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ABSTRACT. The aim of this paper is to study the set L%( of all L?-summand vec-
tors of a real Banach space X. We provide a characterization of L2-summand
vectors in smooth real Banach spaces and a general decomposition theorem
which shows that every real Banach space can be decomposed as an L?-sum
of a Hilbert space and a Banach space without nontrivial L2-summand vec-
tors. As a consequence, we generalize some results and we obtain intrinsic
characterizations of real Hilbert spaces.

1. BACKGROUND

We say that a Banach space X is smooth if every point x in X satisfies that
there exists a unique f in X* such that ||| = ||z|| and f (z) = ||z||>. If X is a
smooth Banach space and z is in X, then we will denote this f by Jx (z). The
mapping Jx : X — X is usually called the duality mapping. Excellent books for
consulting the duality mapping are [7] and [g].

A closed subspace M of a real Banach space X is said to be an L2-summand
subspace if there exists another closed subspace N of X verifying X = (M & N),;
in other words, |[m+n|* = ||m|* + ||[n||*> for every m in M and every n in N.
The linear projection 7, of X onto M that fixes the elements of M and maps the
elements of NV to {0} is called the L2-summand projection of X onto M. Notice that
N is uniquely determined, and hence so is ;. Good references for L2-summand
subspaces are [2] and [3].

A vector e of a real Banach space X is an L2-summand vector if Re is an L2-
summand subspace. Furthermore, if e # 0, then there exists a functional e* in X*,
which is called the L2-summand functional of e, such that ||e*|| =1/ ||e]|, e* (e) =1
and 7R, (z) = €* (x) e for every z in X.

We want to recall two relevant results about L2-summand vectors:

(1) In [6], Carlson and Hicks proved that a real Banach space is a Hilbert space
if and only if all elements of its unit sphere are L2-summand vectors.

(2) In [5], Becerra Guerrero and Rodriguez Palacios proved that a real Banach
space is a Hilbert space if and only if the subset of its unit sphere whose
points are L?-summand vectors is not rare in the unit sphere.
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2. GEOMETRY OF L2-SUMMAND VECTORS

For a given point in the unit sphere of a real Banach space, we have two ways
of studying its geometrical properties: the first one is to find out its rotundity
properties (for instance, to be an extreme point); the second way is to find out its
smoothness properties (for example, to be a smooth point). The next proposition
shows that every L2-summand vector of norm 1 is a locally uniformly rotund point of
the unit ball, that means if (x,,),, oy is a sequence in Sy such that (||(x, +€) /2[]),,cn
converges to 1, then (), .y converges to e (where e is the L>-summand vector).
Speaking in rotundity terms, to be a locally uniformly rotund point is the strongest
thing that a vector of norm 1 can be. The paper [4] is an excellent reference for
these kinds of properties. We prefer to omit the proof, which can be considered as
an exercise.

Proposition 2.1. Let X be a real Banach space. Let e be an L?-summand vector
i Sx. Then, e is a locally uniformly rotund point of Bx.

The point now would be to study the smoothness properties of L?-summand
vectors. Remember that a point x of the unit sphere of a real Banach space X
is said to be a strongly smooth point of the unit ball if the following condition
holds: if (fn),cy is @ sequence in Sx~ such that (f, (e)),cy converges to 1, then
(fn)pen is convergent. Strongly smooth points can be characterized in terms of
differentiability of the norm; that is, these points are exactly the points at which
the norm is Fréchet differentiable. As before, speaking in smoothness terms, to be
a strongly smooth point is the strongest thing that a vector of norm 1 can be.

According to [2, Lemma 1.4, page 8], the L>-summand functional associated to
an L2-summand vector is always an L2-summand vector of the dual, and therefore,
a locally uniformly rotund point. Keeping in mind the duality relations between
smoothness and rotundity, which can be consulted in [§], the following proposition
does not need any proof.

Proposition 2.2. Let X be a real Banach space. If e is an L2-summand vector of
norm 1, then e is a strongly smooth point of Bx.

Notice that the L?-summand functional associated to an L?%-summand vector is
a norm-attaining functional which attains its norm at a strongly smooth point, so
it is also a strongly w*-exposed point of the unit ball of the dual.

The following (and last) result in this section is a natural characterization of
L2-summand vectors which is used later in Theorem [l

Proposition 2.3. Let X be a real Banach space. Let e be in X. The following
assertions are equivalent:

(1) e is an L2-summand vector.
(2) span ({e,z}) is a Hilbert space for every x in X.

Proof. Taking into account that the L2-sum of two Hilbert spaces is always a Hilbert
space, it is obvious that if e is an L2-summand vector, then span ({e, z}) is a Hilbert
space for every z in X.

Let us show the converse. We can suppose that |le|]| = 1. First, we will prove
that e is a smooth point of Bx. Let f and g in Sx« with f(e) = g(e) = 1. Let x
be in X. Since Y = span ({e,x}) is a Hilbert space, we deduce that e is a smooth
point of By; therefore f|y = g|y. Since z is arbitrary, we deduce that f = g.
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Now, show that X = (Re @ M), where M = ker (f) with f in Sx- and f(e) = 1.
Let m and § be in M and R, respectively. Since Z = span ({e,m}) is a Hilbert
space, we have that e is an L?-summand vector of Z; therefore there exists a 1-
codimensional subspace N of Z such that Z = (Re @ N),. On the other hand, we
know that N = ker (f|z); therefore ||m + de||®> = ||m|® + ||d¢e||*, because m € N
and Z = (Re ® N),. O

To see a complete characterization of L2-summand vectors involving concepts
related to isometric reflections, the paper [I] can be consulted.

3. THE PARTICULAR CASE OF SMOOTH SPACES

In this section, we center our attention on smooth Banach spaces getting results
about the structure of the set of all L>-summand vectors. In the next section, we
generalize these results removing the smoothness hypothesis.

Lemma 3.1. Let X be a real smooth Banach space. If e is an L2-summand vector,
then

Re = ﬂ{ker Ux (m)) :m € ker (Jx (e))}.

Proof. The mapping ¢ : X — X, defined by ¥ (m + de) = m — de for m in
ker (Jx (e)) and § in R, is a surjective linear isometry. Then, if m € ker (Jx (e)),

Ix (m) () = —Jx (m) (¥ (e)) = = (Ux (m) oY) () = —Jx (m) (e) -
Therefore, Jx (m) (e) = 0.
Let y € N{ker(Jx (m)):m € ker (Jx (e))} and write y = n + Ae with n €
ker (Jx (e)) and A € R. Then

0=Jx (n) (y) = Ix (n) (n + Xe) = [|n||*.
Therefore, n = 0 and y = Ae. O
Theorem 3.2. Let X be a real smooth Banach space. Let e be in X. The following

assertions are equivalent:

(1) e is an L2-summand vector.
(2) Jx (x+e)=Jx (x)+ Jx (e) for every x in X.
(3) Jx (e)(x) =Jx () (e) for every x in X.

Proof. Assume that (1) holds. In order to show (2), it suffices to prove that Jx (z) =
Jx (m) + 0Jx (e) for every x = m + de € X (where m € ker (Jx (e)) and 6 € R).
Pick n € ker (Jx (e)) and A € R. By Holder’s inequality,

(U (m) +8Jx () (n+Ae)| < [y (m) ()] + [5Mx (¢) (e)]
< Jml Il + I8¢l [ Ae]
< lIml? + 16el?/Inl + e

[x (@) lIn + Aell -
Therefore, ||Jx (m) + dJx (e)|| < |[Jx (z)||. On the other hand,
(Jx (m) +8Jx (€)) (m + de) = [[m]]* + ||de]* = [||*.

Therefore, Jx () = Jx (m) + dJx (e).
Assume that (2) holds. Let x = m 4 de € X. Then

Jx (€) (z) = Jx (e) (m + be) = 5 [le]|*.
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Assuming § # 0, we have that
Ix (@) (e) = Jx (m +de) (e) = Ix (m) (€) + 3Jx (¢) () = & |le]*.

Assume that (3) holds. Fix elements m € ker (Jx (e))\ {0} and § € R. Let us
check that

2 2 2
[lm + de||” = [|e]|” + [Iml]” .
Let us consider the mapping
f: R — R
v o= f() = lm+ el
The function f is differentiable, and, for all v € R, the derivative of f at ~ is
m + ye
£ = x <7> o).
= o3t )
Assuming, without loss of generality, that |le|| = 1, we get
m+ e m+ e v v
f/,.y:JX< )6:JX6( ): — .
=I5 e ) © = O\ el ) = el = 70

By integration, f(7)° = 42 4 f(0)° for all v € R, and taking v = § we obtain
Im + del* = [|del|* + [[ml*. 0

Notice that this last theorem indicates that, in the case of smoothness, the set
of all L?>-summand vectors is a closed subspace. This raises the question if it is
possible to get that in general Banach spaces. The answer to this is affirmative.

4. L2-SUMMAND VECTORS AND HILBERT SPACES

Let us begin this section doing some considerations about L2-summand sub-
spaces. Let X be a real Banach space. Let us consider a closed subspace Y of X
and a closed subspace M of Y. It can be easily checked that:

(1) If M is an L2-summand subspace of X, then M is an L2-summand subspace
of Y.

(2) If M is an L?-summand subspace of ¥ and Y is an L2-summand subspace
of X, then M is an L2-summand subspace of X.

On the other hand, it is also easy to check that if M and N are L2-summand
subspaces of X, then M is contained in N if and only if ker (my) is contained in
ker (mar).

Theorem 4.1. Let X be a real Banach space. Let u be an L2-summand vector.
Then:

(1) If F is an L2-summand subspace, then span (F U {u}) is an L?-summand
subspace.
(2) Ifv is another L>-summand vector, then u+ v is an L*-summand vector.

Proof. First of all, (2) is a consequence of (1) together with the fact that span ({u, v})
is a Hilbert space. So, let us do the proof of (1). Firstly, let us show that

span (F'U {u}) N (ker (7p) Nker (mgy)) = {0} .

Let z be in span (F U {u}) N (ker (7g) Nker (7ry)). We can write z = y + qu with
y in F and « in R. Then, au = z — y with z in ker (7p) and y in F; therefore
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laul|* = ||z]|* + |ly||>. On the other hand, y = z — au with 2 in ker (7g,); therefore
lyll® = ||2]|” + [Jew||®. Then, |jou|® = 2|z||> + ||laul|*; therefore, z = 0.
Next, let us show that
span (F U {u}) + (ker (7p) Nker (mry,)) = X.

We can assume that u is not in F', which means that ker (7z) is not contained in
ker (mgy). Since
R (u—mp (u)) + F = span (F U {u})
it suffices to check that
(ker (mp) Nker (mgy)) + R (u — 7p (u)) = ker (7).

To get this, the only thing we have to prove is that u — 7p (u) is not in ker (mg,),
because ker (mp)Nker (mr,,) is a 1-codimensional subspace of ker (wp). Suppose that
w—mp (u) is in ker (). Then, [ull” = |[u— mp (u)]]”+ [ ()] and | (u) > =
|7e (u) — ul® + ||u||®; therefore u = 7p (u) € F, which is a contradiction.

Lastly, let us show that

(span (F U {u}) @ (ker (7r) Nker (Try))), = X.

Let p and ¢ be in span (F U {u}) and ker (mg) N ker (7g,,), respectively. We can
write p = m + Au with m in F and X in R, and m = h+ du with h in ker (7g,,) and
¢ in R. Then

lm]* + llq]”

= |m+aql?

= [[(h+q) + dul?
I+ gl|* + fldul.

2 2 2
P17+ 16wl + 4l

Therefore, [|h + g||* = [|A]|* + ||¢||*. Finally
lp+all* = [I(h+q)+\+3)ul?
12+ qll” + (A + ) ul|?
= IR + llgl® + 1A+ 8) wl?
121”1+ 8) wll + gl
17+ (A + 8) ul® + [lq])?
Im + Aul® + gl
= pl* + llal®
and the proof is done. O

Theorem 4.2. Let X be a real Banach space. Then, L% is a Hilbert subspace of
X.

Proof. The only thing we have to prove is that L% is closed. Let (uy),cy be a
sequence in L% which is convergent to some element u in X. We can suppose, for
every n in N, that ||u,| = [Ju| = 1. There exists a subnet (u},),c; of (u;;),cn
which is w*-convergent to some element f in Bx«. Since ||z]|* = |[u® (z) ua|® +
|z — uZ (z) ual|® for every @ in X and for every a in I, we deduce that ||z]|* =
If () ull® + ||z — f (z)u|® for every z in X. Therefore, Ru is an L2-summand
subspace of X. Notice that f = u*. (I
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At this point, we know that, in the category of all real Banach spaces, the set of
all L2-summand vectors is a Hilbert subspace. But, we can ask another question: is
it an L2-summand subspace? The answer is yes as we will show in the next theorem.

Theorem 4.3. Let X be a real Banach space. There exist two closed subspaces H
and E of X such that:

(1) H is a Hilbert space.

(2) If e is not in H, then e is not an L2-summand vector of X.
(3) If e is in E\ {0}, then e is not an L2-summand vector of E.
4) (HeE),=X.

Proof. We will take H = L% . Let us consider the set
L={MeP(X):MC H and is an L>summand subspace of X }

with the natural order given by the inclusion. Suppose that £ has a maximal
element M. Every h in H satisfies that span (M U {h}) is an element of £ and
contains M, so h is in M. Therefore, we deduce that M = H, and the only thing
we have to prove is that £ has a maximal element.

Let (Ma),; be a chain of £. Let us consider

M= U M, and L= ﬂ ker (maz,, ) -
acl acl
If we show that X = (cl (M) @ L),, then we will have proved that cl (M) € £, and
thus cl (M) is an upper bound for the chain (M,),c;. In that case, Zorn’s lemma
allows us to deduce the existence of maximal elements in L.

Taking limits, it is pretty easy to show that cl (M) N L = {0}. Let us show that
cl(M)+L =X. Let x € X with ||z|| = 1. For every a € I, there exist =, € M, and
Za € ker (mpr, ) such that © = x4 + 24. Since cl (M) is a Hilbert space and (z,,)
is a net in the unit ball of cl (M), we deduce that there exists a subnet (zg)

1
2
3
4
acl

acl

BeJ
of (2a),e; Which is w-convergent to some xg € cl(M). If we fix v € I, then for

every 3 > v,z —x3 = 23 € ker (ﬂ'MB) C ker (7TM_Y). Therefore, x — xg € ker (ﬂ'M_Y),
and, since 7 is arbitrary, we deduce that © —xg € [{ker (mpr,) :v €I} = L. Asa
consequence, x € cl (M) + L. Finally, taking limits again, it can be proved without
difficulty that X = (c1(M) @ L),. O

As a corollary, we obtain a characterization of real Hilbert spaces, which does
not need any proof if we take into account the previous theorem.

Corollary 4.4. Let X be a real Banach space. Then:
(1) If E is a closed subspace of L%, then E is an L2-summand subspace of X
and ker (mg) = [ {ker (7g.) : ¢ € E}.
(2) A necessary and sufficient condition for X to be a Hilbert space is that
N {ker (mry) : v € L%} = {0}.
(3) L% can never be a 1-codimensional subspace of X .

Finally, we provide two examples recalling the decomposition of a real Banach
space given by the set of its L2-summand vectors:

(1) For every real Hilbert space H, we can construct a real Banach space X such
that L3 = H and ker (7r|_3( ) is an infinite-dimensional transitive Banach
space. Indeed, it is known that there exists a transitive real Banach space
Y that it is not a Hilbert space (a good reference for Banach spaces with
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transitive norm is [5]). Then, L2 = {0}. As a consequence, X = (H ®Y),
is the required space.

(2) The space co does not contain any non-trivial L2-summand vector according
to Proposition 2.1l because its unit sphere is free of extreme points.

(3) The space €3, with p € [1,00]\ {2} and n > 2, does not contain any non-
trivial L2-summand vector according to Theorem B2l when 1 < p < oo and
Proposition 21l when p € {1,00}. We refer to [2, Theorem 1.3, page 8] or
[3] for a wider perspective of these examples.

REFERENCES

1. A. Aizpuru, F.J. Garcia-Pacheco, and F. Rambla, Isometric reflection vectors in Banach
spaces, J. Math. Anal. Appl. 299 (2004) 40-48. MR2091268 (2005g:46051)

2. E. Behrends et al., LP-structure in real Banach spaces, Lecture Notes in Mathematics 613,
Berlin-Heidelberg-New York, Springer-Verlag, 1977. MR0626051/ (58:30082)

3. E. Behrends, LP-Struktur in Banachrdumen, Studia Math. 55 (1976) 71-85. MR0402466
(53:6286)

4. P. Bandyopadhyay, D. Huang, B.-L. Lin, and S.L. Troyanski, Some Generalizations of Locally
Uniform Rotundity, J. Math. Anal. Appl. 252 (2000) 906-916. MR1801249(2001j:46011)

5. J. Becerra Guerrero and A. Rodriguez Palacios, Transitivity of the norm on Banach spaces,
Extracta Math. 17 1 (2002) 1-58. MR1914238|(20031:46022)

6. J.W. Carlson and T.L. Hicks, A characterization of inner product spaces, Math. Japonica 23
4 (1978) 371-373. MR0524986/ (80b:46034)

7. R. Deville, G. Godefroy, and V. Zizler, Smoothness and Renormings in Banach Spaces, Pitman
Monographs and Surveys in Pure and Applied Mathematics 64, Longman, Brunt Mill, 1993.
MR1211634//(94d:46012)

8. R.E. Megginson, An Introduction to Banach Space Theory, Graduate Texts in Mathematics
183, New York, Springer-Verlag, 1998. MR 1650235/ (99k:46002)

DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD DE CADIZ, PUERTO REAL, CADIZ, 11510,
SPAIN
E-mail address: antonio.aizpuruQuca.es

DEPARTMENT OF MATHEMATICAL SCIENCES, KENT STATE UNIVERSITY, KENT, OHIO 44242
E-mail address: fgarcia@math.kent.edu

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=2091268
http://www.ams.org/mathscinet-getitem?mr=2091268
http://www.ams.org/mathscinet-getitem?mr=0626051
http://www.ams.org/mathscinet-getitem?mr=0626051
http://www.ams.org/mathscinet-getitem?mr=0402466
http://www.ams.org/mathscinet-getitem?mr=0402466
http://www.ams.org/mathscinet-getitem?mr=1801249
http://www.ams.org/mathscinet-getitem?mr=1801249
http://www.ams.org/mathscinet-getitem?mr=1914238
http://www.ams.org/mathscinet-getitem?mr=1914238
http://www.ams.org/mathscinet-getitem?mr=0524986
http://www.ams.org/mathscinet-getitem?mr=0524986
http://www.ams.org/mathscinet-getitem?mr=1211634
http://www.ams.org/mathscinet-getitem?mr=1211634
http://www.ams.org/mathscinet-getitem?mr=1650235
http://www.ams.org/mathscinet-getitem?mr=1650235

	1. Background
	2. Geometry of L2-summand vectors
	3. The particular case of smooth spaces
	4. L2-summand vectors and Hilbert spaces
	References

