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UNIQUE CONTINUATION FOR THE SYSTEM
OF ELASTICITY IN THE PLANE

L. ESCAURIAZA

(Communicated by David S. Tartakoff)

ABSTRACT. We prove the strong unique continuation property for the Lamé
system of elastostatics in the plane, V - (,u (Vu + Vut)) +V (AV - u) =0, with
variable Lamé coefficients p, A, when p is Lipschitz and )\ is measurable.

1. INTRODUCTION

The main purpose of this note is to study the strong unique continuation property
for the Lamé system of linearized elastostatics in the plane

(1.1) V- (@) (Vu+ V') + V(A(@)V-u) =0 .
The functions p and A are known as the Lamé coefficients, Vu is the 2 x 2 matrix
(O5u )31:1 and Vu! its transpose (@ui)?j:l. The system (1)) is elliptic when

and \ are in L>°(R?) and for some x > 0,
(1.2) w(x) > w and 2u(x) + A(z) > K, when x € R? .

The previous results in the literature are the following: Dehman and Robbiano
proved the weak unique continuation property for the system of elastostatics in R™,
n > 2, when A\, u € C*°(R") [6], Ang, Tkehata, Trong and Yamamoto for A € C?(R™)
and p € C3(R™) [1], Weck for A, u € C2(R™) ([11], [12]), and Nakamura and Wang
for the Lamé system with residual stress for A, u € C1'1(R™) [10]. The strong unique
continuation property has been proved in R? by C. Lin for twice differentiable Lamé
coefficients [§], by Alessandrini and Morasi in R, n > 2, for A, u € CH}(R"), and
by C.L. Lin and J.N. Wang, when A, u are Lipschitz functions in R? [9]. In this
note we prove the following result:

Theorem 1. Assume that u = (uy,us) € WH2(B) satisfies in the sense of distribu-
tions ([LI)) in the unit ball B of the plane, u is a Lipschitz function, X is measurable,
and for all k > 1 there is some constant Cy such that

/ lu*dz < Cpr®, when 0 <r < 1.

"

Then, u =0 in B.
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The same result holds when we add to the system of elasticity (I.T]) lower order
terms with bounded measurable coefficients.

Scalar elliptic operators in the plane with measurable coefficients, both in diver-
gence or non-divergence form, have the strong unique continuation property and
perhaps the same holds for the system (II]) when A and p are measurable. Scalar
elliptic operators in the plane in non-divergence form have the strong unique con-
tinuation property because its solutions u satisfy, u, —iu, = foR, where f is some
analytic function and X is a certain quasi-conformal homeomorphism of the plane,
which verifies

N7z —w|® < IN(2) = R(w)| < N|z —w]? , when z,w € R?,

for some positive constants N, and 8 ([4], [5]). In the divergence case, u =
R (f oN), where f and N are as above [3].

Our improvement of the result by C.L. Lin and J.N. Wang in [9] closely follows
their arguments. In the next section the reader will realize that the difference be-
tween the two arguments is a simple algebraic calculation generalizing the following
fact:

Assume that u is a constant, A is measurable, and u = (u1,uz) is a solution of
(@I in B. Then, f(z) =u (81u2 — agul) — i (2u 4+ A) (O1ug + Oaus) is an analytic
function in B.

Here and in the sequel we use the following notation: (x1,xs) denotes a point in

the plane7 a1 = %, and 82 = aixz

2. AN ALGEBRAIC CALCULATION
Proof of Theorem [[l The Lamé equations in the plane are

201 (po1ur) + O2(p(O1ug + O2ur)) + 01 (A(O1u1 + Oousz)) =
01 (p(O1ug + Oaur)) 4 202 (102uz) + O2(A(O1ur + Douz)) =

(2.1) ’

and can be rewritten as
Oa(1(Orug + Oour)) — 201 (pd2uz) + 01 ((2p + X)(Orur + O2ug)) =0,
O1(p(O1ug + O2uq)) — 202 (puo1ur) + O2((2p + X)(Or1ur + O2uz)) =0 .
On the other hand,
—201 (u02ug) = —202(d1us) + 209 ud1us — 201 udaus
—209(pudru1) = —201 (pO2uy) + 201 pOauy — 2090 uy

(2.2)

Plugging these formulas in (2.2 we get the following system of equations:
(2.3)

—82 ([L(&ﬂtg — (92“1)) + (91((2# + )\)(81“1 + 32u2)) + 282#811@ — 231,&82’112 = 0 y
o1 (u(&‘luQ — 82u1)) + (92((2# + )\) (81u1 + 82u2)) + 281p82u1 — 282u5‘1u1 =0.
Setting v1 = uy, v = ug, v3 = p(O1uz — dauq) and vy = (2 + A)(O1u1 + Aaus),

it follows from ([23) and the formulas

V4
2u+ A

v
(2.4) Orug = ;3 + vy, Oiup = — Oavg

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



UNIQUE CONTINUATION FOR ELASTICITY IN THE PLANE 2017

that vy, ve, vz and v, satisfy the system of equations

01v1 + Oavg — 2:jr>\ =0,
vy — vy — 22 =0,
Ohvs + Oy + 281#82’01 + 282#82112 — 2251&’04 =0,

O1vg — O3 + 282#82’01 — 281#82112 + 2%“1}3 =0,

(2.5)

which can be written in matrix form as
(2.6) "V +JOV +MV =0,

where V = (v1,v2,v3,v4)" and J, M are the 4 x 4 matrices

0 1 0 0 0 01 TR
_ 00 -1 0
; 1 0 0 0| m 0.
201 20ou 01 00 0 —7%u
2001 =201 —1 0 0 0 20 0

The Cauchy-Riemann equations and ([Z3]) show that the claim at the end of the
Introduction does hold.

If u = (u1,uz) € WH2(B) is a solution in the sense of distributions of (II]), the
last two identities in (2.1 give

(2.7) 0z(vg —ivy) = fin B,

where 9; = 3 (81 + i02) is the Cauchy-Riemann operator and | f| < N|Vu/ for some
N > 0 depending on the constant x in (L2) and ||V | g r2). The gradient of the
inverse of the Cauchy-Riemann operator is a Calderén-Zygmund operator, and so
[220) and standard elliptic regularity implies

N
/ |Vv3|2+|Vv4\2d:C§r—2/ |Vu?dz , when 0 <7 <1/2.

r 2r

This argument, the Cacciopoli-type inequality
N
/ |Vu—|—Vut|2dx§—2/ |u|? dz , when 0 <7 < 1/2,
Br r BQ’V‘
and Korn’s inequality [7]
2/ Vol dz < / Vi + Ve!'[* da , when ¢ = (¢1,¢) € Wy*(B),
B B

imply that when u = (uy,us) € WH2(B) satisfies the conditions in Theorem [ the
following holds: V € Wﬁ;f(B), V verifies pointwise almost everywhere the system
[238) and has a zero of infinite order at the origin i.e., for each k > 1 there is some

constant C}, such that

/ |V|2dx§C’krk,When0<7“§1.

r

At this point we recall the following result which proves Theorem [Il The inter-
ested reader will find its proof between the lines in [9].
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Theorem 2. Assume that V € V[/lif(B), V = (v1,v2,v3,v4) is a solution in the
unit ball B C R? of a first order system of the form ([2.8), where the 4 x 4 matrices
J and M wverify J, M € L*(R?), and

0 1 0 o0

-1 0 0 O

J= a [ 0 1

v 6§ -1 0
for some measurable functions o, 3, v and §. Then, if V' has zero of infinite order
at the origin, V =0 in B. (]

The claim after Theorem [Il follows in the same way from Theorem 2] the corre-
sponding analog of (Z2)), and the formulas ([2:4]).

As stated in the Introduction, This proof only differs from the arguments in
[9) on an algebraic calculation. The arguments in [9] do not imply Theorem [II
because they choose as the components of V' the functions, v; = wuj, v = usg,
v3 = O1us — Oy and vy = O1uy + Jous. With these choices, V' is a solution of an
elliptic system of the type (Z.8) but with matrices J and M, which depend on Vu
and V.
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