><j§_;/m D) (= ).

We apply the Hardy-Littlewood-Sobolev inequality (22 to each mode. For
qi > n_Lai,Z-:].,...,mi

[[ui(2") = wi(2) ]| Las (5,09)

[ oD ) (5 = )y

wi v —y[nmo

1 Lo ()

J

NE

<Oyt ) ()% (uf —uy) |

nag; .
Lai~itn (o)

<.
Il
—_

Then, by the Holder inequality,
O AT ]
(43) < ey D | oo s,

= Hhi(m)(“j)ﬁjHL”i,j(zg) Juy — UJ'HL%(Ez;)

K . .
| “JHL%(m)

T ngi;q; i n . n - -
where p; ; = Gaiaitn(g—a) 6> nmar G > amayr b= 1,...,m.
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Thus,

(4.4) lui — will pas iy < ZO s (1Y) () || o (=9) Juf - “J’HL%@J;) :

Jj=1

By corresponding integrability assumptions, we can choose a real number R < 0
with |R| large enough, so that for K < R we have

, 1
C (i) ()™ || oy ey < 5> for all iy

Then by (@A),
m m 1 m 1 m
Sl = wllzacsyy €3 |5 Do = sl sy | =5 D2 105 =l oy
i=1 i=1 j=1 j=1

This implies

luf —wi|lpe: (25) =0, i=1,2,...,m.

Therefore, the measure of X! must be zero for all . This completes Step 1.
Step 2. Continuously moving the plane 1 = k < R to the right.
From step 1, we know that

ui(x) > ui(z"), i=1,2,...,m, k<R, for some R negatively large.

In this step, we increase the value of R to the extreme and show the symmetry
of the solutions about this extreme value of R. In fact, let

Ry =Sup{R | (2:) =0, k <R <0 fori=1,...,m} < oo,

where p is the notation of measure. We show that w;, i = 1,...,m, are symmetric
about ;1 = R,. Note if R, = 0, we just choose to move the plane from positive
infinity to the origin. For this reason, we make R < 0.

Now we assume, without loss of generality, that U is not symmetric about R,.
Then we can derive a contradiction.

Letting Ej = {z € X, |uj(z) = uj(zf)}, j=1,...,m,and E = (], E; =
{x € £g,|U(z) = U(zB)}, from the assumption, we know u(Xg, \E) # 0. Now,
we claim pu(E;) =0, j=1,...,m.

Proof of the claim. Assume that u(E;) > 0, 1 =1,...,0,, 1 <1, < m, and
/»L(Ezk) =0, i € S = {1,2, Ce ,m}\{il,ig, .. .,ilo}.
Forze E;,l=1,...,1,,

0=y, (:CR") — u;, ()
< /2 [y (|, |2 = yl) = L, (|2, |27 = y)] b, (ly™e)) (fi, (Ur,) — fi,(U)) dy
<0

where Ug, = {u1(yf*), ua(y®), ..., um(y?)}.
In the interior of Xx,, |z| < |z®°| and |z — y| < |zB —y|, so I;,(|z|,|z — y|) —
Li, (||, |28 — y|) < 0. hy, is positive, thus,

fiz(URo) = f“(U) on ERO, for | = 1,...,[0.

If I, = m, notice that u(Xg \E) # 0, so > iv, fi(U(z)) < Y0, fi(U(zR)).
This is contradictory to f;(U) = f;(Ug,) fori=1,...,m.
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If I, # m, by the definition of “essentially related” (L6]), we obtain the contra-
diction:

lo
(45) 0= flz UR flz(U)) <0,
=1
in which u;(z) > uj(2f) for j € S.
Thus, we proved our claim p(E;) =0, j =1,. O

In the following, we show that U, < U on ¥, for kK < R, + ¢, which is a
contradiction to the definition of R,. More precisely, there exists an € > 0 depending
on n, B; and the solution wu;(z) itself such that

(4.6) wi(z) > ui(z") on Xy for all k in [R,, Ry + €).

Letting @, = {z € Yg,|ui(z) < uli(:cRO)}, by the fact that u;(r) > ui(x").for
all ¢ in the interior of Xg,, we know ®% has measure zero, and limsup, _,p X} C
®%, . Let X% * be the reflection of the set ¥% about the plane z1 = R,. From

E3) and (IE)), we deduce

[uf

(4.7) [|lui — uiHL‘h’(Eg) < ZC Hhi(‘yn(uj)ﬁjHLm,j(gi*) i ujHL"J(Zi) .
j=1

The integrability conditions ensure that one can choose e sufficiently small, so
that for all k in [ko, Ko + €),

1
< —, forall,j.

CllRillyD @)™ || oy 237y < 5.

Now by (7)), we have

ZHU Uz”qu(z ) < Z %ZHU?*WHL%(EQ = 52”“? *UjHL'IJ(zg)'
i=1 j=1

i=1 j=1
This implies ||uf — w;||pa: (£5) = 0 for i = 1,2, ..., m. Therefore, the measure of
i must be zero for all i, i.e. (8] holds.
This completes our proof for Theorem O

Another application of Theorem [[2lis the classification of the system ([L4]), which
has been discussed thoroughly in [9]. In this system, the integrability conditions
are u € LPTY(R™) and v € L9TY(R™). To apply Theorem to this system, we
simply let

Uy =1u, ug =, L(|IE|, |£L' - yl) = |x - y‘ain7 H(y) =1
/81 =p— 17 52 =q— 17 q1 :p+17 q2 ZQ+17 f]_(’LL,’U) :vq and f2(u7v> :up'

When the system of integral equations (5] has only one equation, i.e. (L), it
is the case stated in Theorem As a special case of Theorem [[.2] the proof of
Theorem is easy. Here, we skip it.
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