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SPECTRUM OF BILATERAL SHIFTS
WITH OPERATOR-VALUED WEIGHTS

A. BOURHIM

(Communicated by Joseph A. Ball)

Abstract. We describe the spectrum of bilateral operator-weighted shifts.

1. Introduction

Throughout this note, L(H) will denote the algebra of all bounded linear oper-
ators acting on a complex Hilbert space H and l2(Z,H) will be the usual Hilbert
space of all square summable sequences (xn)n∈Z whose elements are in H. For an
operator T ∈ L(H), we denote by σ(T ), σsu(T ), σap(T ), and σp(T ) the spectrum,
the surjectivity spectrum, the approximate point spectrum, and the point spectrum
of T , respectively. We also denote by r(T ) the spectral radius of T , and by q(T )
the minimum modulus of σ(T ), that is,

q(T ) =
{

0 if T is not invertible,
1

r(T−1) if T is invertible.

Moreover, we let m(T ) := inf{‖Tx‖ : ‖x‖ = 1} stand for the lower bound of T and
recall that the sequence (m(Tn)

1
n )n≥1 converges and its limit, denoted by r1(T ),

equals its supremum.
Let (An)n∈Z be a two-sided sequence of uniformly bounded invertible operators

in L(H), and let (Bn)n∈Z be the sequence given by

Bn :=

⎧⎨
⎩

An−1An−2 . . . A1A0 if n > 0,
1 if n = 0,
A−1

n A−1
n+1 . . . A−1

−2A
−1
−1 if n < 0.

The corresponding bilateral operator-weighted shift on l2(Z,H) is defined by

S(. . . , x−2, x−1, [x0], x1, x2, . . . ) := (. . . , A−2x−2, [A−1x−1], A0x0, A1x1, . . . ),

where for an element x = (. . . , x−2, x−1, [x0], x1, x2, . . . ) ∈ l2(Z,H), we denote by
[x0] the 0-th coordinate of x.

In [5, Theorem 2], Herrero provided some spectral inclusions for hyponormal
bilateral operator-weighted shifts. He then deduced that the spectrum of a hy-
ponormal bilateral operator-weighted shift of multiplicity k (i.e., H = Ck) is the

Received by the editors December 3, 2004 and, in revised form, February 23, 2005.
2000 Mathematics Subject Classification. Primary 47B37; Secondary 47A10, 47A11.
Key words and phrases. Bilateral weighted shifts, spectrum, local spectrum.

c©2006 American Mathematical Society
Reverts to public domain 28 years from publication

2131

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2132 A. BOURHIM

union of at most k annuli (see [5, Corollary 3]). In [2], Ben-Artzi and Gohberg intro-
duced the concepts of Bohl exponent and canonical splitting projection to describe
the spectrum and the essential spectrum of S when H = C

k and

max
(
sup
n∈Z

‖An‖, sup
n∈Z

‖An
−1‖

)
< +∞.

But these two concepts are quite complicated and are not easy to apply in concrete
situations except when the corresponding weight sequence is particularly special.
In [6], Li, Ji and Sun first proved that each operator-weighted shift, S, of finite mul-
tiplicity k, is unitarily equivalent to a k × k upper-triangular operator matrix, M,
whose coefficients are scalar weighted shifts. Therefore, they completely describe
the essential spectrum of S in terms of the scalar weighted shifts situated on the
diagonal of M.

In [4], the author described the local spectrum of S at most points of l2(Z,H)
and used some tools from local spectral theory to describe completely the spectrum
of all bilateral operator-weighted shifts satisfying Dunford’s condition (C) (see [4,
Theorem 4.2]).

The main goal of the present note is to describe the spectrum of bilateral
operator-weighted shifts that have no restriction on the corresponding weight se-
quences. We feel that our approach, which is based on local spectral theory, is
simpler and more accessible than the approach of Ben-Artzi and Gohberg.

2. Main results

We begin this section by fixing some notation that will play a crucial role in the
rest of this note. For an injective bilateral scalar weighted shift T with a bounded
weight sequence (υn)n∈Z, we set

r−(T ) = lim
n→+∞

{
sup
k>0

n+k∏
i=k+1

|υ−i|
} 1

n , r+(T ) = lim
n→+∞

{
sup
k≥0

n+k−1∏
i=k

|υi|
} 1

n ,

r−1 (T ) = lim
n→+∞

{
inf
k>0

n+k∏
i=k+1

|υ−i|
} 1

n , r+
1 (T ) = lim

n→+∞

{
inf
k≥0

n+k−1∏
i=k

|υi|
} 1

n ,

r−2 (S) = lim inf
n→+∞

{ n∏
i=1

|υ−i|
} 1

n , r+
2 (S) = lim inf

n→+∞

{ n−1∏
i=0

|υi|
} 1

n ,

r−3 (S) = lim sup
n→+∞

{ n∏
i=1

|υ−i|
} 1

n , r+
3 (S) = lim sup

n→+∞

{ n−1∏
i=0

|υi|
} 1

n .

Keep in mind that

(2.1) r1(T ) = min(r−1 (T ), r+
1 (T )),

(2.2) r(T ) = max(r−(T ), r+(T )),

and

(2.3) r±1 (T ) ≤ r±2 (T ) ≤ r±3 (T ) ≤ r±(T ).

The spectrum of T and its parts are described in terms of the above quantities.

Theorem 2.1. The following assertions hold.
(i) The spectrum of T is given by

σ(T ) = {λ ∈ C : q(T ) ≤ |λ| ≤ r(T )}.
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(ii) If r−(T ) < r+
1 (T ), then

σap(T ) = {λ ∈ C : r−1 (T ) ≤ |λ| ≤ r−(T )} ∪ {λ ∈ C : r+
1 (T ) ≤ |λ| ≤ r+(T )}.

Otherwise,

σ(T ) = σap(T ) = {λ ∈ C : r1(T ) ≤ |λ| ≤ r(T )}.

Proof. See [9, Theorem 3] and [10, Theorem 5]. �

For every nonzero x ∈ H, we let x(n) := (δn,kx)k∈Z (n ∈ Z), where δn,k is the
usual Kronecker-delta symbol. Let Sx be the restriction of S to Ĥ(x), the closed
linear span of

{
(Bnx)(n) : n ∈ Z

}
in l2(Z,H). It is an injective bilateral scalar

weighted shift on Ĥ(x) with the weight sequence
(
‖Bn+1x‖/‖Bnx‖

)
n∈Z

.
The local resolvent set, ρ

T
(x), of an operator T ∈ L(H) at a point x ∈ H is the

set of all λ ∈ C for which there exists an analytic function φ : O → H on some
open neighborhood O of λ such that

(T − µ)φ(µ) = x (µ ∈ O).

The local spectrum of T at x, denoted by σ
T
(x), is equal to the complement of

ρT (x) in C, and is clearly a closed subset of σ(T ) (see [1] and [7]).
The following lemma is quoted from [4, Lemma 2.1], and will be used in the

sequel (see also [3, Proof of Theorem 2.1]).

Lemma 2.2. For every nonzero x ∈ H, we have σ
S
(y) = σ

Sx
(y) for all y ∈ Ĥ(x).

Theorem 2.3. If (ei)i∈I is an orthonormal basis of H, then

σ(S) = σap(S) ∪
{ ⋃

i∈I

{λ ∈ C : q(Sei
) ≤ |λ| ≤ r(Sei

)}
}
.

Proof. Since each Sei
is a bilateral scalar weighted shift, the identity

σ(Sei
) = {λ ∈ C : q(Sei

) ≤ |λ| ≤ r(Sei
)} (i ∈ I)

follows from Theorem 2.1(i). On the other hand, it follows from Lemma 2.2 and
[1, Theorem 2.43] that

σsu(Sei
) =

⋃
x∈Ĥ(ei)

σSei
(x) =

⋃
x∈Ĥ(ei)

σS (x) ⊂ σsu(S)

for all i ∈ I. As σp(Sei
) ⊂ σp(S) for all i ∈ I, we see that

σ(Sei
) = σp(Sei

) ∪ σsu(Sei
) ⊂ σp(S) ∪ σsu(S) = σ(S)

for all i ∈ I. Hence, ⋃
i∈I

{λ ∈ C : q(Sei
) ≤ |λ| ≤ r(Sei

)} ⊂ σ(S).

Now, assume that there is λ0 ∈ σ(S)\
{⋃

i∈I{λ ∈ C : q(Sei
) ≤ |λ| ≤ r(Sei

)}
}
. We

have
(S − λ0)Ĥ(ei) = (Sei

− λ0)Ĥ(ei) = Ĥ(ei)

for all i ∈ I. Thus, all finite combinations of elements of Ĥ(ei)’s are in the range of
(S − λ0), which is now clearly dense in l2(Z,H). Therefore, λ0 ∈ σap(S) and the
proof is complete. �
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2134 A. BOURHIM

In the rest of this section, we assume that H = Ck and let (ei)1≤i≤k be the
canonical orthonormal basis of Ck. In [6, Theorem 2.1], Li, Ji and Sun proved
that S is unitarily equivalent to a bilateral operator-weighted shift for which all the
weights are k × k upper-triangular matrices. Thus, we may and shall assume that
each An is a k × k upper-triangular matrix:

An =

⎡
⎢⎢⎢⎢⎣

υ
(n)
11 υ

(n)
12 . . . υ

(n)
1k

0 υ
(n)
22 . . . υ

(n)
2k

...
. . . . . .

...
0 . . . 0 υ

(n)
kk

⎤
⎥⎥⎥⎥⎦ (n ∈ Z).

The following gives the complete description of the spectrum of S.

Theorem 2.4. The spectrum of S is given by

σ(S) =
k⋃

i=1

{
λ ∈ C : min

(
r1(Ti), q(Sei

)
)
≤ |λ| ≤ max

(
r(Ti), r(Sei

)
)}

,

where each Ti is the bilateral scalar weighted shift on l2(Z) with the weight sequence
(υ(n)

ii )n∈Z.

Proof. It follows from [6, Theorem 2.2] that σap(S) =
k⋃

i=1

σap(Ti), and so, by The-

orem 2.3, we have

σ(S) =
k⋃

i=1

{σap(Ti) ∪ σ(Sei
)}.

To finish the proof, it suffices to show that

(2.4) σap(Ti)∪σ(Sei
) = {λ ∈ C : min

(
r1(Ti), q(Sei

)
)
≤ |λ| ≤ max

(
r(Ti), r(Sei

)
)
}

for all i.
It is clear that each Bn is also a k×k upper-triangular matrix that has, of course,

the following form:

Bn =

⎡
⎢⎢⎢⎢⎣

ω
(n)
11 ω

(n)
12 . . . ω

(n)
1k

0 ω
(n)
22 . . . ω

(n)
2k

...
. . . . . .

...
0 . . . 0 ω

(n)
kk

⎤
⎥⎥⎥⎥⎦ .

Note that, since each An equals Bn+1Bn
−1, we have υ

(n)
ii = ω

(n+1)
ii

ω
(n)
ii

for all n ∈ Z

and all i. On the other hand, each Sei
is a bilateral scalar weighted shift with the

weight sequence
(√∑i

j=1 |ω(n+1)
ji |2∑i

j=1 |ω(n)
ji |2

)
n∈Z

. For every i, we have

(2.5) r+
3 (Ti) ≤ r+

3 (Sei
).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SPECTRUM OF BILATERAL SHIFTS 2135

Indeed, we have

r+
3 (Sei

) = lim sup
n→+∞

{∑i
j=1 |ω

(n)
ji |2∑i

j=1 |ω
(0)
ji |2

} 1
2n

≥ lim sup
n→+∞

|ω(n)
ii |

1
n = lim sup

n→+∞

{
υ

(0)
ii υ

(1)
ii ...υ

(n−1)
ii

} 1
n

= r+
3 (Ti).

Similarly, we have

(2.6) r−2 (Sei
) ≤ r−2 (Ti)

for all i.
Now, we fix an integer i such that (1 ≤ i ≤ k) and, in view of Theorem 2.1(ii),

shall consider two cases.
Case 1. Assume that r−(Ti) < r+

1 (Ti) and recall that, in this case, we have

σap(Ti) = {λ ∈ C : r−1 (Ti) ≤ |λ| ≤ r−(Ti)} ∪ {λ ∈ C : r+
1 (Ti) ≤ |λ| ≤ r+(Ti)}

(see Theorem 2.1(ii)). Moreover, in view of the above inequalities, we have

q(Sei
) ≤ r−2 (Sei

) ≤ r−2 (Ti) ≤ r−(Ti) < r+
1 (Ti) ≤ r+

3 (Ti) ≤ r+
3 (Sei

) ≤ r(Sei
).

From these inequalities and (2.3), it follows that

{λ ∈ C : |λ| = r−2 (Ti)} ⊂ {λ ∈ C : r−1 (Ti) ≤ |λ| ≤ r−(Ti)} ∩ σ(Sei
),

{λ ∈ C : |λ| = r+
3 (Ti)} ⊂ {λ ∈ C : r+

1 (Ti) ≤ |λ| ≤ r+(Ti)} ∩ σ(Sei
).

From these inclusions, (2.1) and (2.2), it is clearly seen that the desired identity,
(2.4), holds.

Case 2. Now, assume that r−(Ti) ≥ r+
1 (Ti). By Theorem 2.1(ii), we have

σap(Ti) = {λ ∈ C : r1(Ti) ≤ |λ| ≤ r(Ti)}.

In view of (2.5) and (2.6), we clearly have

q(Sei
) ≤ r(Ti) and r1(Ti) ≤ r(Sei

).

From these, we see that σap(Ti) intersects σ(Sei
) and the desired identity, (2.4),

holds in this case too. �

3. Additional facts and comments

Recall that an operator T ∈ L(H) is said to be hyponormal if T ∗T ≥ TT ∗

and note that the bilateral operator-weighted shift S is hyponormal if and only if
A∗

n+1An+1 ≥ AnA∗
n for all n ∈ Z.

An operator T ∈ L(H) is said to satisfy Dunford’s condition (C) provided that,
for every closed subset F of C, the linear subspace

HT (F ) := {x ∈ H : σT (x) ⊂ F}

is closed. It is well known that all hyponormal operators enjoy Dunford’s condition
(C) (see [8, Proposition 1]).
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The following is a slight clarification of [4, Theorem 4.2].

Theorem 3.1. If (ei)i∈I is an orthonormal basis of H and S satisfies Dunford’s
condition (C), then

σ(S) = cl
{⋃

i∈I

{λ ∈ C : r−2 (Sei
) ≤ |λ| ≤ r+

3 (Sei
)}

}
.

Proof. We shall proceed as in [4] in order to prove this result. It follows from
Lemma 2.2 that each Sei

satisfies Dunford’s condition (C) (see also [1, Theorem
2.79]). Hence,

σ(Sei
) = σSei

(ei
(0)) = {λ ∈ C : r−2 (Sei

) ≤ |λ| ≤ r+
3 (Sei

)}
for all i ∈ I, and

F := cl
{⋃

i∈I

{λ ∈ C : r−2 (Sei
) ≤ |λ| ≤ r+

3 (Sei
)}

}
⊂ σ(S).

Again use Lemma 2.2 to see that

Ĥ(ei) =
{
Ĥ(ei)

}
Sei

(
σ(Sei

)
)
⊂

{
l2(Z,H)

}
S
(F )

for all i ∈ I. As the closed linear span of Ĥ(ei)’s coincides with l2(Z,H), we see that{
l2(Z,H)

}
S
(F ) = l2(Z,H) and σ(S) = σ(S

|
{

l2(Z,H)
}

S
(F )

) ⊂ F (see [1, Theorem

2.71]). This concludes the proof. �
As consequences of this theorem, we derive in particular the following corollaries,

which improve some results that have appeared in [5].

Corollary 3.2. If (ei)i∈I is an orthonormal basis of H and S is hyponormal, then

σ(S) = cl
{ ⋃

i∈I

{λ ∈ C : m(Sei
) ≤ |λ| ≤ ‖Sei

‖}
}
.

Proof. Note that, since Sei
coincides with S when restricted to Ĥ(ei) (i ∈ I), Sei

is also hyponormal. By [10], we have

r−1 (Sei
) = r−2 (Sei

) = r−3 (Sei
) = r−(Sei

) = m(Sei
),

r+
1 (Sei

) = r+
2 (Sei

) = r+
3 (Sei

) = r+(Sei
) = ‖Sei

‖
for all i ∈ I. Now, the desired result follows from Theorem 3.1. �

The next result is an immediate consequence of Theorem 3.1. It is a gener-
alization of Herrero’s result to the setting of bilateral operator-weighted shifts of
multiplicity k which satisfy Dunford’s condition (C). It gives precise information
about the location of the k annuli appearing in Herrero’s result.

Corollary 3.3. Assume that H = Ck and let (ei)1≤i≤k be the canonical orthonor-
mal basis of Ck. If S satisfies Dunford’s condition (C), then

σ(S) =
k⋃

i=1

{λ ∈ C : r−2 (Sei
) ≤ |λ| ≤ r+

3 (Sei
)}.
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