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ABSTRACT. If XY, and Z are finite sets of selfadjoint elements in a tracial
von Neumann algebra and X generates a hyperfinite von Neumann algebra,
then 50(X uYu Z) < 50(X U Y) + §Q(X @] Z) — 50(X)

In [I1] Voiculescu describes the role of entropy in free probability. He discusses
several problems in the area, one of which is the free entropy dimension problem.
Free entropy dimension ([§], [9]) associates to an n-tuple of selfadjoint operators,
X = {z1,...,2,}, in a tracial von Neumann algebra M a number §o(X) called
the (modified) free entropy dimension of X. §o(X) is an asymptotic Minkowski or
packing dimension of sets of n-tuples of matrices which model the behavior of X.
The free entropy dimension problem simply asks whether dg(X) = 0o(Y") for any
other m-tuple of selfadjoint elements Y satisfying Y = X”. It is known from [10]
that &g is an algebraic invariant, i.e., 6o(X) = 0o(Y) if X and Y generate the same
algebra.

The origin of this remark started with two extremely special and highly tractable
cases of this problem, the first being: If X,Y and Z are finite sets of selfadjoint
elements in M such that X" = Z” is hyperfinite, then is it true that

So(X UY) = do(Y U Z)?

The second problem concerns invariance of §y over the center: If Y is an arbitrary
set of selfadjoint elements in M and y is any element in the center of Y, then is it
true that

So(Y U{y}) = do(Y)?
Both questions have affirmative answers and follow from a kind of hyperfinite in-
equality for dg: If X,Y, Z, are sets of selfadjoint elements in M and X generates a
hyperfinite von Neumann algebra, then

J(XUYUZ) <6p(XUY)+ (X UZ)—dp(X).

Related inequalities of this nature can be found in Gaboriau’s work on the cost of
equivalence relations [3].

The proof of the microstates inequality above is an application of the work in [5]
paired with the packing formulation of §y in [6].
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In addition to answering the two specialized invariance questions, the hyperfinite
inequality for dg has other applications. One involves a certain property of A(-)
introduced by Connes and Shlyakhtenko in [2]. They show that if F' is a finite set
of selfadjoints in M with F” having diffuse center, then A(F) = 1. They also show
that dp < A so this implies dp(F) < 1. We use the hyperfinite inequality to give a
microstates proof of this property. In another direction we show that if {s1,...,s,}
is a free semicircular family with n > 1 and = z* € {s1,...,s,}" = L(Fy,), then
for some 1 < j < n, dy(x,s;) > 1. It follows from [4] that the von Neumann algebra
generated by = and s; is prime and has no Cartan subalgebras.

This paper has four sections. The first is a short list of assumptions. Motivated
by the recent work of Belinschi and Bercovici ([I]), we find in the second section a
slightly simpler formulation of §y where the operator cutoff constants are removed.
The third section presents the hyperfinite inequality. The fourth and last section
presents several corollaries and include the proofs to the two invariance questions
mentioned above.

1. PRELIMINARIES

Throughout, suppose M is a von Neumann algebra with a normal, tracial,
faithful state ¢. For any n € N,| - |2 denotes the norm on (M;*(C))™ given by
(@1, @)l = (o, trk(x?))% where try, is the tracial state on the k X k com-
plex matrices, and | - | denotes the operator norm. Uy denotes the k x k uni-
tary matrices. For any k,n € Nyu € Uy, and @ = (z1,...,2,) € (M*(C))",

define uzu* = (uziu®,...,ur,u*). We will maintain the notation introduced in
[6], [8], and [9]. If FF = {a1,...,a,} is a finite set of selfadjoint elements in M,
we abbreviate T'r(a1,...,an;m, k,v) by Tr(F;m,k,v) and in a similar way we

write the associated microstate sets and quantities introduced in [6], [§], and [9]:
00(F),Pe(F),Ke(F). Also, if G = {b1,...,b,} is another finite set of selfadjoint ele-
ments in M, then we denote by I'r(F'UG;m, k,~) the set 'r(a1, ..., an,01,...,bp;
m, k,~y) and write all the associated microstate quantities do(FUG),P.(FUG), and
K.(F UGQG) with respect to I'r(FUG;m, k,v). Finally, T'(F; m, k,~) will denote the
set of all k£ x k microstates (no restrictions on the operator norms) with degree of
approximation (m, 7).

2. CUTOFF CONSTANTS

Recall that in [I] Belinschi and Bercovici have lifted the operator norm cutoff
constants in the definition of x. In other words, if x(X) is the normal definition as
conceived of by Voiculescu, and X (X) is the quantity obtained by replacing the
microstate spaces I'r(X;m, k,v) with I'(X;m, k, ), then Belinschi and Bercovici
showed that one always has

X(X) = Xoo(X).

We want to show the same thing for the packing formulation of §y. Voiculescu
defined do(X) by

50(X) = n -+ limsup X(1 + €81, .. Ty + €Sy STy, Sp)
e—0 | log 6|
where s1,...,s, is a semicircular family free with respect to X. One can actually

also define (X)) in terms of metric space packings. One associates to each € > 0
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an asymptotic € packing number P.(X) and an e covering number K (X). These
definitions also make use of cutoff constants. We recall the definitions. For any
metric space ) and € > 0 denote by P.(£2) the maximum number in a collection
of mutually disjoint open € balls of Q2 and by K (2) the minimum number of open
e balls required to cover Q. In what follows all spaces are endowed with the | - |2
metric. Define successively:

P€7R(X; mv’y) = hmsup k_Q : log(Pe(FR(Xv m, k77))))

k—o0
P. r(X) = inf{P. r(X;m,~v) : m € N,y > 0},
PE(X) = sup PE,R(X)'
R>0

Similarly, we define K(X) by replacing all the P, above with K.. It was shown in
[6] that

P.(X K, (X
0p(X) = limsup (X) = limsup ( )
e—0 | log 6‘ e—0 | log 6‘

Now define successively:

Pe,oo(X;m,y) = limsup k™ - log P(D(X;m, k, 7)),

k—oo

Pe,oo (X) = inf{Pc oo (X;m,7v) : m € N,v > 0}.

Similarly, we define K¢ oo. We want to show that the packing formulation for do
holds when P.(X) is replaced with P o (X) and K¢(X) is replaced with K¢ o (X).
Assume for the remainder of this section that X = {z1,...,2,} is a finite set of
selfadjoint elements in M and that R > 1 is a constant greater than or equal to the
maximum of the operator norms of the elements of X. We need one easy lemma
which is undoubtedly known, but which we will prove for completeness:

Lemma 2.1. For mg € N, and 1 > € > 9 > 0 there exists an m € N and
v > 0 such that if £ = (&1,...,&,) € T(X;m,k,7), then |€ — Fr(§)|a < € and
Fr(§) e Tr(X;mo, k,v0) where F,. : R — [—r, 7] is the monotone function equal to
the identity on (—r,r) and F.(§) = (Fr-(&1), ..., Fr(&n))-

Proof. Denote by C' the maximum over all numbers of the form (R + 1)2™° where

1<p<mgandl <iy,...,i < n (this constant C is used to satisfy the second
condition). Choose v < 1002‘707)1071 and m € N so large that m > 2mg and % <
2
m. Suppose £ = (&1,...,&,) € T'(X;m, k,v) and denote by A1, ..., \ik
the eigenvalues of & with multiplicity. Set B; = {j e N: 1 < j <k, |\;j;| > R+~}.
We have
E
#Bi - (R+7)™ < Y Pyl™ < D g™
JE€B; Jj=1
< [Tr(g")]
< Kk(R™+7).
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Consequently, % < (gij)?n.

By the Cauchy-Schwarz inequality

1
& — Fren (&) < E'ZM”P
JEB;
1
B\ ?
4 i v?
< B\ o )
Y
< 10n
< £
10n

|Fri~(&) — Fr(&)|2 < v whence it follows that |{ — Fr(£)]2 < 2n7y < €. To see that
the second claim is satisfied observe that for any 1 < p <mgand 1 <4,...,4, < n,
Cauchy-Schwarz again yields

[tri(&iy - &) — tri(Fr(&) - Fr(&,)) < C-p- Jax. 1€ — Fr(&)l2 <70/2. O

Lemma 2.2.

Pe oo (X . Ke oo (X
00(X) = limsup ————= (X) = limsup ——= (X)
em0  |loge| 0 | log €|
P
= limsup (X)
e—0 | log 6|
K (X
= limsup (X)

o |loge|’

Proof. Suppose mp € N and 1 > € > 7 > 0. There exist by Lemma 2.1 an
m € N and v > 0 such that if £ € T'(X;m, k, ), then | — Fr(§)|2 < e and Fr(§) €
Tr(X;mo, k,70). It follows from this that Ko (I'(X;m, k, 7)) < K (TCr(X;mo, k,70))
whence

Kae 00 (X) < Kae(X;m, ) < K¢ r(X,m0,7%).
S0 Kae o0 (X) < K¢ r(X) < K. (X). Now clearly,
)

e(X . K2e oo(X) . KE(X)
0p(X) = limsu < limsup ———= < limsu = 0o(X).
0( ) 6—>Op |1Og6| B €—>Op |10g2€‘ N e—»Op |10g2€‘ 0( )
Pe oo (X) > Kae 00 (X) > Pye 0o (X) so this completes the proof. O

3. THE HYPERFINITE INEQUALITY FOR

Throughout, assume X,Y,Z and F are finite sets of selfadjoint elements in M.
Assume further that X generates a hyperfinite von Neumann algebra, an assump-
tion we will restate for emphasis in some of the corollaries.

Definition 3.1. Suppose for each m € N and v > 0, (£)52, is a sequence such
that for large enough k, &, € I'(X;m, k, ). The set of microstates Z(F'; m, k,~) for
F relative to the & is

E(Fym,k,y) =A{n: (&,n) € T(X U F;m, k,7)}.
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Define successively for € > 0,
Kc(E(F;m,7)) = limsup k> - log K (2(F;m, k,7)),

k—o00

K (E(F)) = inf{K.(F;m,v) : m € N,y > 0},

where the packing quantities are taken with respect to | - |2. In a similar fashion,
we define P.(Z(F')) by replacing the K. above with P..

Lemma 3.2. For each m € N and v > 0 there exists a sequence ({x)52, satisfying
& € T(X;m, k,7y) for sufficiently large k such that if K (E(F)) is taken relative to
these sequences (§x)52 1,

0o(X UF) = §p(X) + limsup K(E(F) .
e—0 | log 6|

Proof. By [5] we can find for each m € N and v > 0 a sequence ({;)72, such
that if 7 > 0, then for sufficiently large k, & € I'r(X;m,k,7v) and dim¢j, >
k*(1—60(X)—7). Consider the associated Z(F;m, k, ) relative to these sequences.

First we show that the left-hand side is greater than or equal to the right-hand
side. Suppose t > 0 is given. By [5] and [6] there exists an €y > 0 such that for
all g > € > 0 and any m € N,y > 0,liminf,_ o k=2 - log(P.(T'(X;m, k,7))) >
(00(X) — t)|log 2¢|. Now suppose m € N and v > 0 are fixed. Consider the (£;)7,
corresponding to the m and ~. Because the von Neumann algebra generated by X is
hyperfinite by [5] we can find a set of unitaries (vak)rea, such that (Uxp&rvis)ren,
is an e-separated set with respect to the |- |3 norm and liminf,_, k=2 - log #Ay >
(00(X) — t)|log2¢|. For each k pick an e separated subset ((jr)rea, of minimal
cardinality for Z(F;m, k, ) (the set of microstates for F' relative to &). Now it is
manifest that

((UARERVAR: VARGiRUAR)) (A, G) €A X T
is a subset of T'(X U F;m, k,~) and, moreover, it is easily checked that this set is
e-separated with respect to the |- |2 norm. Hence, for m large enough and v small

enough
Peoo(XUFym,y) > limsup k=2 - log(#As - #J5)
k—o0
> likrn inf k72 - log #Ay + limsup k=2 - log P.(2(F;m, k, 7))
— o k—oo
> (0o(X) —t)|log 2¢| + limsup k=2 - log P.(E(F;m, k, 7))
k—o0

so that for ¢g > € > 0,
Peoo (X UF) > (d0(X) —t)|log 2¢[ + P (E(F)).

Using the packing formulation of dy in [6], Lemma 2.2, and the fact that for any
metric space , Pe(Q2) > Ka:(Q) > Py (Q),

P oo(XUF) (50(X) — )| log 2¢| + P.(E(F))

0o(X U F) = limsup > limsup
e—0 | log €] 0 | log €]
P (Z(F
= 0o(X)—t+ limsup P(=(F))
0 | log €|
K (E(F
= 0o(X)—t+limsup M
e—0 “Og €|
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t > 0 being arbitrary we have

Jo(X UF) > §p(X) + limsup M
e—0 | log 6|

For the reverse inequality by [6] there are C, ¢y > 0 such that for ¢¢ > ¢ > 0
and for any £ € N and tractable subgroup H of Uy (in the sense of [5]) there
exists an e-net for Uy/H with respect to the quotient metric induced by | - |
with cardinality no greater than (%)dlm(Uk/ ™) Suppose R > 1 is some number
strictly greater than the maximum of the operator norms over elements in X U F'.
Suppose m € N and 7,7 > 0. Observe that there exists ¢ > r > 0 so small that if
(§,m) € TR(X U F;m, k,v/2), |(§,m) — (2,a)|2 < r, and the operator norms of any
of the entries of x or a is less than R, then (z,a) € Tr(X U F;m,k, ). There also
exist m; € N and 47 > 0 such that if {,2 € Tr(X;m1,k,71), then there exists a
u € Uy, satisfying |ufu* — z|a < r. Set mg = m + m; and o = min{vy/2, v }.

For each k find an e-net (n;1) je s, for Z(F; m, k, ) with respect to |-|2 of minimum
cardinality. Define Hj to be the unitary group of §,. By the way the . were
selected we can find for each k large enough a set of unitaries (ugi)geq, such that
their images in Uy /Hj, is an e-net with respect to the quotient metric induced by
|- |oo and such that

C (S0 (X)+7)k?
A <[ = .
()

Consider
<(ugk§ku;kvugknij;k)>(g,j)€Gk><Jk~
We claim that this set is a 5eR(#X + #F)-net for Tr(X U F;ma, k,72).

To see this suppose (£,7) € Tr(X U F;ma, k,v2). By the selection of m; and
v1 there exists a u € Uy such that |u*{u — €]a < r. Taking into account the
stipulation on r this implies that (u*gu,n) € Tr(X U F;m, k,~v) <= (&, unu*) €
T'r(X U F;m,k,v), whence unu* € Z(F;m,k,~y). There exists an g € G and an
h € Hj, such that |u — ugrh|s < €. Consequently,

|ugk§ku;k — §|2 = |ugkh§kh*ugk - f|2 S 26R#X + |u§ku* - 6‘2 S 36R#X

Now unu* € Z(F;m,k,), so there exists a j € Ji such that |n;, — unu*|s < e
Because Z(F';m, k,v) is invariant under the action of Hy, it follows that hn;,h* €
E(F;m,k,~) and so there exists an £ € Jj, such that |ng — hnjph*|2 < €. So again
we have

[ugrmentgy, —nl2 < [ugkhnjxh™ug, —nlz + € < lunjru® —nl2 + 3eR#F < deR#F,

and we have the desired claim.
It follows that

Kserx+#r7),r(X UF;ma,v2) < limsup k™2 - log(#Gy, - #Jk)

k—o0

<logC + (0o(X) +7) - |loge| + limsup k=2 - log K. (Z(F;m, k,7)).
k—oo

Given any m € N and 7 > 0 we produced ms € N and 2 > 0 so that the above
inequality holds for 0 < € < €y. Thus

Kserx+#r),rR(X UF) <logC+ (6o(X) + 7) - [loge| + K (E(F)).
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Taking limsup,_,, on both sides and again using the packing formulation of §¢y in
[6] we have

i Kserx+#r),rR(X UF)

im sup

=0 |logheR(#X + #F)|

< lim sup logC' + (60(X) + 7) - | loge| + K (E(F))
0 |log be R(#X + #F)|

do(X) + 7 + limsup M
e—0 |10g6|

(So(XUF)

7 > 0 being arbitrary, we have the desired inequality. O
Hyperfinite inequality for §y. If X" is hyperfinite, then
J(XUYUZ)<6(XUY)+ (X UZ)—dp(X).

Proof. X has finite dimensional approximants, so for each m € N and v > 0
we can find sequences (£)7°, satisfying the conditions of Lemma 2.2 and con-
sider all relative microstates with respect to these fixed sequences. For each k,
2EYUZ;m,k,y) CE(Y;m,k,v) X E(Z;m, k,7y), so that

K2 (E(YUZim k7)) < K(E(Y;m, k7)) - K(B(Z;m, k, 7).

It follows that

K(E(YuZ . K (Z2(Y . K (E(Z
limsup RCET YLD g cp BEOD) o BeEE))
e—0 | log €] e—0  |loge] e—0  |loge|
By the preceding lemma and the inequality above
K(E(YUZ
d(XUYUZ) = 0p(X)+limsup K{(EY U Z))
e—0 | log €|
Ke(E(Y K.(E(Z
< 0p(X) + lim sup K(E(M)) + lim sup K{(E(2))
€—0 | log €| e—0 | log €|
e 60(XUY)+50(XUZ)—50(X). O

Remark 3.3. The hyperfinite assumption on X" is necessary. To see this consider
the group inclusion F3 C Fy C F3 where F,, is the free group on n generators. On
the von Neumann algebra level this translates to L(Fs) ~ M; C L(Fq) ~ My C
L(F3) ~ Ms. Take X,Y, and Z to be the canonical sets of freely independent
semicirculars associated to My, Ms, and M3, respectively. Then we can see that
(X UY)+6(XUZ)—6(X)=243-3=2<3=56(XUYUZ).

4. SEVEN COROLLARIES

In this section X,Y, and Z are again finite sets of selfadjoint elements in M.
Here are some corollaries of the hyperfinite inequality for dg.
Corollary 4.1. Suppose X" is hyperfinite. Assume one of the following holds:

o Z C X"
o X" is diffuse, 0o(X UZ) <1, and Z C (X UY)".

Then 5o(X UY) = 6o(X UY U Z).
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Proof. In either of the two cases Z is contained in the von Neumann algebra
generated by X and Y, so by [10] do(X UY) < 6o(X UY U Z). For the re-
verse inequality observe that either situation implies do(X U Z) = 6o(X). This
follows in the first case from invariance of ¢y for hyperfinite von Neumann algebras
([]). In the second case we have by assumption and hyperfinite monotonicity that
1> 60(XUZ) > §p(X) > 1. In either case §o(X UZ) = §p(X), so by the hyperfinite

inequality,
(X UYUZ)<0p(XUY)+60(XUZ)—§p(X) =dh(XUY).
Thus, 6p(X UY) =do(X UY U Z). O

We can now settle the first of the two questions broached in the introduction.
Corollary 4.2. If X" = Z" is hyperfinite, then 0p(X UY) = 6o(Y U Z).
Proof. This follows from Corollary 4.1. (]

Corollary 4.3 (1-Inequality for §p). If X" is diffuse and 0o(X) < 1, then
Jo(XUYUZ)<§Hp(XUY)+§h(XUZ) -1

Proof. The inequality is trivially satisfied if X does not have finite dimensional ap-
proximants, so without loss of generality assume X has finite dimensional approx-
imants. Find a sequence (zj)$2; of selfadjoint elements in the algebra generated
by X such that the x; converge strongly to a diffuse element x € X" as k — oo.
By algebraic invariance of §; and the hyperfinite inequality for dg,
W(XUYUZ) = 60p(XUYUXUZU{zr})

< (X UY U{ak}) +00(XUZU{ak}) — do(zk)

= (50(X @] Y) + (50(X U Z) — 50($k).
By [8] and [9], liminfy_. do(zx) > do(z) = 1. The above now yields the desired
inequality. (]

Corollary 4.4. Suppose X" = Z" is a diffuse von Neumann algebra. If for any
finite set of generators F for X" 6g(F) < 1, then (X UY) = 6(Y U Z). In
particular, this will happen when X" = Z" has a Cartan subalgebra, or when it can
be written as a tensor product of two diffuse von Neumann algebras.

Proof. By symmetry it will suffice to show that do(X UY UZ) = do(X UY'). Clearly,
(X UY) <0p(X UY UZ). By the 1-inequality for do,

(X UYUZ) < 6p(XUY)+0(XUZ)—1
= 50(XUY).

The second statement follows from [4] and [9]. O
Now to answer the second question discussed in the introduction:

Corollary 4.5. If y = y* lies in the center of the von Neumann algebra generated
by Y, then

So(Y U{y}) = do(Y).
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Proof. Again by [10] 60(Y) < (Y U {y}). For the reverse inequality set o =
sup{dp(z) : * = z* € Y"} (actually the supremum is achieved but we won’t need
that). Suppose € > 0. Find # = 2* € Y such that o — € < §p(x). Take a sequence
(k)72 such that for each k, x;, = «}, lies in the x-algebra generated by Y and such
that =, — x strongly. Now for every k there exists an ar = aj such that the von
Neumann algebra generated by ay is equal to the von Neumann algebra generated
by xx and y and thus dg(ar) = do(zk,y). Using the fact that §p is an algebraic
invariant we have by the hyperfinite inequality for dg,

So(Y U{y}) = do({zx} UY U{y}) < do({zx} UY) + do(wr, y) — do(wr)
= 6o(Y) + do(ar) — do(wr)
< oY) 4+ a—do(xp).
Forcing k — oo and using the fact that liminfy_, o do(zx) > do(z) (by [8]) we

have that do(Y U {y}) < §(Y) + a — (v —€) = 6o(Y) + €. € > 0 being arbitrary,
So(Y U {y}) < 00(Y). Thus, 5o(Y U {y}) = do(Y). 0

Corollary 4.6. Suppose x = z* € M,5,({z} UY) = «,00(Z) = ,{z}UY C Z”,
and Z ={z1,...,2n}. Then

B—a+n-d(z) < Z&o(x,zj).
j=1

Thus if n < f —a+n - d(x), then for some j,1 < do(z,y;). In particular, if Z
consists of 2 < B € N freely independent semicircular elements, Z = {s1,...,53}
and x is any self-adjoint element in Z" with no atoms, then for some 1 < j <
8,1 < do(x, s5).
Proof. {x}UY C Z"” so by [9] and the hyperfinite inequality,
8= (50(Z) < (50({.%‘} uYu {Zl, e, Zn})
< 60({1‘} uYu {217 ey Zn—l}) =+ 50('1;’ Z’rL) - 60('1:)

Repeating this n times we arrive at

B<0({z}UY)+ Zéo(x,zj) —n-d(z) =a—n-d(z)+ 250(25,2]'),
j=1

j=1
whence § — a +n-do(x) < 377, do(x, z;). Everything else is obvious. O
Remark 4.7. Recall from [4] that for a finite set of selfadjoint elements F in M,

if 9o(F') > 1, then the von Neumann algebra generated by F' cannot be generated
by a sequence of Haar unitaries (u;);_, satisfying the condition w;ijujuj,, €

{u1,...,u;}’. In particular, F” is prime and has no Cartan subalgebras. Thus,
in the context of Corollary 4.4 for some j,{z,s;}” is prime and has no Cartan
subalgebra.

We conclude with a microstates proof of a property of the Connes-Shlyakhtenko
dimension A:
Corollary 4.8. If X = {z,x1,...,2n}, zx; = zjx for all 1 < i < n, and the
spectrum of x is diffuse, then §o(X) < 1. If, in addition, X has finite dimensional
approzimants, then 0o(X) = 1. Consequently, if F is a finite set of selfadjoint
elements in M which has finite dimensional approrimants and such that the von
Neumann algebra generated by F has diffuse center, then 6o(F) = 1.
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Proof. By the hyperfinite inequality for dg, the diffuseness of x, and [9],
3o(X) < do(y...,xn—1) + do(z,2,) — do(x)
S 60(213, ‘e ,xn_l) +1—-1= 50(3}71'1, AP ,mn_l).

Continuing inductively we have 6o(X) < do(z) = 1 as promised. If X has fi-
nite dimensional approximants, then by [5] do(X) > do(z) = 1 and consequently,
00(X) = 1. The claim concerning F' is immediate. O

ACKNOWLEDGMENTS

A large part of this research was conducted at UCLA during the summer of
2003. I thank Dimitri Shlyakhtenko for reading a preliminary version of this paper,
pointing out the relation of the hyperfinite inequality to Gaboriau’s work, suggest-
ing Remark 3.3, and proposing the right argument for the removal of the cutoffs
in Section 2. I also thank him and the UCLA mathematics department for their
warm hospitality.

REFERENCES

[1] Belinschi, S. and Bercovici, H. ‘A property of free entropy’, Pacific J. Math. 211 (2003), no.1,
35-40. MR2016588)(20041:46097)

Connes, A. and Shlyakhtenko, D. ‘L2-Homology for von Neumann algebras’, preprint, 2003.
Gaboriau, Damien, ‘Cout des relations d’equivalence et des groupes’, Inventiones Mathemat-
icae, 139 (2000), no.1, 41-98. MR1728876(2001£:28030)

[4] Ge, Liming and Shen, Junhao ‘On free entropy dimension of finite von Neumann algebras’,
Geometric and Functional Analysis, Vol. 12, (2002), 546-566. MR1924371|/(2003f:46109)

[5] Jung, Kenley ‘The free entropy dimension of hyperfinite von Neumann algebras’, Transactions
of the AMS 355 (2003), 5053-5089. MR 1997595/ (2004f:46080)

(6] Jung, Kenley ‘A free entropy dimension lemma’. Pacific Journal of Mathematics, 211 (2003),
265-271. MR2015736 (2004k:46115)

[7] Szarek, S. ‘Metric entropy of homogeneous spaces’, Quantum Probability, (Gdansk, 1997),
Banach Center Publications v. 43, Polish Academy of Science, Warsaw 1998, 395-410.
MR1649741|/(2000¢:53097)

[8] Voiculescu, D. ‘The analogues of entropy and of Fisher’s information measure in free proba-
bility theory, II’. Inventiones Mathematicae 118, (1994), 411-440. MR1296352 (96a:46117)

[9] Voiculescu, D. ‘The analogues of entropy and of Fisher’s information measure in free prob-
ability theory III: The absence of Cartan subalgebras’. Geometric and Functional Analysis,
Vol. 6, No.1 (1996), 172-199. MR1371236 |(96m:46119)

[10] Voiculescu, D. ‘A strengthened asymptotic freeness result for random matrices with applica-
tions to free entropy’. IMRN, 1 (1998), 41-64. MR1601878|(2000d:46080)

[11] Voiculescu, D. ‘Free entropy’, Bulletin of the London Mathematical Society, 34 (2002), no. 3,
257-332. MR1887698(2003¢c:46077)

[2
(3

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, LOS ANGELES, CALIFORNIA
90024-3840
E-mail address: kjung@math.ucla.edu

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=2016588
http://www.ams.org/mathscinet-getitem?mr=2016588
http://www.ams.org/mathscinet-getitem?mr=1728876
http://www.ams.org/mathscinet-getitem?mr=1728876
http://www.ams.org/mathscinet-getitem?mr=1924371
http://www.ams.org/mathscinet-getitem?mr=1924371
http://www.ams.org/mathscinet-getitem?mr=1997595
http://www.ams.org/mathscinet-getitem?mr=1997595
http://www.ams.org/mathscinet-getitem?mr=2015736
http://www.ams.org/mathscinet-getitem?mr=2015736
http://www.ams.org/mathscinet-getitem?mr=1649741
http://www.ams.org/mathscinet-getitem?mr=1649741
http://www.ams.org/mathscinet-getitem?mr=1296352
http://www.ams.org/mathscinet-getitem?mr=1296352
http://www.ams.org/mathscinet-getitem?mr=1371236
http://www.ams.org/mathscinet-getitem?mr=1371236
http://www.ams.org/mathscinet-getitem?mr=1601878
http://www.ams.org/mathscinet-getitem?mr=1601878
http://www.ams.org/mathscinet-getitem?mr=1887698
http://www.ams.org/mathscinet-getitem?mr=1887698

	1. Preliminaries
	2. Cutoff constants
	3. The hyperfinite inequality for 0
	4. Seven corollaries
	Acknowledgments
	References

