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ABSTRACT. We prove some new upper and lower bounds for the first Dirichlet
eigenvalue of a triangle in terms of the lengths of its sides.

1. INTRODUCTION

With the exception of a few domains such as rectangles, balls, annuli and some
triangles, the first eigenvalue A1 of the Dirichlet Laplacian of a planar domain is not
known explicitly. While this is not surprising in general, we might expect that in
the very special case of the triangle we would be able to say a bit more, since in this
case A1 depends only on three variables (two if we allow for rescaling). Furthermore,
it is known that in other spectral related issues triangles behave in a special fashion
(see, for instance, [CD], where it was proven that a finite number of eigenvalues
uniquely determines the triangle up to congruence). However, this is not the case,
and, as far as we are aware, the only cases for which the spectrum is known explicitly
are the equilateral triangle, the right isosceles triangle and the right triangle with
angles 7/3 and 7/6; for attempts at more general results, see [Gal [Gd].

Regarding specific estimates for A;, not much can be found in the literature
either. The main result in this respect is the classical isoperimetric inequality of
Pélya and Szegd, which basically states that among all triangles of equal area, the
equilateral triangle minimizes the first Dirichlet eigenvalue [PoSz]. This may be
written as
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3A
where A denotes the area of T'. There is also a lower bound by Brooks and Waks-
man [BW], namely,

(1) M(T) >

(L+2x/ﬂ)2

164%
but it is not difficult to see that this does not compare well with more general lower
bounds such as the following estimate due to Makai [M]:
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Here K is a planar convex domain and A and L denote its area and boundary
length, respectively. In fact, this estimate may be improved upon by using the
following result of Protter [Px]:

2
T 1 1
AI(K)EZ [?4-?]’

where p and d denote the inradius and the diameter of K, respectively. Proceeding
as in Makai’s paper, we are lead to

2 2
s L 1

2 MEK) > — | —+—=|.
@) 1()_4[4A2+d2]

As for upper bounds, we have the following result due to Pélya [Pol:

272
L

3 MK < T2
( ) 1( ) — 4A2

valid for arbitrary doubly-connected domains; see the remark on this in [O].

Due to their simplicity, we will use these two results and (Il) as comparison terms
for our bounds. Also note that inequality (2] is attained asymptotically in the case
of a narrow circular sector, which means that, at least in this limiting case, it should
provide a good bound for triangles.

Another motivation for the present paper, is the numerical study recently carried
out in [AF], which seems to point in the direction that known bounds can still be
improved in the case of polygons and other planar domains. In particular, based
on the numerical data gathered it is conjectured in [AF] that

Conjecture 1. For any triangle T' we have
272
L
While we have not been able to obtain this, we do improve on Pdélya’s upper

bound in the particular case of triangles, and, under some conditions, on both ()
and (2)) in the case of the lower bound. More precisely, we have the following.

Theorem 1. Let T be a triangle with sides of lengths {1 < o < {3. Then
4 2 w2
2o+ =2 ) <D< — (B+ 024102,
" (43 4A2) (1) = 7 (Gt 6)
where A denotes the area of T'.
Remark 1.1. In both cases equality holds for the equilateral triangle and this is the

only instance where the two bounds agree; see the last section. However, the lower
bound does give values lower than this value for a certain range of /3 and A.

Remark 1.2. The area A may, of course, be written in terms of the lengths of the
sides of T" only, by means of Heron’s formula, and so the bounds given above depend
in fact only on ¢1,¢5 and /3.

We prove the lower bound in the next section, the upper bound in Section [3]
and in the last section discuss the results obtained and compare them with the

bounds (), @) and @).
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2. PROOF OF THE LOWER BOUND

The idea for the proof of the lower bound is to build a test function for the
second eigenvalue of a flat cylinder by using the first eigenfunction of the triangle
in question. In order to do this, and given a triangle T with sides ¢; < £y < /3, we
begin by considering the rectangle R with sides ¢3 and h3, where hg is the height
of T with respect to ¢3. If we denote by 77 and T, the two right triangles that T
is divided into by hg, then the rectangle R will contain precisely two copies of each
T1 and T5. We shall denote by T3 and T the two triangles which are isometric to
T, and Ty, respectively; see Figure [1l

FIGURE 1. Decomposition of C into four triangles

We shall now identify the two shortest sides of R with each other, and consider
the Dirichlet eigenvalue problem on the flat cylinder C' obtained in this way. We
have that

Ty

A (C) with eigenfunction w;(z,y) = sin (h_s) ’

T
=12
while the second eigenvalue is given by
)\Q(C):min{ﬁ—i-ﬁ—2 4—7T2}=4—7T2+7r—2:7r2 <i+ﬁ>
6 h3 by G B3 Gz 4A%)7
since /3 is the largest side, and thus h3 is always less than or equal to v/3¢3/2, which

is attained for the equilateral triangle. In this case we have a double eigenvalue
whose corresponding eigenfunctions are given by

. [Ty 2rx . 2mx
us(z,y) =sin | —= | |crcos | — | +cosin | — || .
hs3 3 L3

On the other hand, we have that

[ 19ePdsdy

(4) A (C) = inf 2

peX /adexdy
c

where X is the set of continuous functions in C, whose gradient belongs to £2(C),
take zero values on JC, do not vanish identically and, furthermore, are orthogonal
to uy on C. We shall now construct a test function for the second eigenvalue of C'
based on the first eigenfunction of T" which we shall denote by v. Let

v, on 11 UTs,
w = v13, On T3a
va4, on Ty,

b
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where v13 is the function obtained from v by rotating the triangle 77 around the
middle point of its largest side until it coincides with T3, and then changing its
sign. In a similar way, one obtains vy from v on T5.

From the expression for u; and the construction of ¢ we see that

/(puldxdy:/ vuldxdy—i—/ Uuldxdy—i—/ vlguldxdy—i—/ vogurdady
C T: Ts T Ty

vanishes, so that ¢ may be used as a test function for the second eigenvalue of C.
Replacing this test function in the Rayleigh quotient (@) we obtain that

/ |Vo|?dzdy + | Vs |2dazdy + | Vo |?dzdy
)\2 (0) S THUT> Ts Ty — )\1(T),

/ vzdxdy—F/ v%dasdy—l—/ v3, dady
TWUTs Ty Ty

which gives the desired result.

3. PROOF OF THE UPPER BOUND

In order to obtain the upper bound, we shall now use a test function based on
the first eigenfunction of the equilateral triangle. For simplicity, we shall begin by
proving the result for a triangle 7" with vertices at the origin, (1,0) and (a,b) €
R x RT, and then rescale to obtain the upper bound given in the theorem. We will
not assume any restrictions on the relative lengths of the sides, since in this case
this is irrelevant.

Consider the first eigenfunction of the equilateral triangle with vertices at the
origin, (1,0) and (1/2,v/3/2), that is,

flz,y) =sin <4i7/r§/> — sin |:27T <x+ %)} + sin [27r (:c - \Z/%ﬂ )

We will now perform a linear transformation in order to be able to use this as a
test function for the first eigenvalue of T’. Thus, let

plzy) = f (w -2 7b1/2y, ‘2/—b§y>

= sin (27rg) — sin [2%%} + sin [271' (a: - %)} .

b

Clearly, ¢ satisfies the boundary conditions on 7", and, after some lengthy but
straightforward computations, we obtain

2
/ Veo(z,y)|*dedy = 2% 1+ (a—1a+ b2] and / o(x,y) dedy = 3Zb
T -

Plugging this into the Rayleigh quotient yields

/ 8772 2
Al(T)§W[1+(a—1)a+b].
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If we now rescale T' by multiplication by £1, we obtain a triangle, say T, with
vertices at the origin, (¢1,0) and (a, 8) = ¢1(a,b). With this notation, we have

MT) < BT (a—Da+ b

= 3P
872 Q 52
= I+ (g -+
362 G
= 3A2 (63 + 03+ 63),

where the last indentity follows from the relations
Uy =+/a?2+ (32 and 03 =+/({;1 —a)? + (2
4. DISCUSSION

We begin by proving the assertion made in Remark [Tl that the upper and lower
bounds agree only in the case of the equilateral triangle. To see this, equate the
two bounds to obtain that

(5) A8A? = 403 + 03)03 + ¢3.
We have that if T is not equilateral, then h3y < \/363/2 and thus E% > 4\/314/3,
giving, upon substitution in (&), that
3
(6) W > S(6+ ).

On the other hand, and denoting by 7 and ¢35 — 7 the lengths of the line segments
that the longest side of T is divided into by the corresponding height, we have that

G4+ = 2h3+ 7124 (U3 —1)32
> 23+ 563

> 23+ (B +8),
yielding
8
which contradicts (@]).
Now we compare the bounds obtained with those mentioned in the Introduction,

and we begin by comparing our lower bound with that of Pélya and Szego’s. It is
easy to check that we will have

72 (4 n 4A2> 4\?{;;7 if and only if  hg < @eg,
where, as before, h3 denotes the height with respect to the longest side /5. This
was to be expected, since their bound depends only on the area, and thus cannot
be very good away from the equilateral triangle.

The comparison with Makai’s lower bound is not as straightforward, but it is
still possible to see that our bound does improve on ([2)) for a class of triangles. Due
to the above comparison with Pdlya and Szegd’s bound, we will concentrate on the
case of small hs.
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We want to check when it is that

2 4A% 7 1647 443

holds. Consider, without loss of generality, the triangle with two vertices at (0,0)
and (¢3,0) and write the z-coordinate of the remaining vertex as afs for some o
on [0,1]. Then, the above condition is equivalent to

2
Fla, hy, €3) = 15h2 + 463 — {\/oﬂfg +h /(1 —aPB+ R+t >0,

If we expand F' in hz around zero we obtain

2

F(Ol,hg,gg) = |:].5 - m

|15+t

showing that F’ will be positive for sufficiently small values of h3, provided a belongs

to ((15 — /105)/30, (15 + 1/105)/30).

Finally, we compare our upper bound with (@), namely, we want to know when
4
G0y, lo,03) = (L1 + by + £3)? — g(e% + 02+ 02) > 0.

Clearly, the above inequality will not hold in general. However, if we take into
account the triangle inequality and the fact that the side lengths are nonnegative,
it is a simple exercise in constrained optimization to see that the minimum value
of the function G, subject to these restrictions, occurs at the origin.

We finish by pointing out that in the last case, instead of using a test function
based on the first eigenfunction alone, it is possible to use a linear combination
of the first m eigenfunctions. However, the number of computations necessary to
proceed in this fashion grows very quickly, making the process rather cumbersome.
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