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(Communicated by Juha M. Heinonen)

Abstract. A uqr mapping of an n-manifold M is a mapping which is rational
with respect to a bounded measurable conformal structure on M . Remarkably,
the only closed manifolds on which locally (but not globally) injective uqr
mappings act are Euclidean space forms. We further characterize space forms
admitting uniformly quasiregular self mappings and we show that the space
forms admitting branched uqr maps are precisely the spherical space forms.
We further show that every non-injective uqr map of a Euclidean space form

is a quasiconformal conjugate of a conformal map. This is not true if the
non-injective hypothesis is removed.

1. Introduction

A quasiregular map f which admits uniform control of the distortion of all its iter-
ates is called uniformly quasiregular, abbreviated uqr. Such maps are always confor-
mal (or rational) with respect to some bounded measurable Riemannian structure.
Here we will always suppose uqr mappings to be non-injective (otherwise we call
the map quasiconformal). Because of Rickman’s version of Montel’s theorem [Ri]
the dynamical system associated with the iterates of a non-injective uqr mapping of
the n–sphere closely parallel (in particular with regard to the Fatou–Julia theory)
that of the iteration of rational maps in the plane [IM1, M1, M2, HMM] with a few
subtle differences connected with rigidity phenomena [MM], one of which underpins
our main result.

Here we shall consider such mappings acting on closed manifolds M of dimension
at least two and our problem is to determine what kind of manifolds admit the action
of such a map and also to determine what kind of uqr mappings can act on a given
manifold. A result of Sullivan (see Tukia–Väisälä [TV]) shows that any topological
n–manifold, n �= 4, admits a quasiconformal structure and this is enough to define
a bounded measurable Riemannian structure and what it means to be quasiregular
or uqr, [Ri]. In four dimensions we shall have to suppose our manifolds admit such
a structure.
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Note that a uqr map f : M → M is surjective since the continuity and openness
of a quasiregular map [Ri] implies that the image fM is both compact and open;
hence fM = M .

The first part of our problem is a non-injective version of the answer given by
Ferrand [F] to a conjecture of Lichnerowicz [L]. She showed that, up to quasi-
conformal equivalence, the only compact manifold which admits a non-compact
quasiconformal group action is the standard n–sphere S

n. If there is a uqr map f
of a closed manifold M , then the semi-group {fn}∞n=1 is non-compact (in fact the
Julia set of f is always non-empty). Therefore, the existence of such a map should
imply severe restrictions on the manifold M . The first of these is the following
obstruction for the existence of uqr maps:

Theorem 1.1. If Mn is a closed n–manifold and f : Mn → Mn a non-injective
uqr mapping, then there exists a non-constant quasiregular mapping g : R

n → Mn.

Manifolds admitting such an f are called qr–elliptic, and answering a question
of Gromov, Varopoulos, Saloff-Coste and Coulhon [VSC] showed that M must have
a fundamental group of at most polynomial growth.

Our contribution to the generalized Lichnerowicz problem of determining all
closed manifolds which admit non-injective uqr mappings is the following:

Theorem 1.2. Let f be a non-injective uqr map of the closed manifold M and
suppose that f is locally homeomorphic, that is, the branch set Bf = ∅. Then M is
the quasiconformal image of a Euclidean space form.

By a Euclidean space form we mean the quotient of R
n under a Bieberbach group

(co-finite volume lattice) Γ ⊂ Isom(Rn). The two other types of space forms are
the quotients by torsion free co-finite volume lattices of isometries of the n–sphere
and of hyperbolic n-space.

Theorem 1.5 below further asserts that after the quasiconformal change of coor-
dinates suggested by Theorem 1.2, the map f can be made conformal. However we
first state

Theorem 1.3. If M is quasiconformally equivalent to a euclidean space form, then
M admits no branched quasiregular (and in particular no branched uqr) mappings.

Remark 1.4. The proof we give for Theorem 1.3 requires only the topological proper-
ties of quasiregular mappings. Consequently, the previous result can be generalized
as follows:

Suppose M is homeomorphic to a Euclidean space form. Then M does not admit
an orientation preserving, discrete and open map which is branched.

In the case of the sphere, lens spaces and other spherical manifolds the existence
of uqr maps is due to [IM1] and [P]. These results suggest that there are few
uqr mappings in three or more dimensions compared with the space of rational
functions of S

2. For Euclidean space forms we can now give a complete description
of the possible uqr mappings:

Theorem 1.5. Any non-injective uqr map of a closed Euclidean space form M is
the quasiconformal conjugate of a conformal map.

We remark that, in this second result, we no longer suppose that the map has to
be locally injective. Theorem 1.5 is a surprising fact because it is false for globally
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injective mappings. Indeed, it turns out that there are uniformly quasiconformal
(even bi-Lipschitz) maps of three (or higher) dimensional tori which cannot be
quasiconformally conjugate to a conformal map [M1].

Finally, we can distinguish space forms according to the type of uqr maps they
support:

Theorem 1.6. If M is a closed space form, then we have the following character-
ization:

(1) M admits a branched uqr map if and only if M is a spherical space form.
(2) M admits a non-injective, locally injective uqr map if and only if M is a

Euclidean space form.
(3) M admits no non-injective uqr map if and only if M is a hyperbolic space

form.

We suggest that the correct counterpart for the Lichnerowicz conjecture for uqr
maps could be that if a closed manifold supports a non-injective uqr map, then it
must be a finite product M1 ×· · ·×Mk of closed manifolds Mi which are quasicon-
formal images of either Euclidean or spherical space forms. It remains an interesting
open question whether for example a space like S

2×S
2#S

2×S
2 supports uqr maps.

This manifold was very recently proven to be elliptic [Ri] and perhaps represents a
best candidate as a counterexample to the conjecture.

2. Proofs

Proof of Theorem 1.1. Suppose f is a non-injective uqr mapping acting on a closed
manifold M . We may asume that the Julia set is not empty and contains a point
x0. Introduce coordinates (Ux0 , h), where Ux0 is an open set in M containing x0

and h : Ux0 → B
n is a 2-bi-Lipschitz map. We get a non-normal family F = {f̂k}

of mappings f̂k = fk ◦ h−1 : B
n → M . Hence there exist positive numbers ρj ↘ 0

and points xj → 0, xj ∈ B
n and mappings f̂j ∈ F so that f̂j(xj + ρjx) → ψ(x)

locally uniformly on R
n, where ψ : R

n → M is a non-constant quasiregular map.
See [IM2, Theorems 19.7.3, 19.9.3].

Recall that the conical set of a uqr map is, using the notation of the above proof,
the set of those points x0 in the Julia set for which the ratio |xj − x0|/ρj stays
bounded with a uniform constant when j → ∞.

Proof of Theorem 1.2. First, some general remarks. Suppose f : M → M is a
non-injective uqr map with empty branch set. Since M is compact we may find a
point x0 in the Julia set Jf of f . It is now possible, as in the proof of Theorem
1.1 to construct a family F = {f̂} of mappings f̂ : B

n → M and find positive
numbers ρj ↘ 0 and points xj → 0, xj ∈ B

n and mappings f̂j ∈ F so that
f̂j(xj + ρjx) → ψ(x) locally uniformly in R

n, where ψ : R
n → M is a non-constant

quasiregular map. Now clearly the limit map ψ is also a local homeomorphism. Due
to the Picard-type theorem of [HR] ψ omits at most q < ∞ points (the number
q depends only on the dimension n and the dilatation of the map ψ). Denote by
ψ̃ : R

n → M̃ the lift of ψ under a locally isometric covering map π : M̃ → M ,
where M̃ is the covering space of M . If the fundamental group of M is infinite the
mapping ψ is necessarily a surjection, since otherwise the lifted map ψ̃ would omit
infinitely many points (corresponding to every omitted value of ψ) and this is again
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impossible due to [HR]. The covering space M̃ is hence a homeomorphic image of
Euclidean n-space R

n. This homeomorphism is clearly quasiconformal.
If the fundamental group of M is finite, then the universal cover is closed and

simply connected, so the lift of f will be a locally homeomorphic mapping, which the
monodromy theorem tells us will be a homeomorphism. This lift f̂ will be uniformly
quasiconformal and not periodic (as is easily deduced from the relation fm◦π = π◦f̂
and the non-injectivity of f). As 〈f̂〉 is non-compact, Ferrand’s theorem [F] shows
this universal cover to be the n–sphere. But then fm ◦ π : S

n → M is also a
universal covering (necessarily of the same degree as π), so f is a homeomorphism
contrary to supposition.

We now show that M is a Euclidean space form. Suppose f : M → M is a
non-injective uqr map with empty branch set. We first show that every point of
the Julia set is a conical point. Thus let x0 be a point of the Julia set Jf of f . It is
the local injectivity condition of f which will ensure that x0 is conical. To see this
denote xn = fn(x0) and let nj → ∞ such that the limit y = limj→∞ xnj

exists.
Set B = B(y, r) ⊂ M . If

rj = sup{r > 0 ; fnj (B(x0, r)) ⊂ B},

then, with the notation of the proof of Theorem 1.1, Ψj(x) = f̂nj
(rjx) defines on

the unit ball B
n a normal family of uniformly quasiconformal mappings (note that

all the inverse branches of fnj are defined on B). We therefore may suppose that
the limit Ψ = limj→∞ Ψj exists. From the distortion properties of quasiconformal
mappings and the choice of rj we see that the limit map Ψ is non-constant and
hence quasiconformal from B

n onto say Ω ⊂ B. It follows that the conical set
coincides with the Julia set.

We now make the following additional observation to show that every point of
M is in the Julia set. If j0 >> 1 such that the distance ‖xnj

− y‖ < r/100 and if
j > j0 such that

U = f̂nj0
(B(0, rj)) ⊂ B(xnj0

,
r

1000K
) ,

then fnj−nj0 (U) ⊃ U . The map g = fnj−nj0 : U → g(U) ⊂ B being quasiconfor-
mal, must have a repelling fixed point p. Replacing f by an iterate, if necessary, we
may suppose that f has a repelling fixed point. Thus we can choose a lift F of f
to the universal cover R

n that will also have a repelling fixed point. The iterates of
F are not equicontinuous near any point x of R

n. Indeed it is shown in [GM] that
in this case F is quasiconformally conjugate to the map x 
→ 2x, whose iterates
clearly do not form an equicontinuous family. Thus f is nowhere equicontinuous
and Jf = M is purely conical by what we have proved above.

Now, any equivariant measurable conformal structure preserved by the uqr map-
ping f is continuous in measure at a conical point. And we know there is at least
one such structure. We can hence apply the rigidity theorem for uqr maps [MM,
Theorem 6.1] to deduce that f is actually a Lattès type map. Especially F is then
an expanding similarity and M is a Euclidean space form.

Proof of Theorem 1.3. Suppose M = R
n/Γ is a Euclidean space form and f : M →

M a non-constant quasiregular mapping. First of all, we may suppose that Γ
consists of translations only and, because of compactness of M , that Γ is isomorphic
to Z

n. This is because of Bieberbach’s theorem (see [W]): the translation subgroup
T of Γ is a normal subgroup of finite index and R

n/T is a normal covering space of
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M . Therefore it suffices to consider R
n/T together with a lift of f to this covering

of M instead of M, f .
Denote by F : R

n → R
n a quasiregular lift of f and let D be a fundamental

domain of M containing the origin. We can further assume that F (0) ∈ D. Then
there exist a group homomorphism A : Γ → Γ so that for any x ∈ R

n and γ(x) =
x + v, γ ∈ Γ, the following holds:

(2.1) F (x + v) = F (x) + A(v) .

Since Γ is a translation group isomorphic to Z
n, the above homomorphism is

given by a linear map A : R
n → R

n. Furthermore, A is invertible because AΓ is
again isomorphic to Z

n.
We now show that F has an invertible derivative at ∞, which concludes the

proof. Indeed, we then have i(∞, F ) = 1. On the other hand, this local index does
agree with the degree of the map F since the only preimage of ∞ is infinity itself.
In other words, F is a homeomorphism.

Let i(x) = x
‖x‖2 be the chart at infinity, denote y = i(x),

G = i ◦ F ◦ i and A∗ = i ◦ A ◦ i .

Clearly G(0) = 0. For x close to the origin,

G(x) =
F (y)

‖F (y)‖2
=

F (y0) + A(y − y0)
‖F (y0) + A(y − y0)‖2

=
A(y) + (F (y0) − A(y0))

‖A(y) + (F (y0) − A(y0))‖2

where y0 ∈ D such that there is γ ∈ Γ with γ(y0) = y0 + v = y. Clearly

B(y0) = F (y0) − A(y0)

is bounded on D. Therefore,

‖A(y)‖2

‖A(y) + B(y0)‖2
≤ 1

1 −
(

‖B(y0)‖
‖A(y)‖

)2 ≤ 1 + C
1

‖A(y)‖2
≤ 1 + C ′‖x‖2 .

Similarly
‖A(y)‖2

‖A(y) + B(y0)‖2
≥ 1 − C ′′‖x‖2 .

This leads to

G(x) =
A(y)

‖A(y)‖2

‖A(y)‖2

‖A(y) + B(y0)‖2
+

B(y0)
‖A(y) + B(y0)‖2

= A∗(x)
(
1 + O(‖x‖2)

)
+ O(‖x‖2)

= A∗(x) + O(‖x‖2) ,

meaning that DG(0) = A∗.

Proof of Theorem 1.5. Theorem 1.3 gives the local injectivity of the map. We note
that alternatively this can be seen shortly by using more dynamical arguments as
follows. Let M = R

n/Γ be a Euclidean space form and f a uqr map of M . Consider
π : R

n → M the natural projection and take F (also uqr) a lift of f . We proceed
by contradiction and suppose that F is not injective.

From the proof of Theorem 1.2 the map F extends at infinity to a uqr map of
the sphere R

n
and ∞ is a completely invariant fixed point which is super-attracting

since we supposed F is not quasiconformal; indeed since ∞ is completely invariant,
the local index of F at that point is equal to the degree of F and hence ∞ is in the
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branch set of the extended map. It then follows that the Fatou set of F contains
an open neighborhood of ∞, the basin of attraction of ∞. See [HMM] for details.
From standard estimates near ∞ we have, after replacing F by a power of itself if
necessary, the following: there is P > 1 and R > 0 such that

‖F (x)‖ ≥ ‖x‖P provided ‖x‖ > R .

Now, for γ ∈ Γ there is γ′ ∈ Γ such that F ◦ γN = (γ′)N ◦ F . There are U, V ∈
O(n) and v, w ∈ R

n such that γN (x) = UNx + Nv and (γ′)N (x) = V Nx + Nw.
We take γ parabolic such that ‖γN (0)‖ > R for all N large enough. Then:

‖F ◦ γN (0)‖ ≥ ‖γN (0)‖P = (N‖v‖)P

and thus
(N‖v‖)P ≤ ‖(γ′)N (F (0))‖ ≤ ‖F (0)‖ + N‖w‖ .

This is impossible if N has been chosen large enough. The map F is in fact quasi-
conformal.

To conclude the proof we will look for a quasiconformal map Φ : R
n → R

n, a
Bieberbach group Γ′ and a conformal (loxodromic) map G : R

n → R
n such that

Φ : 〈F, Γ〉 → 〈G, Γ′〉

meaning that Φ conjugates the maps F, G and the groups Γ, Γ′. It suffices then to
project Φ to a quasiconformal map ϕ : M → M ′ = R

n/Γ′ because this new map
conjugates f and g : M ′ → M ′, the projection of G.

In order to do this we take a bounded measurable conformal structure µ on M
for which f is conformal. Lift this structure to R

n to a structure for which the
group 〈F, Γ〉 is conformal and again use a renormalization to find Φ. �

Proof of Theorem 1.6. The existence of a branched uqr map for an arbitrary spher-
ical space form Mn is proved in [P]. There one starts with an arbitrary branched
covering map f : Mn → S

n followed by the covering projection g : S
n → Mn. The

mapping g ◦ f : Mn → Mn can now be modified to a uqr mapping by the so-called
trapping method. The branch set does not change under the construction.

For a hyperbolic space form there are no non-injective uqr maps at all. This
follows from Theorem 1.1, since hyperbolicity implies exponential volume growth
for the fundamental group. Fundamental groups of manifolds quasiregularly covered
by R

n have at most polynomial growth of order n [VSC].
The non-existence of a branched uqr map in the Euclidean space form case is

Theorem 1.3 above. The existence of a non-injective uqr map can be shown by
constructing Lattès type maps. This can be seen by using the following characteri-
zation [R, Theorem 13, p. 373]. Suppose Γ is the fundamental group of a Euclidean
space form M . The group Γ consists of the translation subgroup and the rotation
subgroup. One can introduce coordinates {ei}n

i=1 of the covering space R
n in such

a way that the elements of the translation part are of the form x 
→ x+
∑n

i=1 miei,
mi ∈ Z and the general element is of the form

x 
→ R(x) +
n∑

i=1

ni

g
ei,

where the matrix of R representing the rotational part, when presented in this fixed
base, contains integer entries only, ni ∈ Z and g is the order of the rotational part.
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The Lattès type map f : M → M now arises as a solution of the equation

(f ◦ π)(x) = (π ◦ A)(x),

where π : R
n → M is the conformal covering projection. For the dilation map

A : R
n → R

n one can choose A : x 
→ 2gx, which preserves the lattice identifications
as needed. See [M2] for details on Lattès type map constructions.
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