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ABSTRACT. We describe the spectrum of bilateral operator-weighted shifts.

1. INTRODUCTION

Throughout this note, £(H) will denote the algebra of all bounded linear oper-
ators acting on a complex Hilbert space H and [?(Z,H) will be the usual Hilbert
space of all square summable sequences (z,,),cz whose elements are in H. For an
operator T' € L(H), we denote by o(T'), 05u(T), 04p(T), and o,(T) the spectrum,
the surjectivity spectrum, the approximate point spectrum, and the point spectrum
of T, respectively. We also denote by r(T') the spectral radius of T, and by ¢(7T)
the minimum modulus of ¢(7T), that is,

0 if T is not invertible,
a(T) = { —T(Tl_l) if T is invertible.
Moreover, we let m(T) := inf{||Tz|| : |z|| = 1} stand for the lower bound of T" and
recall that the sequence (m(T”)%)nzl converges and its limit, denoted by 71 (7T),
equals its supremum.
Let (Ap)nez be a two-sided sequence of uniformly bounded invertible operators
in L(H), and let (B,,)nez be the sequence given by

An_lAn_g...AlAO if n > 0,
B, = 1 if n=20,
AJYALY LV ATJATT ifn <O,

The corresponding bilateral operator-weighted shift on 1?(Z,H) is defined by
S( ey L9, T 1, [.’I}()], T1,X2,... ) = ( .. ,A,g.’I},g, [A,l.’ll‘,l], 140.’1’,‘07 Al.'I,‘l, cee ),

where for an element z = (...,2x_o,2_1, [0}, 71, 72,...) € I>(Z,H), we denote by
[o] the 0-th coordinate of .

In [5l Theorem 2], Herrero provided some spectral inclusions for hyponormal
bilateral operator-weighted shifts. He then deduced that the spectrum of a hy-
ponormal bilateral operator-weighted shift of multiplicity k (i.e., H = C*) is the
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2132 A. BOURHIM

union of at most k annuli (see [5, Corollary 3]). In [2], Ben-Artzi and Gohberg intro-
duced the concepts of Bohl exponent and canonical splitting projection to describe
the spectrum and the essential spectrum of S when H = C* and

max (sup |As ], sup ||An_1||) < 400.
nez ne”Z

But these two concepts are quite complicated and are not easy to apply in concrete
situations except when the corresponding weight sequence is particularly special.
In [6], Li, Ji and Sun first proved that each operator-weighted shift, S, of finite mul-
tiplicity k, is unitarily equivalent to a k x k upper-triangular operator matrix, M,
whose coefficients are scalar weighted shifts. Therefore, they completely describe
the essential spectrum of S in terms of the scalar weighted shifts situated on the
diagonal of M.

In [4], the author described the local spectrum of S at most points of [%(Z, H)
and used some tools from local spectral theory to describe completely the spectrum
of all bilateral operator-weighted shifts satisfying Dunford’s condition (C') (see [4]
Theorem 4.2]).

The main goal of the present note is to describe the spectrum of bilateral
operator-weighted shifts that have no restriction on the corresponding weight se-
quences. We feel that our approach, which is based on local spectral theory, is
simpler and more accessible than the approach of Ben-Artzi and Gohberg.

2. MAIN RESULTS

We begin this section by fixing some notation that will play a crucial role in the
rest of this note. For an injective bilateral scalar weighted shift 7" with a bounded
weight sequence (vp,)nez, we set

) n+k 1 . n+k—1 1
r=(T)= lim {sup [] |vi|}", r7(T)= lim {sup [] |vi|}",
N—=+00 N 50 i=k+1 n—+00 * >0 =k

n+k 1 n+k—1 1

— _ . . . o -+ — . . . =y
)=t (g T fenl} @ = T g T fl}

n 1 n—1 1
ry (S) = limJirnf{ IT o=l } ™, ra(S) = limJirnf{ IT |vil} ™,
n—+oo © i n—+oo t g
n 1 n—1 1
ry (S) = limsup{ I1 |U,i\}", ra(S) = limsup{ I1 |vi|}".
n—-+oo =1 n—-+oo i=0
Keep in mind that
(2.1) r1(T) = min(r{ (T),T;F(T)),
(2.2) r(T) = max(r—(T),r(T)),
and
(2.3) rF(T) <y (T) < v (T) < r5(T).

The spectrum of T' and its parts are described in terms of the above quantities.

Theorem 2.1. The following assertions hold.
(i) The spectrum of T is given by
o(T)={AeC:q(T) <|\ <r(T])}.
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(i) If r=(T) < v (T), then
oap(T) ={N€C:r (T) <N <r (T)}U{NeC:r{(T) < |\ <rT(T)}.

Otherwise,
0(T)=04p(T)={NeC:r(T) <|\ <r(T)}
Proof. See [9, Theorem 3] and [10, Theorem 5. O

For every nonzero = € H, we let (") = (On.xT)kez (n € Z), where 0y, is the
usual Kronecker-delta symbol. Let S, be the restriction of S to ﬁ(x), the closed
linear span of {(B,z)™ : n € Z} in [*(Z,H). It is an injective bilateral scalar
weighted shift on H(z) with the weight sequence (IBnrz /| Bnzll) -

The local resolvent set, p,.(x), of an operator T' € L(H) at a point x € H is the
set of all A € C for which there exists an analytic function ¢ : O — H on some
open neighborhood O of A such that

(T —wo(p) =z (1€ O).

The local spectrum of T at z, denoted by o, (z), is equal to the complement of
pr(x) in C, and is clearly a closed subset of o(T) (see [1] and [7]).

The following lemma is quoted from [4, Lemma 2.1], and will be used in the
sequel (see also [3, Proof of Theorem 2.1]).

Lemma 2.2. For every nonzero v € H, we have o4(y) = o (y) for all y € ﬁ(x)

Theorem 2.3. If (e;)ic1 is an orthonormal basis of H, then
0(8) = 0ap(S) U {J{A € Cq(Se,) < A <7 (Se)}}-
i€l
Proof. Since each S, is a bilateral scalar weighted shift, the identity
0(5e;) ={r e C:q(Se,) < A <7(Se,)} (i €1)

follows from Theorem [Zi). On the other hand, it follows from Lemma and
[1, Theorem 2.43] that

oau(Se) = | os. (@)= |J 0s(@) CoaulS)

zeH(e;) zeH(e;)
for all i € I. As 0,(Se;) C 0,(S) for all i € I, we see that
0(Se;) = 0p(Se;) Uasu(Se;) C 0p(5) Uosu(S) = o(5)

i

for all ¢ € I. Hence,

(e T a(S.) < N < (50} € a(8).

i€l
Now, assume that there is Ag € o/(S)\{ U,;c{} € C: q(Se,) < [A| < 7(Se,)}}. We
have

~

(S — Xo)H(es) = (Se, — Ao)H(ei) = Hes)

for all 4 € I. Thus, all finite combinations of elements of ﬁ(ei)’s are in the range of
(S — Xo), which is now clearly dense in [?(Z, H). Therefore, A\g € 04,(5) and the
proof is complete. O
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2134 A. BOURHIM

In the rest of this section, we assume that H = C* and let (e;)1<i<k be the
canonical orthonormal basis of C*. In [6, Theorem 2.1], Li, Ji and Sun proved
that S is unitarily equivalent to a bilateral operator-weighted shift for which all the
weights are k x k upper-triangular matrices. Thus, we may and shall assume that
each A, is a k x k upper-triangular matrix:

(n) () (n)

V11 ’U%Q) e U](.k)
0 vy ... vy

A, = “ *1 men)
0 0 oW

The following gives the complete description of the spectrum of S.

Theorem 2.4. The spectrum of S is given by

k
a(8) = [J {r € C:min (ri(T3), q(Se,)) < [\l < max (r(T3),7(Se,)) },
i=1
where each T is the bilateral scalar weighted shift on 1?(Z) with the weight sequence

(0 ) nez-

k

Proof. It follows from [6, Theorem 2.2] that 0,,(S) = |J 04p(T3), and so, by The-
i=1

orem [2.3] we have

k
o(S) = U{Jap(Ti) Uo(Se,)}-
i=1

To finish the proof, it suffices to show that
(2.4) 04p(T;)Uo(Se,) = {A € C :min (r1(T3), ¢(Se;)) < Al < max (r(T3),r(Se,)) }

for all 1.
It is clear that each B, is also a k x k upper-triangular matrix that has, of course,
the following form:

(n)  (n) (n)

e w%Q) . w%k)
0 wyy ... wyy
B, — 22 2k
0 0w
. 1 (n) _ wirtH
Note that, since each A,, equals B,41B, ", we have v;; " = =~ for all n € Z

w

and all <. On the other hand, each S, is a bilateral scalar Weighltled shift with the
S itV
S les? 1

weight sequence ( ) . For every 7, we have
neE”Z

(2.5) r3 (T;) <3 (Se,).
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Indeed, we have

(n)2
w;
73 (Se,) = hmsup{M}
notoe L300 1| J2
> hmsup\w | —hmsup{v 0) (1. (n 1)}7
n—-+o00 n—-+o0o
= 13 (Th).
Similarly, we have
(2.6) 7y (Se;) <5 (Th)

for all 4.

Now, we fix an integer ¢ such that (1 < i < k) and, in view of Theorem [21I(ii),
shall consider two cases.

Case 1. Assume that r~(7;) < v (T};) and recall that, in this case, we have

0ap(Ti) = {A € Cory (Th) < A < v (T)}U{A € Corf (T) < A < rT(T3)}
(see Theorem 27IJ(ii)). Moreover, in view of the above inequalities, we have
q(Se,) <75 (Se,) <1y () <7 (Ty) < i (Ty) < vy (Th) <5 (Se,) < 7(Se)).
From these inequalities and (23), it follows that
AeC: N =r (T} c{AeCir (L) <A <r(T3)} No(Se,),
{AeC: A =ry(T)} c{A e Cr(Th) < A < r (T} N (Se,).

From these inclusions, (1)) and (22)), it is clearly seen that the desired identity,

24), holds.
Case 2. Now, assume that r~(7};) > r{(T;). By Theorem 2I{ii), we have

oap(Ti) = {A € C:ri(T) < A < n(T0)}-
In view of (23] and (2.0)), we clearly have
q(Se,) < r(T;) and r1(T3) < 7(S,)-

From these, we see that o,,(T;) intersects o(S.,) and the desired identity, ([2.4)),
holds in this case too. g

3. ADDITIONAL FACTS AND COMMENTS

Recall that an operator T € L(H) is said to be hyponormal if T*T > TT*
and note that the bilateral operator-weighted shift S' is hyponormal if and only if
Ay 1 Ap > AR A for all n € Z.

An operator T' € L(H) is said to satisfy Dunford’s condition (C) provided that,
for every closed subset F' of C, the linear subspace

H(F):={xeH:0,(x) CF}

is closed. It is well known that all hyponormal operators enjoy Dunford’s condition
(C) (see [8, Proposition 1]).
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2136 A. BOURHIM

The following is a slight clarification of [4, Theorem 4.2].

Theorem 3.1. If (e;)ic1 is an orthonormal basis of H and S satisfies Dunford’s
condition (C'), then

a(S) = c{ | J{IA € C:ry (Se,) <A <7 (Se)}}-
i€l
Proof. We shall proceed as in [4] in order to prove this result. It follows from

Lemma that each S, satisfies Dunford’s condition (C) (see also [I, Theorem

2.79]). Hence,
0(Se,) = 05, (ei'”) = {A € Crry (Se,) < A < (Se,)}

i

for all € I, and
Fo=c{| A eC:ry(S.,) < A <75 (Se)}} C o(9).

i€l
Again use Lemma ti see that
Hle) = {Hlen)}, (o(5.)) € {12,710} (F)
for all 7 € I. As the closed linear span of ﬁ(ei)’s coincides with 12(Z,H), we see that
{ZQ(Z,H)}S(F) = 12(Z,H) and o(S) = U(S|{l2(Z,H)}S(F)) C F (see [I Theorem
2.71]). This concludes the proof. O

As consequences of this theorem, we derive in particular the following corollaries,
which improve some results that have appeared in [5].

Corollary 3.2. If (e;)ic1 is an orthonormal basis of H and S is hyponormal, then

o(8) = { [ J{A € C:m(Se,) < A < [|Se. 1} }-

iel
Proof. Note that, since S, coincides with S when restricted to H(e;) (i € 1), S,
is also hyponormal. By [I0], we have

r;(sei) = r;(sei) = rg(sei) = r_(Sei) = m(Sei)’
T;r(sel') = r;(Sei) = T;(Sel') = r+(Sei) = || S,
for all 7 € I. Now, the desired result follows from Theorem [3.11 O

The next result is an immediate consequence of Theorem Bl It is a gener-
alization of Herrero’s result to the setting of bilateral operator-weighted shifts of
multiplicity & which satisfy Dunford’s condition (C). It gives precise information
about the location of the k annuli appearing in Herrero’s result.

Corollary 3.3. Assume that H = CF and let (e:)1<i<k be the canonical orthonor-
mal basis of Ck. If S satisfies Dunford’s condition (C), then

k
a(8) = JIA € Cry (Se) <M <7 (Se)}-
=1
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