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SYSTEMS VIA MOVING SPHERES

HENGHUI ZOU

(Communicated by David S. Tartakoff)

ABSTRACT. In this note, we extend some earlier non-existence, monotonicity
and one-dimensionality results of W. Reichel and the author, by replacing
the local Lipschitz continuity hypothesis on the non-linearities by a so-called
boundedly uniform Lipschitz condition in the magnitude of u.

1. INTRODUCTION

For an integer k > 1, denote by II* the first (open) octant of R¥,
]'_‘[k - {ll = (u17u27"' auk) S Rk |Uz > 0},

and by =F = II* the closure of II*.
Let Q C R™ (n > 2) be a connected domain and let

f:(f17f25"' afk): QXEk - Rk
be a continuous (Vector—valued)m function. Consider the semi-linear elliptic problem

Au+f(z,u) = 0inQ,

1.1
(1.1) u = 0on 9N

Note that the boundary data is prescribed only if {2 has a non-empty boundary.

The system (1)) was studied in [2] and several results on monotonicity, one-
dimensionality and non-existence on non-negative solutions were obtained. The
following notations were used in [2].

(A) Let I' € ZF. A function f defined on 2 x =¥ is locally Lipschitz in u on
T, provided that for ug € I' and w C  bounded, there exists a (relatively)
open neighborhood U(ug)CI" such that f is Lipschitz continuous in every
u; on w X U(up).
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1636 HENGHUI ZOU

(B) Suppose that either  or R™ \ Q is star-shaped with respect to the origin
O. We say that f has subcritical (supercritical) growth provided that for
each fixed (z,u) € Q x ZF the function

)\—(n+2)/(n—2)f()\—2/(”—2)x7 Au)

is non-increasing (non-decreasing) in A > 0 (wherever it is defined).
(C) The system (1)) or the function f is called cooperative, provided that

fi(xﬂu)gfi(x7v)7 i:]-a"'7k7

for all (z,u), (z,v) € Q x EF with u < v and u; = v;.
In this note, we want to replace the local Lipschitz continuity (A) of f in u on =,
which was a key assumption in [2] (see also (L1)-(L2) on p. 237), by the following
conditions.

(F1) There exists a function g : Q x ITI¥ — =¥ such that
iz, ) + gi(x, n)u; >0, i=1,---k,

for all (z,u) € QxII* where g is bounded on bounded subsets w xT'CQ xIT*.
(F2) The functions L; : Q x II* x IT¥ — R

fi(@,a) - f'(z,v)

Li(x,u,v) := —
? K2

:1a"'7k7

are bounded from below on every compact subset w x I'CQ x ITI*, where
(z,u), (z,v) € Q x ¥ with u; # v; and w; = v; for [ # i.

(F3) For any bounded subset w x I'CQ x =¥, there exist multi-indexes p; =
pi(w,I) € ZF, with |p;| > 1, and Cy = Cy(w, T, p;) > 0 such that for
i,j=1,-,k

i _ £
f (x7 Z) i (.’L', V) S CO + CO min{u?ij_l, ’Ufij_l} . Hule
s I#]

for all (z,u),(z,v) € w x T’ with u; > v; and w; = v for I # j (077 = o0
for any o > 0).

Clearly the condition (F3) is weaker than the local Lipschitz continuity in u on
ZF. The example in section 3 further illustrates this point. We shall refer to (F3)
as boundedly uniform Lipschitz in the magnitude of u on =F.

Throughout this paper, we shall assume that the function f is cooperative and
satisfies (F1)-(F3) and, for simplicity, that the domain Q has a non-empty and
smooth (say C?) boundary 99.

Under the assumptions (F1)-(F3), all results in [2] remain valid. Below are
statements of the main results. The first is a Pohozaev-type non-existence result
for non-variational systems.

Theorem 1.1 (Pohozaev). Let & C R™ (n > 3) be bounded and star-shaped with
respect to the origin O and suppose that f(x,u) is supercritical. Then there holds
(I) @) has no positive C%(Q) N C(2)-solution, and
(IT) 4f £(x,0) =0 for all x € Q, then (L)) has no non-negative and non-trivial
C?(Q2) N C(Q)-solution.
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NON-EXISTENCE RESULTS FOR ELLIPTIC SYSTEMS 1637

The second is a Liouville-type result on unbounded domains. For p, u € II¥, we

write
k k
\p\:Zpi, up:Huf'i (0° =1).
i=1 i=1

Theorem 1.2. Let R\ Q (n > 2) be star-shaped with respect to the origin O and
suppose that f(x,u) is subcritical. Moreover, we assume that there exist an integer

1€ {l,---,k}, constants C >0, o; > —2 and multi-indices p; € =" such that
fi(xﬂu)20|xaiﬁpia =1,

in Q x II* with @ = (uy,--- ,u) and
‘p1|€(1’7)a Zzlv"'7l'

n—2
Then (1) has no non-negative and non-trivial C2(Q) N C(Q)-solution.
The third is a one-dimensionality result on the half-space.

Theorem 1.3. Let Q = R} = {x € R" | z,, > 0} and suppose that f(x,u) is
subcritical. Then the non-negative solutions u of (1)) depend only on x,, and are
non-decreasing (the positive components of u are in fact strictly increasing).

We finally state the following monotonicity result, which is of independent in-
terest. Moreover, it plays the key role for proving the one-dimensionality result on
the half-space and non-existence theorem on unbounded domains.

Theorem 1.4. Let u be a non-negative C%(Q)NC(Q)-solution of (L1)) and suppose
that R™ \ Q is star-shaped with respect to the origin O. Assume that f(z,u) is
subcritical. Then |z|~2/?u(zx) is non-decreasing, while its positive components
are strictly increasing, in the radius |z|.

Theorems [T} 2] [3] and [Z4] were obtained in [2], but under the assumption
that f is locally Lipschitz continuous in u on ZF. The proofs of Theorems and
are exactly the same as those given in [2] and the reader is referred to [2] for
details. We shall prove Theorems[T.Iland[L4lin section 2. Due to f’s lack of the local
Lipschitz continuity in u on Z*, however, supremum a posteriori estimates (from
above) on the coefficient-matrices A(x) and B(t,6) are needed. By a posteriori we
mean that the estimates depend not only on the structural quantities but also on
the solution itself; see section 2 for details. These estimates, based on Lemma 2.1
and the assumption (F3), are new and we would like to point out that similar ideas
have been used in a recent article of the author [3]. On the other hand, in section 3,
a prototype example is given to demonstrate that the super-linearity (see (3.4) for
definition) of f, which is substantially weaker than the local Lipschitz continuity of
f in u on Z*, implies the (F3) property.

2. ProoF oF THEOREMS [I.1] AND [ 4]

In this section, we use the same idea introduced in [2] to prove Theorems [l
and[[4l Since the proofs are essentially the same as those developed in [2], we shall
only sketch the proofs and refer the reader to [2] for further details.

Let u be a positive solution of (I1]). For 1 <¢ < k and 1 < j < k, denote

uj(z)

myj(z) = > 0, x e Q.
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1638 HENGHUI ZOU

We can bound the quantities m;;(x) as follows.

Lemma 2.1. Let I'CQ be a bounded subset of ) and let u be a positive solution of
(TI). Then there exists C;; = Cy;j(u,0Q,T,g) > 0 such that

(2.1) supm;(z) < Oy < 00
zel
foreveryl <i<kandl1l<j<k.
Remark. The a posteriori estimate (2.1) continues to hold for positive components
of a non-negative solution and the proof remains essentially unchanged.

Proof. Suppose for contradiction that (2.1) is false. Then there exist 1 < i < k,
1 <j <k and a sequence {z! € T'} such that

(2.2) lim m;(z') = oo.
l—o0
Denote (up to a subsequence)

lim 2! = 2 e TcR™.

l—o00

The point 2° must be at 9 since I'C) is bounded and u is strictly positive in €.
Fix j and rewrite (II)); as

Auj —cj(z)u; = —(gj(z,w)u; + f/(z,u)) < 0inQ,

u; = 0on 09,
where ¢j(z) = g;(x,u) is non-negative and bounded on BN, and B is the unit
ball centered at #°. By the strong maximum principle (i.e., Theorem 8, p. 67, [1]),

for every x € (0Q2) N B there exists C' = C(z,u, N, g) > 0 such that
Ou;
vy

where v, is the (unit) outer-normal to 90 at x.

For x € Q, let z9q € 00 be such that dist(x,0Q) = dist(z,zsq) (taking =
sufficiently close to 9 to avoid ambiguity) and denote by v, the (unit) outer-

normal of 9Q at z5q. One thus readily infers that there exist § = 6(u, 99, 2%, g) > 0
and C; = C;(u,09Q,2°% g) > 0 such that

Ou;

() <-C<0

sup
z€QsNB’ OVg

(x) < -C; <0,
since u; € C1(€2), where B’ is the ball centered at 2° with radius §/2 and
Qs = {x € Q| dist(z, 00N) < d}.
By the mean value theorem, it follows that there exists a point £ € ) such that
_Ouy
v,

for every x € Qs N B’, since u; = 0 on 0N2.
On the other hand, there exists C; = C;(u,T") > 0 such that

(2.4) wi(z) = ui(z) — ui(won) < Cidist(z, zo0), r€e€NsNB,

(2.3) uj(z) = uj(z) — uj(ron) = (&) - dist(z, zp0) > C;dist(z, za0)

since u; is in C1(9).
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NON-EXISTENCE RESULTS FOR ELLIPTIC SYSTEMS 1639
For [ sufficiently large, we have 2! € (5N B’). Therefore, by (2.3)-(2.4), one has

ul(xl) Cl-dist(:cl, (xl)ag) C;
< = .
@) = Cdist(d, (@)og) 05 =

myj(x') =
This contradicts (2.2) and completes the proof. O

Now we are ready to prove Theorems [Tl and [[L4l For convenience, we write

k

)

[1]

uj:(uh... ”LLj,O,-.. 70) EEk foru:(u17U27... »Uk) c

this being the j-truncation of u, where u® = (0,--- ,0).

Proof of Theorem [[Jl Let Br(O) be the smallest ball centered at O that contains
Q. For any p € (0,R) we define the cap ¥, = Q\ B,(0). Let u be a positive
solution of (II)). For z € ¥,, we make the following Kelvin-transform:

_ Pl

u,(z) = (ﬁ)n_2u(xp), =i

Since () is star-shaped with respect to O, the function u, is well defined in 3, and

satisfies
n+2 2 _
P pix (|x[\n—2
Au +<> f< ,(—) u>0.
RN lz[2"\ p P

By the super-criticality of f (taking A = (|z|/p)"~2 > 1 in (B)), we get
Au, +f(z,u,) <0in X,.
By taking the difference, one sees that the function w = w, = u, — u satisfies

Aw + A(z)w

w

in X,

0
(2.5)
0 on 0%,,

<
>

where A(z) is a k x k matrix in ¥, with entries

filz,u) +u—vwf) - fi(z,u) " +u—u/t)

Wy

a;j(z,u) =

for w; # 0 and a;;(x) = 0 if w; = 0. Evidently, a;;(z) > 0 for ¢ # j since f is
cooperative and so is ([25). By Lemma 2] and the fact u € C(Q), there exists
C = C(Q,u,f) > 0 such that

max sup sup {mj;;(z”), ms;(x),u;(r),u;(z”)} < C.
1<4,5<k 2€Q pe(0,R)

It follows that, by taking I' = {v € Z¥ | |v| < 2|u|} in (F3), there exist multi-indices
p:; = pi(u) € 2% and constants Cy = Cy(p;, u) > 0 and C = C(Q,u, p;, f) > 0 such
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1640 HENGHUI ZOU

that for 4,5 =1,--- ,k and for p € (0, R), there holds |p;| > 1 and

az‘j(l') < CO-I-Comin{u?m—( Pu } Huzm ) H up”
l=j+1

= C'0+C'0m1n{up” (x”) uli™ l(a:)}-uP“Jr'"eri’j’l(xp)

— it k ug () \ Pt
e 1 (A2 17 ()
=1 =j+1 7

< CO—I—COmaX{uljpilf( ?),u |91| 1 )} - Hmzm H mp”
l=j+1

since |p;| > 1 and p;; > 0. Moreover, the entries a;;(z) > —oo are bounded
from below on any compact subset wCX, by (F2). In conclusion, there exists

C =C(u,f,Q) > 0 such that

0 <a;j(z) <C (i#7), —00 < aji(z) < C
in ¥, uniformly for all p € (0,R) and for all 4,5 = 1,--- k. Now the rest of the
proof is exactly the same as that of Theorem 1 in [2] and is thus omitted. O

Proof of Theorem [LL4. In spherical coordinates, we have
Q={(r,0):r>re(0),0 € S '}, o0 = {(r0(0),0): 0 € S},
where g : S"71 — (0, 00] is continuous in the extended sense. Clearly we have
min ro(6) > 0,
fesn—1

since O € (R™\ Q) # 0.

Let u be a non-negative solution of (IT]) and introduce the following transform:
(2.6) v(t,0) = r"=2/2u(r,0), t=Inr.
Put t4(0) = Inre(f) and

Y ={(t,0) : t > ty(0),0 € S"'}, 7= min f(0) > —oc.
esn-

By direct calculation, the function v = v(¢,0) in (Z.6) is well defined in ¥ and

satisfies the equation
n n— 1

(2.7) afv+A9v+e¥tf(et,9,e_TQtv) - Z(n—2)2v: 0
in 3, where we write £(r, 0, u) for f(z,u).

For T' € R we define

Yr=%nN(-00,T) xS, Sr=YnN{T}xS" L

Obviously, X1 # () for T > 7. Furthermore, we let (¢,0)r be the reflection of (¢, 6)
with respect to {T'} x S"~! namely,

(t,0)r = (2T —t,0).
Then the functions
vr(t,0) =v((t,0)r) =v(2T —t,0), Wr =V -—vVr
are well defined in X for T > 7.
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NON-EXISTENCE RESULTS FOR ELLIPTIC SYSTEMS 1641

As a consequence of ([27)) the function wr satisfies the following equation in Xp:

2wy + Agwr +e"2 (el 0, e "7 tv)

76"7‘*'2(2T7t)f(62T7t’ 0, e n>2 (ZT*t)vT) — (n— 2)2WT = 0.

4(
For fixed # € S"~! and vy € IT*, we have

n+2 _ _ _n—2 _ nt2 _n—2
e T CT=0f(2Tt g =" BTy ) > "5 (e, 0,6 " tvyp)

for t < T, since f is subcritical (taking A = e=(=2(T=* > ( in (B)). In turn, the
function wy satisfies

B~ 1(n—2)2)wy

wr

Pwr + Agwr + (eng 0 in Xp,

2.8
(2:8) 0 on 90X,

2
<

where B = B(t,60,v) is a k x k matrix in X7 with entries

Fiel,0,e T (vl 4 v —vi)) — fi(e!, 0, e
(wr);

for (wr); # 0 and b;;(t,0) = 0 if (wr); = 0. As before, b;;(¢,6) > 0 for i # j since
f is cooperative and so is ([2.8) (6";% > 0). Similarly as in the proof of Theorem
[T, we shall bound the matrix B (from above) in ¥p uniformly for T € [r,Tp] for
every fixed Ty > 7.

By the strong maximum principle and (F1), every component u; of u is either
strictly positive or identically zero in ). Without loss of generality, there exists
0 < K < k such that

w >0 forl=1,--- K; =0 forl=K+1,--- k.

v v =)

bij (t, 9, V) =

(If K = 0, there is nothing to prove; if K = k, then u > 0 and early arguments
apply with little change.) It follows that

(2.9) u>0 forl=1,--- K; vy=(wr)y=0 forl=K+1,--- k.

In turn,
byu(t,0,v) =0 forl=K+1,--- k.

By (F3), for each fixed Ty > 0 there exist p; = p;(u,Ty) € ¥, Cy = Co(ps, Tp, u) >
0 such that for ¢ = 1,--- |k, 7 =1,--- K and for 7 < ¢t < T < Tj, there hold
|pi| > 1 and
(2.10)

j—1
bij(t,0) < Co+Comin{(vr)7? " (t,0), 07~ H o)V (t, ) - H ol (t,6).

=1 l=j+1
Next we fix 1 <7<k, 1< j < K and consider two cases.
Case I). There exists | > K with p;; > 0. Then (2.9) and (2.10) imply b;;(¢,6) <
Cy since v;(t,0) = 0 and p;; > 0.
Case II). py =0 for I = K +1,--- , k. By Lemma 2] (see the remark after it),
by the fact u € C(Q) and by virtue of the transform (28], for each fixed T > 7
there exists C = C(Q,g,u,Ty) > 0 such that for 7 < ¢ < T < Ty, there holds

max  sup  sup {n;;(27 —t,0),n;(t,0),v;(2T —t,0),v,(t,0)} < C,
1<i,5<K (t.0)exr Te(r,To)
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where n;;(t,6) = v;(¢,6)/v;(t,6). By (2.10), using the fact p; = 0 for | = K +
,k, we infer that (with 0° = 1)

bij (t, 9) S Co + Co min{(vT)Pij (t 9) p” (t, 0)}

J—1
H(,UT ;lhl t 9 H ,Upzl t 0
=1 l=j5+1

= o+ Comin{(vr)]” ™ (4,6),07 7 (,0)} - (6r)) T (1,6)

Di,j+1++DiK t@ ﬁ( t, )p”. ﬁ (Ul(tae))p”
i o), (t.0) v;(t.9)

l=j+1

< 00+comax{vgpi‘*1(2T—t,e), oI, 0))
K
anﬂ 2T —t,0) - [] nii'(t,0) <C,
I=j+1

since |p;| > 1 and p;; > 0, where we have omitted the factor e~ "2°IPilt which
is clearly bounded for 7 < ¢t < T < Tp. Again, the entries a;;(t,0) > —oo are
bounded from below on any compact subset cC¥7 by (F2). In conclusion, there
exists C = C(Q,u,f,Tp) > 0 such that

in X uniformly for all T € [r, Tp] for each fixed Ty and for all ¢,5 =1,--- , k. Now
the rest of the proof is (almost) exactly the same as that of Theorem 7 in [2}@ O

3. AN EXAMPLE

In this section, we discuss the following prototype model in which
(3.1) fi(z,u) = c;uPi, i=1,--k,

where k > 1 is an integer, p; € Z* and ¢; > 0. For convenience, we simply write
¢; = 1. It is straightforward to verify that f is cooperative and satisfies (F1) with
g =0 and (F2) with L; > 0. Moreover, the sub-criticality of f is equivalent to

n-+2
2 | <
(3:2) max |p;| < ——,
while the super-criticality is equivalent to
n+2
3.3 > -
(33) min [pi| = S

It is understood that (n 4+ 2)/(n — 2) = co when n = 2. In particular, every f is
sub-critical if n = 2.
This example was included in [2] (Theorem 4) for the case k = 2.

Theorem 3.1 ([2]). Let k = 2 and let £ be given by (3.1) with p;; > 1 fori,j =1,2.
Then the following conclusions hold.

2The inequality 8w (t,0) > 0 on St in (13) on p. 228 need no longer hold here (even for
positive components) since f is not assumed locally Lipschitz on I1*. However, this claim is non-
essential to the rest of the proof which remains valid and carries over exactly in the same way,
in view of our assumptions (F1)-(F3) and the strong maximum principle; see also the proof of
Theorem 1 in [2].
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I) Assume that R™\ Q (n > 2) is star-shaped with respect to the origin O.
Suppose
n-+2
max [p;| < —.
4 n—2
Then (1) has no non-trivial and non-negative solution.
II) Assume that Q (n > 3) is bounded and star-shaped with respect to the origin
O and that (3.3) holds. Then ([LI) has no non-trivial and non-negative

solution.

The restriction p;; > 1 for ¢,j = 1,2 (either p;; > 1 or p;; = 0 should suffice) in
Theorem 3.1 is required by the local Lipschitz continuity of f in u on Z*, which was
a key assumption in [2] (see also (L1)-(L2) on p. 237 there). However, as shown
in Theorems [T [L2 [3] and [L4] the condition (F3) is sufficient and the local
Lipschitz continuity of f in u on =¥ is superfluous. In particular, one can show
that (F3) holds if f is assumed merely super-linear (see Lemma 3.2 below). As a
result, all conclusions of Theorem 3.1 continue to hold for f’s given by (3.1) with
all non-negative exponents p;; > 0 satisfying |p;| > 1; see Theorem 3.2 below.

We next show that a super-linear function f indeed possesses the (F3) property,
by beginning with an elementary lemma.

Lemma 3.1. Suppose that a,b > 0 and o € (0,1) are non-negative constants.
Then

1
a/ [ta + (1 — t)b]*~'dt < min{a®"*, 0>},
0

where it is understood that 07° = oo for > 0, fol oodt = 0o and co = oo.
This is straightforward.

Lemma 3.2. Let f be given by (3.1) and suppose that £ is super-linear in the sense
that

(3.4) min{|pi[} > 1.
Then £ satisfies (F3).
Proof. For I'CII* bounded, put

k
v =) =Sug(IUI+1) €ll,0),  P=P(p)=)_Ipil-
ue i=1

For (z,u), (z,v) € Q x I with w; = v; for [ # j and u; > v; > 0, we have

Pis _ i
J

o — v
’U,j*’Uj

f(x,u)—f(:c,V):Hu?u.u =1,k

Ui i
We are going to estimate the right-hand side product from above. We consider
three cases.

Case I). p;; = 0. It becomes zero.

Case II). p;; > 1. By the mean value theorem, there exists £ € (v;,u;) such that

Pij Pij
Ui 7Y pij—1 pij—1 pij—1 pis
—_ J = pz;ﬁ ij S pmuj S P’Y ij S P’Y ij
Uj —Uj
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since p;; —1 > 0 and v > max{u;, 1}. Therefore,

fila,) — fi(x,v

Uj—Uj

) < [T - (PyP) = Pyl < PA7,
£

since p;; > 0 and v > max;{u;, 1}.
Case III). p;; € (0,1). Using integration, we have

— " = Djj [tuj + (1 — t)’l)j}p” dt.
Uj — Y5 0

By Lemma [B1]
1
o . i1 pii—1
pz'j/o [tuj + (1 — t)v;]P5 1t < minfu” ™, 07V 7 )

It follows that

flaw = (@, v) < [Jup -min{uﬁ-)”_l,vf“_l}.
A %]

Combining I)-III), one immediately infers that

fi(x’u) B fi(,]j,v)

. =1 pi—1 ;
< PyP 4+ min{ul7 7 ob }Iluf’
. . J
uj — vy

]
1#

This completes the proof of the lemma by taking Co(p;, ') = PyF > 1 and p;(T") =
pi since min;{|p;|} > 1. O

As a consequence of Lemma 3.2, we can extend Theorem 3.1 to include all non-
negative exponents p;; > 0. Below is the statement.

Theorem 3.2. Let f be given by (3.1) and suppose that (3.4) holds. Then the
following conclusions hold.

I) Assume that Q C R™ (n > 3) is bounded and star-shaped with respect to the
origin O and that (3.3) holds. Then the only non-negative C?(2) N C(Q)-
solution of (L)) is the trivial solution u = 0.

) Assume R™\Q (n > 2) is star-shaped with respect to the origin O and that
f(u) is strictly subcritical,

1< minlp} < max{lpil} < "2
Then (L) has no non-negative non-trivial C2(2) N C(Q)-solution.

IIT) Assume Q =R} = {z € R" | x, > 0} and that (3.2) holds. Then (LI has
no non-negative non-trivial C2(2) N C(Q)-solution.

IV) Assume that R™ \ Q is star-shaped with respect to the origin O and that
(3.2) holds. Let u be a non-negative C*(2) N C(Q)-solution of (LI). Then
|z|("=2)/2u(z) is non-decreasing, while its positive components are strictly
increasing, in the radius |z|.

Proof. Since f is cooperative that the conditions (F1)-(F3) are satisfied, it is easy
to see with the aid of Lemma 3.2 (recall f is super-linear) that Theorems [T 2]
and [[ 4 hold. In particular, IT) and IV) follow directly from Theorems and

[L4 respectively.
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We shall reduce I) to the case of Theorem [[LIl Suppose that (II]) has a non-
negative C%(Q) N C(Q)-solution u which is not the trivial solution. By the strong
maximum principle, every component u; of u is either strictly positive or identically
zero in 2. Without loss of generality, there exists 1 < k' < k such that (note &’ > 0
by our assumption)

u; >0 fori=1,---,k'; u =0 fori=k+1,--- k.

If ¥ = k, one readily applies Theorem [[T] (i.e., (II) has a positive solution) to
deduce a contradiction. So k¥’ < k and we claim that

pi:(pila"'7pik'707"'70) fori:la"'ak/'

Otherwise there exist, say, i = 1 and jo > k' with p;;, > 0 and so uP'(z) =0 in
Q. Thus Auy = —uP'(z) =0 in ©Q and u; = 0 on I, which implies u;(z) = 0 in

Q, a contradiction. It follows that for : =1,--- , K/
(3.5) Au; +uP =0, in €,
where

pi:(pila"'7pik/)7 fl:(’lL1,"'7Uk/), i:17"'ak/'

Clearly, the exponents p; satisfy (3.3) since |p;| = |pi|- In particular, the new
system (3.5) fulfills the requirements of Theorem [[I] Therefore, Theorem [L]
applies to (3.5) and one again sees a contradiction to the fact that (3.5) has a
positive solution u > 0.

To prove III), we first apply Theorem [[3to deduce that all non-negative C2(£2)N
C(9Q)-solutions of (L)) depend only on x,, and are non-decreasing. Let u be a non-
negative non-trivial C2(Q) N C(Q)-solution of (ILI). Then u = u(z,) is strictly
positive by the strong maximum principle and is non-decreasing in x,. Now a
simple integration of (1) yields a contradiction since u = u(z,) > 0 is non-
decreasing in z,, u(0) = 0 and min, |p;| > 1. O

To conclude, we would like to point out that one may consider

1(7)
fi(xau)zzcij(x)upija ’L:]., 7ka
j=1

where p;; € E¥, (i) > 0 and ¢;;(x) is continuous on Q. The case [(i) = 0 simply
means fi(x,u) = 0. It goes without saying that certain care is needed to have
appropriate assumptions on the functions c¢;; and the exponents p;; € =F so that
Theorems[[.T] .2 [[3land [ are applicable. For instance, proper relations between
the sign of ¢;;(x) and the exponents p;; are needed to make f cooperative. In order
for f to satisfy (F'3), one would require either |p;;| = 0 or |p;;| > 1 for the super-
linearity. We leave the details to the reader.

ACKNOWLEDGEMENT

The author wishes to thank the referee for useful comments.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1646 HENGHUI ZOU

REFERENCES
1

Protter, M.H. and H.F. Weinberger, Mazimum principles in differential equations, Springer-
Verlag, New York, 1984. MR0762825| (86{:35034)

Reichel, W. and H. Zou, Non-existence results for semilinear cooperative elliptic systems via
moving spheres, J. Differential Egs., 161(2000), pp.219-243. MR1740363 (2000m:35066)

[3] Zou, H., A priori estimates and existence for strongly-coupled semi-linear cooperative elliptic
systems, Comm. PDE, accepted.

2

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ALABAMA AT BIRMINGHAM, BIRMINGHAM,
ALABAMA 35294

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=0762825
http://www.ams.org/mathscinet-getitem?mr=0762825
http://www.ams.org/mathscinet-getitem?mr=1740363
http://www.ams.org/mathscinet-getitem?mr=1740363

	1. Introduction
	2. Proof of Theorems ?? and ??
	3. An example
	Acknowledgement
	References

