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ABSTRACT. Let P be a poset with unique minimal and maximal elements 0
and 1. For each r, let Cr(P) be the vector space spanned by r-chains from 0 to
1in P. We define the notion of a Hodge structure on P which consists of a local
action of Sy41 on Cr, for each r, such that the boundary map 0, : C,, — Cr_1
intertwines the actions of Sy,41 and S, according to a certain condition.

We show that if P has a Hodge structure, then the families of Eulerian
idempotents intertwine the boundary map, and so we get a splitting of H,(P)
into » Hodge pieces.

We consider the case where P is B,, 1, the poset of subsets of {1,2,...,n}
with cardinality divisible by k (k is fixed, and n is a multiple of k). We prove
a remarkable formula which relates the characters B,,  of S, acting on the
Hodge pieces of the homologies of the B,, j, to the characters of S, acting on
the homologies of the posets of partitions with every block size divisible by k.

1. HODGE STRUCTURES

Let P be a finite poset with unique minimal and maximal elements 0 and 1. We
use the notation (z1,...,z,) to denote r-chains 0<zy<a9<--<ax,<1. In
this case, we will sometimes write g and z,4; for 0 and 1, respectively. In this
paper we will only consider ranked posets, and we will write rk(z) for the rank of
x € P.

For each r let C),. be a complex vector space with a basis consisting of r-chains
in P. Define d; : C;, — C._1 by

dj(:vl, N ,l‘r) = (l‘l, e ,lL’j_l,IL'j+1, N ,l‘r).

Definition 1.1. A local action of S,11 on C,. is an action of S;;1 on C,. such that
for each j € {1,2,...,r},

(jﬂj+1)'($07x17"~7x7“7$7"+1): Z cz(x07"'7mj71727xj+17"'7x7‘+1)
Tj—1<z<Tjt1

for suitable constants c,.

The idea of local actions on chain spaces of posets originated with Stanley (see

[6])-
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1858 PHIL HANLON

Definition 1.2. A Hodge structure on P consists of a collection of local actions of
Srr1on C,. for all 7 =0,1,...,rk(1) which satisfy the following two conditions for
all r and all j € {1,2,...,7}:

(a) (.77.7 + 1)dj+1 = dj(j + ]-3.7 +2)(Ja] + 1)>
where both sides are considered as linear maps from C,. to C,._.
Example 1.3. Fix a positive integer £ and let n be a multiple of k. Let P be B, &,
the collection of subsets of {1,...,n} whose cardinalities are divisible by k. For
each A C B in B, . define an involution Ij4 g on (A, B) in the following way. If
C € [A, B] write C = AUV and B = CUW = AUVUW. Then I4 5/(C) = AUW.
It is straightforward to see that the map C' — Ij4 p(C) is an involution.

Next, for (A1,...,A,) and j € {1,2,...,r} define (j,5 + 1) - (41,...,A,) to be
(A%, A}), where A) = Ay for £ # j and A} = Ija,_, a,;,,1(4)).

Next suppose that (Aq,...,A,) is an r-chain in P and that 1 < j <r — 1. Let
V, W, X be such that Aj = Aj—l @] V, Aj+1 = Aj U W and Aj+2 = Aj+1 U X.
Then

(.]7.] + 1)(.] + 1).] + 2)(])] + 1)(‘417 s 7A7“) = (Bla s aBT")7
G+Li+20 i+ D0 +1,7+2)(Ar,.. A = (Cry. ., Gy,
where A; = B; =C; fori ¢ {j,j+ 1,5+ 2}. So we will compare what
Gi+DU+1L74+2)(,j+1) and (G+1j+2)(07+1)0+1,7+2)
do to the subchain (A;_1,A4;, Ajy1, Aj+2). For simplicity write
Aj1 =12,
Aj=A;UY =ZUY,
Ajmi=A4;UX =2ZUYUX,

Then
G g+ DG +1,54+2)(5,7 +1)(Aj-1, A5, Ajy1, Ajya)
=0J+)J+1,i+2)(Z,ZUX, ZUXUY,ZUXUY UW)
=i+ )2, ZUX, ZUXUW,ZUXUWUY)
=(Z,ZUW,ZUWUX,ZUWUXUY),
whereas

G+1,0+2)07 + DG+ 1,5 +2)(Aj1, 45, Ajy1, Ajr2)
=(j+1,j+2)0(, i+ 1)(Z,ZUY,ZUYUW,ZUY UW UX)
=+1L,j+2)(Z,ZUW,ZUWUY,ZUWUY UX)
=(Z,ZUW,ZUWUX,ZUWUXUY).

This proves that property (a) from Definition holds.
To prove property (b), fix j and again let (Ay,...,A,) be an r-chain. Then

(.77.7 + 1)dj+1(A1,- .. 7Ar) = (Bla .. '7BT—1)
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HODGE STRUCTURES ON POSETS 1859

and

di(G+1,7+2)0, 7 +D(Ar,..., A) = (C1,y..., Crq),
where B; = C; = A; fori < jand B; = C; = A;jq for i > j 4+ 1. So we will
consider the effects of (4,7 + 1)d;4+1 and d;(j + 1,7 + 2)(j,7 + 1) on the subchain
(Aj,l,AﬁAjJrl,AjJrg). Write Ajfl = Z7 Aj =ZU Y, AjJrl =ZUY UX and
Ajro=ZUY UXUW. Then
(J; 7+ Ddjr1(Aj—1, Ajy A1, Ajio)
=0, +1)(Z,ZUY,ZUY UX UW)
=(Z,ZUXUW,ZUXUWUY),
whereas
d](] + 1).] + 2)(.7’.] + 1)(Aj—17Aja Aj+1’ Aj+2)
=dj(j+1,j+2)(Z,ZUX,ZUXUY,ZUXUY UW)
=d;j(Z,ZUX,ZUXUW,ZUXUWUY)
=(Z,ZUX,ZUXUW,ZUXUWUY).
This proves condition (b).

Note that condition (b) in the definition of Hodge structure describes how the
maps d; relate to the transpositions (a,a + 1) when one of a or a + 1 equals j. It
is worth recording the relationship for other values of a. In these other cases, the
maps essentially commute when they act on a chain v because they are acting on
disjoint sections of . However, the fact that the map d; reduces the length of «

by 1 means that there is a re-indexing of chain elements which must be accounted
for in the case that a > j. Precisely,

di(a,a+1)=(a,a+1)d; if a<j—1,
dj(a,a+1)=(a—1,a)d; if a>j+1.
The usual poset boundary map 9, : C,. — C,._1 is given by

0, = > (-1,
j=1

Note that a Hodge structure gives an action of S,41 on the r-chains of P. The
boundary map intertwines the actions of S,; on r-chains and S, on (r — 1)-chains
in some complicated way implied by condition (b). We next try to clarify the
relationship between the boundary map 0 and the actions of S,;1 and S..

Definition 1.4. For each r and each i € {1,2,...,r} let S; ,411—; denote the set of
permutations o € S,4; such that 0(1) < 0(2) <--- < o(i) and o(i+1) < 0(i+2) <
-+ < o(r+1). Define sh; ,41—; to be

shiry1—i = Z sgn(o)o.

0ES; rt1—i

Lastly, if P is a poset with a Hodge structure, « is an (¢ — 1)-chain from 0 to b in
P and B is an (r — i)-chain from b to 1 in P, define a * 3 to be

(62 6 = Shi,r—i—l—i : (aaﬂ),
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1860 PHIL HANLON

where (o, 3) is the 7-chain in P obtained by concatenating the chain o from 0 to b
with the chain § from b to 1.

Lemma 1.5. Let P be a poset with a Hodge structure, let o be an (i — 1)-chain
from 0 to b and let 3 be an (r — i)-chain from b to 1. Then

Ia* B) = (0a) * B+ (=1)'ax (9p).
Proof. Expanding 9(a * ) we have

daxP) =) > (~1) 'sgn(0)d;-o(a.p).

Jj=10€S8i rt1-i

The first observation we make is that there is a fundamental cancellation on the
right-hand side. Namely, suppose o and j satisfy o= 1(j) € {1,2,...,i — 1} and
o7 l(j+1)e{i+1,...,r}. Then o’ = (j,j+ 1)o is also in S; ;41_;. Summing the
two terms on the right-hand side of (1.2) indexed by j, o and j, ¢’ yields

(—1)7"Ysegn(o)d; - o(a, B) + sgn(c’)d; - o' (v, 5)}
= (=1)7"tsgn(o)d;(id — (4, + 1)) - o(a, B)
=0.

The latter equality holds because d;(id — (j,j + 1))y = 0 for any chain .
In view of (1.3) we can rewrite the right-hand side of (1.2) as

3((1*6) = Fl —|—F2,
where

I = Z (=1)"tsgn(o)djo(a, B),
o tj)<i
o tE+)<i
o= Y (=1) 'sgn(o)do(a, B).
o H)>i
o7 (G+1)>4

Consider the term in I'; indexed by j and o. Let u = 0~1(j). By the definition
of Ty, 071(j 4+ 1) <4, and so (since o(1) < 0(2) < --- < 0(9), 0" (j+1)=u+1.

Let by1,...,bs be the set of numbers b between ¢ + 1 and r + 1 which satisfy
o(b) <o(u). Since o(i+1) < o(i+2) <--- < o(r+1) we have that {b,...,b} =
{i+1,...,i+ ¢}

Note that we can write ¢ in the form o = Tws, where w3 moves the numbers u +
2,...,% into their final positions under o. In so doing, ws will move {i+1,... i+ ¢}
so that they are positioned immediately to the right of u+1 in ascending order. We
can then further factor o as ¢ = wywsws, where wy moves u and u + 1 to the right
of i +1,...,i+ ¢ and where wy then puts i+ 1,...,7 + £ into their final positions
under o.

To summarize, we can factor o as o = wjwows, where ws(m) = m for m < u+1,
where

and where wy(m) =m for m > j — 1.
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HODGE STRUCTURES ON POSETS 1861

By Definition [[T] we have that d;w; = wid;. By condition (b) of the definition
of the Hodge structure we have

dij
=d;(G =107+ (G -2-D0 -1J) - (wut+1)(ut+1,u+2)
=0-LN0-27-1dj2(-37-2)(—27-1)(wut )(ut+1,u+2)

Lastly note that d,ws = wsd,,, where w3 is obtained from w3 by removing the fixed
point u and reducing numbers greater than u by one.

So djo = djwiwaws = wiwawsd, = 0 du, where w3 is defined above and @y =
(j—1,5)(3—2,5—1)---(u,u+1). Note that 6 € S;_1,_(;—1) and that sgn(5) =
sgn(o)(—1)774, ie., (=1)7"tsgn(o) = (=1)“"!sgn(s). Thus the summand in T’y
indexed by j, o is exactly equal to the summand in (O«) * § indexed by u, &.

The identification above is reversible, thus giving a 1 —1 correspondence between
summands in I'; and summands in (Ja) * 5. A similar argument gives a 1 — 1
correspondence between summands in 'y and summands in (—1)’a * (03). This
proves the lemma.

Recall the Eulerian idempotents eg), .. .,e%”), which are pairwise orthogonal

idempotents in CS,, defined by Gerstenhaber and Schack in [3]. Gerstenhaber and
Schack give an abstract definition of the eS{ ), Loday [5] gives the following more
concrete definition.

For each n and k, let S(n; k) denote the of permutations in S,, with exactly k—1

descents. Define elements £ and % in C[Sn] by
() =(=DF1 3" sen(o)o,

oceS(n;k)
= n+1
(k) — (k—1)
w =3 (") e,

=0

The following lemma can be used to define the Eulerian idempotents e$§ ).

Lemma 1.6 (Loday, [B]). For every n and k we have
(D IAP =3 ke
j=1

It is straightforward to see that the equations in Lemma determine the e%j )

in terms of the A", since the transition matrix (k) is a van der Monde hence
invertible.
Let P be a poset with a Hodge structure. Then C,.(P) admits an action of S,

so C,(P) can be split as a direct sum of subspaces c¥ )(P) where
CY(P) =€) . C.(P).
Following Gerstenhaber and Schack, Lemma [[.5] implies that
0, : C(P) — CY,(P).
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1862 PHIL HANLON

Thus H,(P) splits as a direct sum of

H.(P) = @Hr(j)(P)’

where Hr(j )(P) is the degree r component of the subcomplex
= L (P) — OV(P) = P — -

The decomposition above will be referred to as the Hodge decomposition of H.,.(P).
We have proved the following theorem.

Theorem 1.7. Let P be a poset with a Hodge structure. Then the homology of P
admits a Hodge decomposition.

In the next section, we look at an example of a poset that admits a Hodge
structure and see what we can say about the Hodge decomposition of homology
using enumerative and representation theoretic techniques.

2. k-DIVISIBLE SUBSETS

Recall that B, j is the collection of subsets of n with cardinality divisible by k.
In Section [I] we showed that B,, ; ordered by inclusion has a Hodge structure.

In this case, P = B,, 1, also admits an action of S,, which yields a permutation
action of S, on r-chains in P. From the definition of the Hodge structure given in
Example [[3] it is straightforward to check that

(2.1) o(j,j+ 1y =(j,j+ 1oy

for every v € C,.(P), every 0 € S, and every 1 < j <r — 1.

From (2.1), it follows that .S,, commutes with the projection maps eﬂl and so
Sy, acts on the Hodge pieces of H(B,, ). Our goal in this section is to learn more
about the actions of S,, on the Hodge pieces. Note that B, ; is a ranked poset of
rank 2. It is also known that B, ;. is totally semimodular, hence CL-shellable (see
[]). Consequently, the homology of H, (B, k) is 0 except for r = 2 — 1. Let ﬁr(f?c
denote the character of S,, on the j*" Hodge pieces of H%—I(Bn,k)-

Lemma 2.1. Suppose k divides n, let ﬁr(f?ﬁ be as above and let r = n/k. Foro € S,

T

B0 =0 ST 191 C—i(Bak) (ro s

i=1 TESr41—i
where [67(21—1]7 denotes the coefficient of T in efﬁl_i and where Cr._;(Bn k) (r,0)
denotes the set of (r — i)-chains in By, which are fized by (T, 0).
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HODGE STRUCTURES ON POSETS 1863

Proof. By definition ﬂff L(a) is the trace of 0 on H (%,j)_l(Bn,k). Since the homology
of B, ;; vanishes except at the top degree,

T

() i—1
BL(e) =Y (1) tr <U|cf.f>i(zsn,k>>
i=1
CT'i(Bn,k))

= z:(—l)i*1 tr <ae£{lzli
i=1

:z:(—l)i_1 Z {egjﬁlz} tr(ar
i=1 T

TES 114

Cr—i(Bn,k))

The result now follows since S, 1_; x S, acts on C,_;(B, ) as a group of permu-
tations. [l

For o € Sp, let ji(o) denote the number of i-cycles of o acting on {1,2,...,p}.
Define Z(o), the cycle indicator of o, by

Z(o’) = aj1'1(0)a;'2(0) e aip(0)7

where the aq,...,a, are commuting indeterminates. Lastly, if x is a class function
on S, define the cycle index of x by

200 =~ 3 x(0)2(0).
P o€Sy

Note that Z (o) = Z(p) iff 0 and p are conjugate. Also, class functions have constant
values on conjugacy classes, so Z(x) can be considered to be the generating function
of the values of y.

For each p, let £, denote the trivial representation of S),. Following Calderbank,
Hanlon and Robinson [2], let T'(0, k) denote the sum of the cycle indices of the
trivial characters for all symmetric groups S, where p = Omod k. In other words,

T(0,k) = > Z(Enr)-
n>1
We will use the composition product A[B] for A, B € (C[[al, as,as, .. ]] defined
by
AB]=A {ai — Bla; « aij]} ,
where C[U « V] denotes substitution of V for every occurrence of U.

Lemma 2.2. Fixk > 1. Let 7 € Sy4+1. For eachn > u, let x,, be the class function
on Sy whose value on a permutation o is the number of u-chains in By i which
are fized by (1,0). Then

22) Y Z(xa) = Z(T)[T(0, k)].

Proof. Rewriting the left-hand side of (2:2)) we have the equivalent formulation

(%) Z b Z (# of chains fixed by (1,0))Z(0) = Z(7)[T(0, k)].

(nk)' 0EShk

n

Let Ty, ..., T be the cycles of 7 with [T;] = t,. Suppose e is a chain fixed by (7,0),
and let T'= (uq,...,up) be a cycle of 7 and let A; be the subset added in e at step
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1864 PHIL HANLON

u;. Since C is fixed by (7,0) we must have o(A4;) = A;_1 (where Ay := Ay). In
particular |A;| = |Ag| = -+ = |A¢| = mk for some m > 1.

Let A = AfUAyU---U Ay and let o; be the restriction of ¢ to A;. Then
o; can be chosen to be any injective function from A; to A;—; and Z(o|a) =
a¢[Z(o¢op—1---01)]. Tt is straightforward to check that as the o; range over all
injective functions from A; to A;_1, the product o401 --- 01 ranges over all per-
mutations in S,,, hitting each one exactly (mk)!*~! times. So

Y Zlola)=mk) Y alZ(0)] = (mk)arZ(En)].

O1,..0,00 oESmE
We now return to the case of 7 which has s cycles 11, ..., Ts. The analysis above
allows us to compute the contribution G[my,...,m;] made to the left-hand side of

() by chains C fixed by a pair (7,0), where the subsets at the steps in T; have
size m;k (so n = (>_m;t;)). We first choose a subset S; to be divided amongst the
steps in T;. This can be done in (m1t1k7m2?2]2w7mstsk) ways. Next, for each i, we
choose to divide the subset into t; equal pieces, and we choose a means to add one

at each step of T;. This can be done in (,, , n”;,:k m,) Ways. Combining these
observations with the analysis above shows that the contribution G[my, ..., ms] to

the left-hand side of (x) is

1 nk mitik .
s 1l NAYIZ]
(nkj)' <m1t1k, N 7mstsk) H (mzk, mik, N 7mzk> (mzk) s [Z(gmlk)}

2

= H ag, [Z(gmlk))]

Summing over all myq,...,ms we have that the left-hand side of (x) is given by
S S
> HaulZEmm)] =[] anlT©. k),
m;>1 i=1 i=1
and this completes the proof of Lemma O

We are now ready to state the main result of this section. Recall that 57(3 i

denotes the character of S, acting on the j*® Hodge piece of the homology of B, .
Theorem 2.3. Fiz k> 1. Then

S nEY Nz(pY) =

k|n g V4

(1 + ag[T(0, k)])~F Sase mdX

3

1

where Z( é],l) is defined to be 1 for j =0 and 0 otherwise.

Proof. In [4], Hanlon showed (see formula (6.1) on page 115 combined with Lemma
5.2 on page 113) that

NS NT [] 2N =TT+ (1) ag) ~F R n @

j=>0 p>0 17€S, V4
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HODGE STRUCTURES ON POSETS 1865

Now

PIPIRRACHAC L
kln J

= Z” DL
j k|n nt o€ESy

Y EE S S Y 6 (Bl 2(0)
J k|n nl o€S, i=0 TESh/ktr1—i

_Z)\]Z Z (]) Z ] Z |Cﬂfi n,k TO’|Z( )
J p=1 TES) k|n e oESy

C S ST P N Z ()70, B
Jj p=1T€S,

= [0+ aelT (0, k)))~F S aren@n’*,
4

which completes the proof. (I

Remarkably, the expression on the right-hand side of Theorem [2.3] appears in
another seemingly unrelated context. In particular, the inverse of that expression
appears in Theorem 4.6 on page 295 of [2]. We finish this section by describing
precisely the relationship implied by this amazing coincidence.

In what follows, [],, denotes the lattice of set partitions of {1,...,n}.

Definition 2.4. Let o € [],,. We say that o is congruent to i mod k if every block
of a has size congruent to imod k. We write this as o = i(mod k). Let Hg)’k)
be the poset of all partitions of {1,...,n} congruent to 0(mod k) together with a
minimal element 0 if n is a multiple of k. Define Hglo’k) to be the empty poset if n
is not a multiple of k.
It is straightforward to check that H;O’k) is a ranked lattice. The rank function
is given by
(o) = (%) — # of blocks (o) +1 %fa > (3,
0 if a =0.
Let P be a ranked poset with unique minimal and maximal elements 0, 1. Let
G be a group of automorphisms of P. For each o € G let P, denote the set of
elements of P fixed by o. Let u, denote the Mobius function of P,.

Definition 2.5. Let the notation be as above. For each o € G define the fized-point
characteristic polynomial, x,(\), to be

Xo(N) = D7 po(0,2) AT D,
rEP,

where 7 is the rank function of P.

Note that the rank function r used in Definition 25is the rank function of P (in
general, P, is not a ranked poset). Note also that x,(\), for o the identity of G,
differs from the usual definition of characteristic polynomial of a poset by a factor
of .
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1866 PHIL HANLON

Example 2.6. Let P = ((30’2), let G = Sg and let 0 = (1,2)(3,4)(5,6). Be-
sides the minimal and maximal elements, P, contains three elements at rank 2
(1234/56, 1256/34, 12/3456) and seven elements at rank 1 (12/34/56, 13/24/56,
14/23/56, 15/26/34, 16/25/34, 12/35/46, 12/36/45). The value 11,(0,) of the
Mobius function of P, is 2 for z at rank 2, —1 for x at rank 1, and 0 for z = 1.

Thus x,(A) = A = 7A3 + 6)2.
We henceforth let XE,"’“ denote the fixed point characteristic polynomials for

P = H;O,k) and o € 5,,.

Definition 2.7. Let R be the set of sequences x = (xo0, X1, X2, - - -), Where x, is a
class function on S,, with values in C[A]. There are three natural operations: sum
(+), induction product (x) and plethystic product ([ ]) defined on R as follows. Let
X = (x0s X15X25 - --) and ¥ = (¢, 1,2, ...) be in R. Then

(a) x+v = (T0,I'1,Ty,...), where T';, = xp, + ¢n,

(b) x*1¢ = (Lo, I'1,Ta,...), where I, = @)_, inds, xs, .(Xd ® ¥n_a),

(C) XW] = (FO,Fl,FZ, .. ')7 where I';, = de Xd[wn/d] and Xd[wn/d] denotes
plethystic product of class functions.

The cycle index of x € R is defined by

200 =" Z(xw)-
n=0

It is straightforward to check that

(a) Z(x +v¥) = 2Z(x) + Z(¢),
(b) Z(x*¢) = Z(x)Z(¥),
(d) Z(x[W]) = 2()[Z2(@)).

R together with the operation 4+, * is called the induction ring. This is a ring
in the usual sense with an identity element 1 = (1,0,0,...), where 1 is the constant
function with value 1. R together with the operations +, [ ] is called the plethysm
ring. It is not a ring in the usual sense, as A[B + C] is not in general equal to
A[B] + A[C]. However there is an identity for the product [ | which is the sequence
(0,€1,0,0,...), where € is the trivial representation of Sj.

Define B(k) and Q(k) in R by

BE (o) = 3" (~1)"*6Y) (o)X for o € Sy, kln,
J

C,(Lk)(a) = XS,O”“)(A) for o € Sy, k|n, and B,(Lk)(o) = C,(Lk) (¢) = 0 for n not divisible
by k.

Theorem 2.8. B and C*) are inverses in the induction Ting.

Proof. By Theorem 2.3 above,

(1 + ag[T(0, k)]) ™ F Sase mDX,

2

(2.2) 2(B%) = -
Y4

Il
-
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HODGE STRUCTURES ON POSETS 1867

By Theorem 4.6 on page 295 of [2],

2(C") = = [T+ arlT (0, k))y? ZareHOX,
=1
So Z(B® « ¢y = Z(B®)Z(C®) = 1 = Z(1), and the result follows. O

The proof of Theorem 2.8 fails to give much understanding for why the result is
true. It would be very interesting to have a more conceptual or constructive proof
of the fact that B(k) * Q(k) =1.

3. OPEN PROBLEMS

There are a number of other posets which admit a local action on maximal
chains. Two examples include the lattice of noncrossing partitions (see [7]) and the
posets of shuffles (see [§]). In each of these examples, it is not clear how to extend
the local action on maximal chains to local action on chains of different lengths.
One interesting problem is to define local actions on chains of arbitrary length in
these two cases. If that can be done, an interesting question is whether these local
actions give a Hodge structure.

A second interesting problem is to give a more constructive proof of Theorem 2.8
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