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ABSTRACT. Let ¢ be a compactly supported refinable function in La(R) such
that the shifts of ¢ are stable and $(2¢) = a(¢)@(€) for a 27-periodic trigono-
metric polynomial a. A wavelet function ¥ can be derived from ¢ by 12;(25) =
e~ €a(€ + m)P(£). If ¢ is an orthogonal refinable function, then it is well known
that ¢ generates an orthonormal wavelet basis in L2 (R). Recently, it has been
shown in the literature that if ¢ is a B-spline or pseudo-spline refinable func-
tion, then 1 always generates a Riesz wavelet basis in Lo(R). It was an open
problem whether 1 can always generate a Riesz wavelet basis in La(R) for any
compactly supported refinable function in Lo (R) with stable shifts. In this pa-
per, we settle this problem by proving that for a family of arbitrarily smooth
refinable functions with stable shifts, the derived wavelet function v does not
generate a Riesz wavelet basis in La(R). Our proof is based on some necessary
and sufficient conditions on the 27-periodic functions @ and b in C°° (R) such
that the wavelet function 1, defined by (2¢) := b(£)p(€), generates a Riesz
wavelet basis in La(R).

1. INTRODUCTION AND MAIN RESULT

This paper is about Riesz wavelet bases in Ly(R) that are derived from refinable
functions. Let 3 be a Hilbert space and let {hy}rez be a sequence of elements
in H. We say that {hy}rez is a Riesz sequence in H ([9]) if there exist positive
constants C7 and Cy such that

2

(1.1) C Y el < H chth <Y el V{atiez € (2),
kezZ keZ keZ

If in addition the linear span of {hy : k € Z} is dense in K, then {hy }rez is said to

be a Riesz basis in H. For a function ¢ € Lo(R), we say that i generates a Riesz

wavelet basis in Ly(R) if

(1.2) X () == {thjp := 2/29(2 - —k) : j, k€ Z}
is a Riesz basis in Lo(R).

In order to have a fast wavelet transform, the wavelet function 1 is generally
derived from a refinable function via a multiresolution analysis. A function ¢ is
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1974 BIN HAN

called a refinable function if it satisfies the following refinement equation:

(1.3) 6(€) = ale/2)4(6/2),  a.e.t€R,

where a is a 2m-periodic measurableAfunction, called the mask for the refinable
function ¢. The Fourier transform f of a function f € Li(R) is defined to be
f(&) :== [z f(t)e~**'dt and can be naturally extended to functions in Ly(R) and

to tempered distributions. A wavelet function v is obtained from the refinable
function ¢ via the following relation:

(1.4) (€)== b(E/2)p(€/2),  EER,

for some 27-periodic measurable function b. In many applications such as wavelet-
based algorithms in image compression, the refinable function ¢ is compactly sup-
ported and &,Z; are 2m-periodic trigonometric polynomials; so, the wavelet function
¥ in (L4) is also compactly supported. A natural and classical choice of b is

(1.5) b(&) == e ®a(E+n), EeR

It is well known that if ¢ is a compactly supported orthogonal refinable function,
that is, {¢(- — k) : k € Z} is an orthonormal system in Ly(R), then ¢ in (L)
with b given in (IC5) generates an orthonormal wavelet basis in Ly (R) ([4]), which
consists of a particular family of Riesz wavelet bases in La(R).

For a function ¢ in Lo(R), we say that ¢ has stable shifts or the shifts of ¢ are
stable it {¢p(- — k) : k € Z} is a Riesz sequence in Ly(R).

Let ¢ € Ly(R) be a refinable function with mask G such that the shifts of ¢ are
stable. There are two interesting fundamental questions about MRA Riesz wavelet
bases derived from the refinable function ¢.

Question A. For which kind of a 2w-periodic measurable function b does the
wavelet function ¢ in (I4) generate a Riesz wavelet basis in La(R)?

Question B. For the particular choice of b in (IF), does the wavelet function v
in (T4) always generate a Riesz wavelet basis in La(R)?

Some sufficient conditions for Question A have been given in the literature
[2, 10, 11l 13] 14]. More recently, it has been shown in [I0] and [6] that for all
B-spline functions, all refinable interpolating functions with maximum approxima-
tion orders, and all pseudo-spline functions (for pseudo-spline functions, see [5]),
Question B indeed holds. In other words, so far, for any well-known family of com-
pactly supported univariate refinable functions, Question B holds. Therefore, it is
quite appealing to conjecture that Question B holds for all compactly supported
refinable functions in Lo(R) with stable shifts; Question B has also been implicitly
asked in several papers such as [2, [6] [0, [I1] and has remained open so far.

In order to answer Question A, in Section 2, we shall provide an almost necessary
and sufficient condition on the 27-periodic functions a and b in C>(R) such that
generates a Riesz wavelet basis in Lo(R). Based on part of this result, in Section 3,
as the main result of this paper, we shall completely settle Question B by proving
the following result:

Main Theorem. For any positive integer r, there exists a compactly supported
refinable function ¢ with ¢(0) = 1 such that

(1) &(28) = a(&)o(€) for a 2m-periodic trigonometric polynomial a,
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ON A CONJECTURE ABOUT MRA RIESZ WAVELET BASES 1975

(2) ¢ is a real-valued compactly supported function in C"(R),
(3) the shifts of ¢ are stable,

but the wavelet function v, which is defined by 1[)(25) = e %a(¢ + w)q@(&), does not
generate a Riesz wavelet basis in La(R).

In fact, the wavelet function ¢ constructed in the above Main Theorem has the
properties that {¢;r : —J < j < J,k € Z} is a Riesz sequence for any J € N
and the span of {¢; : j,k € Z} is dense in Ly(R). The shifts of the refinable
functions ¢ in the Main Theorem can even be made linearly independent by a
simple perturbation of the masks a in our proof of the Main Theorem in Section 3.

We shall prove the Main Theorem in Section 3 and present one example to
illustrate the main result in this paper.

2. RIESZ WAVELET BASES FROM REFINABLE FUNCTIONS

In this section we shall present an almost necessary and sufficient condition on
the 2m-periodic functions G and b in C*°(R) such that the wavelet function v in
(I7) generates a Riesz wavelet basis in L2 (R)

For f,g € Ly(R), denote (f, g) := [; f(t)g(t) dt, and the bracket product ([12]) is
defined to be
(2.1) [£,91€) =D _ f(¢+2mh)g(€ +27k),  EER.
kEZ

Let § denote the Dirac sequence on Z such that 6(0) = 1 and 6(k) = 0 for all
k € Z\{0}. It is well known ([I2]) that a function ¢ € Lg( ) has stable shifts if and
only if there exists a positive constant C' such that C ! [A P(€) < C, ae. R,
Moreover, (f,g(- — k)) = 6(k) for all k € Z if and only if [f,§](§) =1, a.e.£ € R,
and (f,g(- — k)) = 0 for all k € Z if and only if [f, §] = 0.

Lemma 1. Let ¢ be a refinable function in Lo(R) with stable shifts such that
d(28) = a(§)o(§), a.e. f eR for a 2m-periodic measurable function a. Define a

wavelet function ¥ by w(Qf) (5)(25({) for a 2m-periodic measurable function b.
Assume that

(22)  X(6,9) = {o(—k) : k€Z}U{tys : jENU{0}, ke T}
is a Riesz basis in Ly(R). Then

(i) There exists a positive constant C such that for almost every £ € R,
CH<la@P +la +mP <O CTH<BEP +bE+mIP <O
and C~1 < |d(¢)| < C, where

(2:3) d(€) = a(€)b(¢ +m) — a(€ +m)b(e).

(ii) Let ¢ and ) be the unique elements in Lo(R) which are determined by
(24) (0,0)=1 and (n,¢) =0 V1yeX(v)\{¢},
(2.5) (. 9) =1 and (n,9) =0 ¥neX(o,¥)\{¢}-
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1976 BIN HAN

Then

(2.6) 5(26) = 4(6)p(€) and D(26) = b(O)B(E),  ae.fER,
where

(2.7) Ge) = b(%”) and  b(€) ;d(fl(_g”)

(iii) (qNS V) is the dual Riesz basis of X (6,v), that is, X (¢,v) is a Riesz basis
n Lao(R) such that for all k, k' € Z and j,j’ € NU{0},

(Go,ks Do) = 0(k —K'),  (¥jk, dos) =0,
(Dok Vjrr) =0, (s by p) = 65 — §")S(k — k).

(iv) There exists a positive constant C such that \5(5)\ < C, [QZ,QZ](E) < C for
almost every £ € R and

ﬁ a(27¢)
Proof. By $(2€) = a(£)d(€) and 1(2€) = b(€)p(€), it is easy to see that

(3, 0](26) [, 4](2€) a©P  a()b(e)
(o0 1 oe) = a0 <a<e>6<s> |6<s>2>

L dle b (AP a(e+mbE )
+ [0, B1(€ + )<&(§+W)b(§+7r) b(& + )] )

As a subset of the Riesz sequence X(¢,v), {¢or,%or @ k € Z} is also a Riesz
sequence. So, there exists a positive constant C' such that for almost every & € R,

(2.8)

(2.9) C, aee€R, VnelN

oL, < < @2 +laE+m)2  a©b(e) +a( + 7r>z3<5+7r>> <on
GOH(E) +ale +mb(E+T)  [b(E)[2 + Ib(e + )2

Consequently, (i) holds since the determinant of the above matrix in the middle
term is \d( )2

Define @ (&) = a(/2)6(¢/2) and ¥ (€) = b(£/2) 5(¢/2). By (i) and § € Lo(R),
we see that ®, ¥ € Ly(R). By the definition of @ and b in (1), we have

a©) actm) (A€ WO \_p ..
(2:10) (b(f) b<s+w>> (é(§+7r) 6<s+w>> Booeteh

Now we show that () and (Z3) still hold if ¢ and ¢ are replaced by & and ¥,
respectively.

By [24), we have [é,q:b] = 1. Therefore, by (2I0) and the definition of ®, we
deduce

16, 8](26) = a()a(€)[d, 4)(€) + a(€ + ma(€ + m[d, G)(¢ + )

=a(©a(®) +al¢+maE+m) =1
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ON A CONJECTURE ABOUT MRA RIESZ WAVELET BASES 1977

and similarly,

[0, ®](2€)

||
=
Qv
o
+
S
o
+
=
A%
_l_
2
Qv
~
+
2
<5
S
~
_|_
2

That is, (¢o,x, ®) = 6(k) and (¢, ®) = 0 for all k € Z.
For all j € N and k € Z, we have (¢, k@) = (5 1%,27126(-/2)) = 0 since
(- /2) € Vo(¢) and by the definition of ¢, (1;_1x, (- —£)) = 0 for all £ € Z, where
Vo(¢) denotes the Ly (R)-closure of the linear span of ¢(- —¢), ¢ € Z. Consequently,
@4) holds if 6 is replaced by ®. Similarly, we can show that @3) holds if ¥ is
replaced by 0. Therefore, by the uniqueness of ¢ and 1, we conclude that & = ¢
and ¥ = ¢). That is, ([2.6) holds and (ii) is true.

By the definition of ¢, we deduce that <¢0,k,q~50,k/> = <¢0’k,k/,q~5> =6k —K)
and (Y1, Goir) = (Yjr_oip,d) = 0 for all 4,5/ € NU {0} and k,k' € Z. By
the definition of 1, we have (f, 12)0’;6) =0 for all k € Z and f € Vy(¢), where

Vo(¢) denotes the Lg(R) closure of the linear span of ¢(- — £),¢ € Z. Therefore,
(bo.k Vjrar) = 279 12($(279"), 4 g _gy,) = 0 since ¢(279") € Vo(¢) for all j' €
NuU {0}. Similarly, for 7,5’ € NU{0} and k, k' € Z,

(W) jrhgiiren®) =0, if >,
(Wi i) = S Wopeir, ) = 6(k — K), if j = j,
(Vi .0, lzo7kf,2j'—jk> =0, ifj<j’,
since 1;—jr,0 € Vo(@) for all j < j’. So, ([2.8) holds and (iii) follows from (ii).
By (iii), the sh1fts of & are stable. Therefore, there exists a posmve constant C
such that C~1 [¢,¢](§) < Cia.e.§ € R. By \qﬁ( )2 < [¢ (;5](5) C, we have

6(6)] < V. Now by @8), $(271€) = 6(€) [Ty @(2¢). Therefore,

16,](6) Hm = S 1B € + 2mk)) P < [6,0)(27E) < C

kez
Since [qS qﬂ , we conclude that (23] holds. O

We say that {hg}rez is a Bessel sequence in a Hilbert space H if there exists a
positive constant Cy such that

(2.11) > [h hi)[* < Collhl* Ve K.
kEZ

Lemma 2. For a function ¢ € La(R), the following statements are equivalent:
(1) {¥jr : j,k €Z} is a Bessel sequence in Ly(R),
(2) {¥jr : 7= Jo, J,k € Z} is a Bessel sequence in La(R) for some integer jo,
(3) {¥jx : 7 <Jjo,J,k €Z} is a Bessel sequence in La(R) for some integer jo.

Proof. Note that the inequalities in (II]) hold for all {ci}rez € ¢2(Z) if and only
if the inequalities in (L)) hold for all finitely supported sequences {cj}rez. By
12772 f(27-)|| = || f|| for all f € Ly(R) and j € Z, the claim follows directly from the
fact that the right-hand inequality in (II]) holds if and only if (2.I1) holds. O
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1978 BIN HAN

The following result will be needed later.

Proposition 3. Let ¢ € L2(R) be a refinable function with stable shifts such that
q@(?f) = &(f)q@(f), a.e.& € R for a 2m-periodic measurable function a. Define
a wavelet function ¥ by P(28) = b(€)P(€) for a 2m-periodic measurable function
b. Then X(¥) := {¢;x : j,k € Z} is a Riesz basis in Ly(R) if and only if
X (¢, 0) :=={dor : k€ Z}U{; : j € NU{0},k € Z} is a Riesz basis in La(R).

Proof. Suppose that X (1) is a Riesz basis in Ly (R). Denote V and V' to be the Lo-
closure of the linear spans of the sets {¢(-—k) : k€ Z} and {¢; : j <0,j,k € Z},
respectively. By 1)(2¢) = b(€)¢(€) and [I, Corollary 3.8], we have Vy = V. Since
X (1) is a Riesz basis in La(R), we see that {1; : j <0,j,k € Z} is a Riesz basis
in Vp. Since ¢ has stable shifts, we see that {¢ox : k € Z} is also a Riesz basis
in Vp. Since X (v) is a Riesz basis in Lo(R), now it is easy to deduce that X (¢,)
must be a Riesz basis in Ly(R).

Conversely, suppose that X (¢, ) is a Riesz basis in Lo(R). By Lemmalll X(g?), 1/;)
is the dual Riesz basis of X (¢, ), where ¢ and ¥ are defined in Lemmal[ll Now by
B3, it is easy to verify that <1pj,k,1ﬁj/7k/> =6(j—7)0(k—K) for all 5,5/, k, k' €
Z. By Lemma [ both X (/) and X (¢)) are Bessel sequences in Ly(R). By the
biorthogonality of X (¢) and X (¢)), we deduce that X (1)) and X (¢)) are Riesz
sequences in Ly(R). Since the functions ¢ and ¢ are refinable and the linear spans
of X(¢,v) and X (¢,1)) are dense in Ly(R), it follows from a standard argument
in multiresolution analysis that the linear spans of X (/) and X (i) are dense in

Ly(R). Therefore, X (1) and X (¢) are Riesz bases in Lo(R). O
For a function ¢ € La(R), the difference operator Vi : Lay(R) — Lo(R) is defined

to be

(2.12) Vi =d—o(-—1t), teR.

Corollary 4. Under the same conditions and notation as in Lemma [, then the
shifts of ¢ are stable and consequently,

n—1

(2.13) lim 2"/ (A=) ] la@ePde=0  YmeN.

n—oo
7=0

If in addition we assume that limnfoo[g?), QAS](Q*"Q = lim,, o0 q3(2*”§) =1 aefe€
R, then limy, oo $(27"€) = 1 and ¢(&) = [[52, a(277¢) a.e.§ €R.

Proof. By (iii) of Lemmal[ll the shifts of ¢ are stable and (Z:8) holds. Since ¢?(2§) =
a(€)p(€), we deduce that ¢(2"€) = (&) [T= (}&(2 ¢) and consequently,

n—1
/ (1= e i€)ma(2)|? de = / SOPI =P [T lare)? de
j=0

= [ Bdieia- e T] laie)P de.
B 11
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ON A CONJECTURE ABOUT MRA RIESZ WAVELET BASES 1979

Note that the Fourier transform of 27"[VZ", ¢](27"-) is (1 — e~ %)™ ¢(2"€). There-
fore, we have

2"/_ﬂ[a§,q§]<e>|<1—e—if>m|2f[ﬁ2% pag =2t [ |- e mirede
/| VLA@)€ d

= 212" || [V5L. (27™)|1* = 27| V5L, 81,

Since the shifts of ¢~> are stable, there exists a positive constant C' such that [(;NS, g?)] >
C~' > 0. Hence,

T ) n—1 ) ]
on / (1= ei€ym 2 T] a(2ie)|? de
. 1

<oz [(bdiela - I o e

= 27C|| VI 6.

Since ¢ € Ly(R) and m > 1, we have lim,, .o | V7", ¢

that ([2I3) holds.

| = 0. Therefore, we conclude

By (iii) of Lemma [} [¢, ] € Loo(R) and [, 4] = 1. So,
(2.14) 1= (&) = [6: A1) — d()AE) = 3 b€+ 2mk)D( + 27k).
keZ\{0}

By the Cauchy-Schwarz inequality, we have
S de+2mmdE + 2mh)| < 16,610 (8,410 — b)),
keZ\{0}

Therefore,

1= 696 )[< [|6,0)],_ 5, (4. 9127"0) ~ B2 "9)P?).
Consequently, by our assumption that lim, o[, ¢](277€) = limy, s (27 7€) = 1,
it follows from the above inequality that lim,, .o 5(2‘"5)(;3(2*"5) = 1. Now by
lim,, o0 QAS(2*"§) =1, we conclAude that lim, o (Z(Q’”f) =1 g.e.{ eR.

By (@8), we have (&) = &(27"¢) [}, a(277¢). Hence, 4(¢) = [1}Z, a(27%¢)
by limy, oo 9(277€) = la.e. € € R. O

In the following, let us generalize a quantity v5(a) defined in [8, Page 61] and [7]
Page 697]. For a 2r-periodic measurable function G, we define

meN p_oo —

- 1 1/n
(2.15) p(@) := inf limsup (/ |(1—e )m2 H |d(2j§)2d§>
§=0

and

(2.16) va (@) = —[1 + logy p(@)] /2.
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1980 BIN HAN

For a 2m-periodic trigonometric polynomial @, the quantity vo(G) plays a very im-
portant role in characterizing the convergence of a cascade algorithm in a Sobolev
space and in characterizing the Sobolev smoothness of the refinable function with
mask a (see [8] and the references therein). When a is a 27-periodic trigonometric
polynomial, the quantity (@) can be numerically computed by finding the spec-
tral radius of a certain finite matrix (see [2, [4, [7] and the references therein). For
2m-periodic measurable functions @ and as, if |a1(£)| < |a2(€)|a.e. € € R, then it
follows from the definition in (ZI6) that vo(as) < ve(ay).
Now we have the following result.

Corollary 5. Let ¢ be a refinable function in Lo(R) with stable shifts such that
B(28) = a(€)(€), a.e.& € R for a 2m-periodic measurable function a. Define v by
D(2€) := b(€)H(€) for a 2m-periodic measurable function b. If 15(a) < 0, where a is
defined in ([27), then ¢ does not generate a Riesz wavelet basis in La(R).

Proof. Suppose that 1) generates a Riesz wavelet basis in Ly(R). By Proposition Bl
and Corollary H (2.13) must be true. Now it is easy to see that (2.13) implies
p(a) < 1/2 and therefore, we must have v5(a) > 0, which is a contradiction to our
assumption 1/2( ) < 0. So, 1 does not generate a Riesz wavelet basis in Ly(R). O

Now we have the following result on MRA Riesz wavelet bases.

Theorem 6. Let a and b be two 2r-periodic functions in C™(R) such that a(0) = 1
and b(0) = 0. Define

(2.17) (¢) r=Hd(2*j§) and (€)== b(£/2)$(&/2).

If ¢ € Ly(R) has stable shifts and 1p generates a Riesz wavelet basis in Lo(R), under
the additional assumption that lim,_,.[¢, #](27"¢) = 1a.e.£ € R, then
(1) d € Loo(R) and 1/d € Loo(R), where d(§) := a(&)b(€ + m) — a(€ 4+ m)b(€),

(2) [#9] € Loo(R) and [, 6] € Loo(R),
(3) both X(¢) and X(l/)) are Bessel sequences in Lo(R),
(4) v2(a) > 0 and va(a) > 0,

where a, b are defined in (ZX1) and
(2.18) 0(©) = [T 7 and (&) = b(&/25(/2).
j=1

Conversely, if (1),(2),(3) hold and

(4) va(a) > 0 and vy(a) > 0
then ¢ € La(R) has stable shifts and 1p generates a Riesz wavelet basis in Lo(R).
Proof. By Proposition B and Corollary E, the function ¢, defined in Lemma [I] is
the same function as defined in (2ZI8). Now (1), (2), (3) and (4) follow directly from

Lemma [I] and Corollary )
Conversely, it has been proved in [IT], Theorem 4.2] that (4’) implies ¢, ¢ € Lo(R)

and [¢, (;:5] = 1. By (2), we deduce that the shifts of ¢ are stable. Now by a standard
argument as in [3], X (¢) and X (¢) form a pair of biorthogonal wavelet bases in
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ON A CONJECTURE ABOUT MRA RIESZ WAVELET BASES 1981

Ly(R). So, v generates a Riesz wavelet basis in Lo(R). Also see [2] [I4] for the case
that the Fourier coefficients of @ and b have exponential decay. O

We mention that the condition @,b € C°°(R) in Theorem [ can be replaced by
a much weaker condition, but the presentation here is simpler.

3. PROOF OF THE MAIN THEOREM
In this section, we prove the Main Theorem in Section 1 and provide an example.

Proof of the Main Theorem. Let a be a 2m-periodic trigonometric polynomial such
that

(i) a(0) =1, a(m) =0, and
5y ne ja(2r/3) ja(4r/3),
|a(27/3)|? + |a(2w/3 + )|? |a(4m/3)|? + |a(4m /3 + 7)|?
(ii) Its associated compactly supported refinable function ¢ lies in Lo (R) and
the shifts of ¢ are stable, where ¢(§) := [[;2, a(279¢).
Let b(&) := e~®a(E + ) and ¥(€) := b(€/2)(£/2). In the following, we show that
1 cannot generate a Riesz wavelet basis in Lo (R).
Let a and b be defined in (7). Then by calculation, we have
N a(§)
a(é) = —= > .
)= g e TP
Let ¢, be defined in [2I8). Now we show that ¢ & Log (R). For any nonnegative

integer n, we observe that 2"27/3 = 27/3 or 47/3 mod 27x. By (BI), we have
|a(27/3)a(4m/3)| = h > 1. Therefore, we conclude that

(3.2) 1:[ a(2727/3)| = |a(2n/3)a(4r/3)[" =™ VY neN.
j=0

> 1.

Since the sAhifts of ¢ are stable and ¢ is compactly supported, there exists kg € Z
such that ¢(27/3 + 27ko) # 0. By |a(&)|? + |a(€ + 7)|> # 0 for all £ € R, it follows

from the definition of ¢ in (ZI8) that ¢(¢) = 0 if and only if ¢(£) = 0. Therefore,

$(21/3 + 21ko) # 0. By B2) and o(€) = a(€/2)0(¢/2), we deduce that

|p(227 (21 /3 + 27ko))| = |a(22" 127 /3) - - - a(27/3)||p(27 /3 + 27ko)|
— G213 + 2nke)| Y meEN.
Since (Z(27r/3 + 27kg) # 0 and h > 1, we conclude that

Tim [6(22"(2n/3 + 2mko))| = oo.

Since (;:5 is a continuous function, we have gf:) ¢ Loo(R). Note that a(m) = 0 implies
¢(2mk) = 0 for all k € Z\{0}. Since ¢ is compactly supported, [¢, ¢] is a 27-periodic
trigonometric polynomial and therefore, we have lim¢_.o[¢, ¢](€) = 1 by ¢(0) =1

and ¢(2rk) = 0 for all k € Z\{0}.
Suppose that ¢ indeed generates a Riesz wavelet basis in La(R). Since the shifts
of ¢ are stable, by Proposition Bl Lemma [l holds. But ([B.2]) is a contradiction to
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@3) in Lemma [l Or, by Theorem [6, we must have ¢ € Lo, a contradiction to

our conclusion ¢ ¢ Lo (R). So, ¢ cannot generate a Riesz wavelet basis in Lo(R).

To complete the proof, let us show that such desirable masks a satisfying (i) and
(ii) do exist. Let m be a positive integer. Let ¢ be a 2w-periodic trigonometric
polynomial with real coefficients such that

(33) ¢(0)=1, c(2n/3)=c(4n/3)<2™™ and 0<c¢(§) <1 vEeR.

Clearly, there are many 27-periodic trigonometric polynomials ¢ such that (B3]
holds. Take a(&) := 27" (1 + e~ %)™ ¢(2€). Clearly, a(0) = 1, a(r) = 0, and

5(6)] = la(g)| _ | cos(§/2)[™ o leos(€/2)™
a(©)]? +la(€ +m)2  c(2€)[cos®™(£/2) + sin® (5/2)] c(26)
Therefore,
h = |a(2r/3)a(4m/3)| > cos™(n/3)  _ ! > 1.

c(4mr/3)c(8w/3)  [2me(2m/3)]?
So, (i) holds. By the definition of ¢ and |a(€)| < |cos(£/2)|™, we have

o [sing/2)|"
o(&)] < ‘ VEER.
) <| s
Hence, we have ¢ € C™~2(R). By the definition of @, we see that é(f) = ( for some
¢ € R if and only if &€ = 27k for some k € Z\{0}. So, (ii) holds. O

Finally, let us present one example to illustrate the main result in this paper.

Example 7. Let a(¢&) := |1 + e7%|?[3e%€ — 2¢% 4 10 — 27 + 3e72%¢]/48. Using
[7, Algorithm 2.1], by calculation, we have v5(a) ~ 1.87994 > 0 and therefore, the
compactly supported refinable function ¢ with mask @ belongs to Lo(R). Deﬁne

a(€) := |1+ e *]2[226 4 76 cos(€) — 244 cos(2€) — 47 cos(3€) 4 126 cos(4€)
— 55 cos(5&) + 20 cos(6£) — 6 cos(7€)]/384.

Then 1/2( ) &~ 0.41911 and the compactly supported refinable function (;5 Wlth mask

a lies in Lo(R). Since a(€)a(e) + a(€ + m)a(¢ + 7) = 1, we have [, d)] =1 by
vo(@) > 0 and vy(@) > 0. So, the shifts of ¢ are linearly independent and therefore,
stable. However, by calculation, we have —0.83695 < Vg(fz) < —0.29600 < 0 and
a(2m/3) = a(4w/3) = 24/17 > 1. By Theorem [ the wavelet function ¢, which is
defined by 1(2¢) := e~€a(€ + m)p(€), does not generate a Riesz wavelet basis in
Ly (R).
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