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(Communicated by John R. Stembridge)

ABSTRACT. We give a formal Laurent series proof of Andrews’s ¢-Dyson Con-
jecture, first proved by Zeilberger and Bressoud.

1. INTRODUCTION

Freeman Dyson, motivated by a problem in particle physics, conjectured the
following identity in 1962:

Theorem 1.1 (Dyson’s Conjecture). For nonnegative integers ag, ay, . .., ay,
a;
2\ (ap+ar+ -+ an)!
(11) CXT H (1_;1) = a|a|...a|n ’
0<i#j<n J R
where CTy denotes the constant term in xq, ..., Zy.

Dyson’s conjecture was quickly proved by Wilson [12] and independently by
Gunson [6]. An elegant recursive proof was published by Good [5] in 1970.
A g-analog of Theorem [[T] was conjectured by George Andrews [I] in 1975:

Theorem 1.2 (Zeilberger-Bressoud). For any nonnegative integers ag,ai, ..., an,
(1.2) cr ] (x_) (x_ﬂq> _ (Daottan
* o<icj<n NYila; \Ti Ja; (@Dao (D

where (2);m = (1 —2)(1 —gz)--- (1 — qm—lz)'

Andrews’s g-Dyson conjecture attracted much interest, but was not proved until
1985, in a combinatorial tour de force by Zeilberger and Bressoud [I6]. In related
work, Stanley [9, [10] reformulated the conjecture in terms of symmetric functions
and proved a limiting form of the conjecture, and Kadell [7] proved the 4-variable
case using an approach similar to Good’s. Bressoud and Goulden [3] extended the
Zeilberger-Bressoud approach to some generalizations of (L2]), and Stembridge [11]
gave an elegant recursive proof of the equal parameter case. Cherednik [4] proved
the Macdonald constant term conjecture for root systems [8], which generalizes the
equal parameter case.
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2180 IRA M. GESSEL AND GUOCE XIN

Zeilberger and Bressoud’s combinatorial proof is, so far, the only proof of An-
drews’s ¢-Dyson conjecture. Here we give a very different and shorter proof, using
properties of the formal Laurent series.

The idea behind the proof is the well-known fact that to prove the equality of
two polynomials of degree at most d, it is sufficient to prove that they are equal at
d+ 1 points. As is often the case, points at which the polynomials vanish are most
easily dealt with.

It is not difficult to show that for fixed nonnegative integers a1, . . ., a,, both sides
of (L2) are polynomials in ¢®° of degree at most a;+- - -+a,, and that the polynomial
corresponding to the right side of (2] vanishes for ag = —1,-2,..., —(a1+- - -+a,).

The main part of our proof is to show that the polynomial corresponding to the
left-hand side of (L2)) also vanishes at these points. We do this by expanding
the left-hand side in partial fractions in such a way that we can show that each
summand has zero constant term. The proof is completed by observing that the
case ag = 0 of (L2)) is equivalent to the n-variable case.

2. BASIC FACTS

We use the following standard notation:

o) (o = e _ [ L2

— +n)’
(an)oo 2o (1 2q™ n)

Note that if p is a nonnegative integer, then
(2)p=(1=2)(1—2q) - (1 —2¢""1),

1
N (I B (=)
The g-binomial coefficients are defined for all integers n and nonnegative integers
m by

(2.2) {n:| _ (qn—m-i-l)m (1 _ q”)(l _ qn—l) - (1 _ qn—m+1)

m (@m Q=g =¢*)---(1—g™)
For 0 < m < n, we have

(2.3) m - %

The well-known g-binomial theorem [2, Theorem 2.1] is the identity

(2.4) (02)o0 _ i (@ k.

D 2= (0
Setting z = ug¢™ and a = ¢~ " in (2.4), and using the definition (2II), we obtain

(2.5) (), = qu(k—l)/Q {Z] (—u)k
k=0

for all integers n.
We will also need the easily-proved identity

eo ()G, ) G
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PROOF OF THE ZEILBERGER-BRESSOUD ¢-DYSON THEOREM 2181

3. THE PROOF

Let us fix a = (ay,...,a,), where aq,...,a, are nonnegative integers. Let a =

ai + -+ a, and let
(31) Pa(qb) _ (Q)a |:b + a:| _ (1 - qb+a)(1 B qb+a71) e (1 B qb+1)
(Q)al T (Q)an a (Q)al T (q)an
Then the right-hand side of (L2) is equal to Pa(¢*). We observe that
(i) Pa(q") is a polynomial in ¢* of degree at most a.
(i) Pa(¢®) =0for¢® =q 1, q72,...,¢ %
Moreover, P,(q") is uniquely determined by these two properties up to a constant

factor (which may depend on ¢ but not on b).
Let Qa(q®) be defined by

62 -l () (o), T (), G

J
Then the left-hand side of [C2) equals Qa(g™).
In fact Qa(q®) is well defined for negative integers b if we treat the rational
function in ([B2]) as a Laurent series in xo. The following two lemmas show that
Qa(q’) equals Pa(q®) up to a constant multiple.

Lemma 3.1. For fized a € N", Q.(q%) is a polynomial in q° of degree at most a.
Lemma 3.2 (Main Lemma). For any a € N*, Qa(¢®) =0 forb=—1,-2,...,—

Lemma [3:2]is the heart of our proof of Theorem [[.2] We will prove it in Sections
[ and Bl Here we give the rest of the proof of Theorem

Proof of Lemma Bl By (2.6]) we have

a;
xo xj ) - (aj+1) ( xj) J (‘,I:O a‘)
- —q =q* 2 . —q )
(ZI;] >b('r0 a; To x] b+aj

J
for all integers b, where both sides are regarded as Laurent series in xg.
Thus Qa(¢®) can be rewritten as

+1 I xo _,.
(33) CT L(l‘l, ey Tp,aA q 7y (_> (q a]) ,
X n H X0 X5 bta;

where L(z1,...,2,,a) is a Laurent polynomial in x4, ..., x, independent of xy and
b.
Using the g-binomial theorem (23], we see that for 1 < j < n,

aj+1 i\ (0 _,. b+ a; GRias a; ks
q( 2 ) (—x—()) (Eq J)b Z C |: O ija J7
+a;

k; >0
where C(k;) = (—1)qu(aj;l)+(k§)—’fjaj.
Expanding the product in (B3] and taking the constant term in xg, we get

b+ai][b+a b+ an,
(3.4) Qa(qb>:Z|: b 1“ . 2}{ i LCT L'(x1,...,2n,a,k),
" n Lyeees

where the sum ranges over all sequences k = (k1,...,k,) of nonnegative integers
such that ky +ka+---+k, =a1+as+---+ay, and L'(z1, ..., z,,a,k) is a Laurent
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2182 IRA M. GESSEL AND GUOCE XIN

polynomial in z1,...,x, independent of b. Since [b:z‘] is a polynomial in ¢ of
degree k;, each summand in (3.4) is a polynomial in ¢® of degree ky +ko+---+k, =
ay +as + -+ + ay, and so is the sum. O

Proof of Theorem [L2. We proceed by induction on n. Theorem is trivial for
n = 0 and reduces to the g-binomial theorem for n = 1. Suppose the theorem is
true for n variables. We may call these variables x1, ..., z, rather than zq,...x,_1,
so our induction hypothesis implies that (I2)) holds when ag = 0.

We will show that Pa(¢?) = Qa(¢®) for all nonnegative integers ag. We know
that (i) Pa(¢®) = Qa(q°) by the induction hypothesis; (ii) by Lemma B both
Pa(q®) and Qa(¢®) define polynomials in ¢° of degree no greater than a; (iii) by
Lemma 32 P.(¢®) = Qal(q®) =0 for ¢* = ¢ 1,¢72,...,¢7 So Pa(q®) and Qa(q")
are equal as polynomials in ¢®. O

4. CONSTANT TERM EVALUATIONS

We will evaluate the constant term Qa(q") defined by ([3:2)), where b is a negative
integer, by partial fraction expansion. Although we are taking the constant term of
a Laurent series in zy with coefficients that are Laurent polynomials in x1, ..., x,,
when we expand by partial fractions, we get terms that are not of this form, and
in order to evaluate their constant terms we need to work in a larger ring: the field
of iterated Laurent series K {(n, Tp—1,--.,%0) = K((zn))((zn-1)) ... ((z0)), where
K = C(q), in which all series are regarded first as Laurent series in xg, then as
Laurent series in x1, and so on. For a more detailed account of the properties of
this field, with other applications, see [13] and [14].

Every element of K{(x,,2,_1,...,%0)) has a unique Laurent series expansion.
The series expansions of 1/(1— qui/xj) will be especially important. If i < j, then

qul l

T—qri/z; &
However, if ¢ > j, then this expansion is not Vahd and instead we have the expansion
o0
1 _ 1 _ Z 7q7k(z+1)m—l—1xl‘+1
1—qka;/x; —qrFa;/o;(1—qFxj/z;) 4 ' J

Let F(x) be in K{xy,zn—1,...,20). The constant term of F(x) in z;, denoted
by CT,, F(x), is defined to be the sum of those terms in the series expansion of
F(x) that are free of ;. This definition clearly extends the constant term operators
used earlier. It follows that

(4.1) cr— {

w1 —qka;/z;

1, if i<y,
0, ifi>j.
We shall call the monomial M = g xi/xj small if i < j and large if i > j. Thus
the constant term in x; of 1/(1 — M) is 1 if M is small and 0 if M is large.
An important property of the constant term operators defined in this way is

their commutativity:
CTCTF(x) =CTCT F(x).

Z; Xj Zj Z;
Commutativity implies that the constant term in a set of variables is well defined,
and this property will be used in our proof of the Main Lemma. (Note that, by
contrast, the constant term operators in [I5] do not commute.)
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PROOF OF THE ZEILBERGER-BRESSOUD ¢-DYSON THEOREM 2183

The degree of a rational function of x is the degree in = of the numerator minus
the degree in = of the denominator. For example, if i # j, then the degree of
l—zj/z; = (x; —x;)/x;is 0 in z; and 1 in ;. A rational function is called proper
in x if its degree in x is negative. The following lemma gives a formula for the
constant term in xy of certain elements of K {(x,,xp_1,...,20)) which are proper
rational functions of xj.

Lemma 4.1. Let

R p(zk)
e [T, (1 — ax /o)
be a proper rational function of xy, where p(xy) is a polynomial in xy, and the «;
are distinct monomials, each of the form x.q°. Then

(4.2) g?Rzz:(R(l—xk/aj))‘ )

Tp=0Qj

where the sum ranges over all j such that xy/a; is small.

Proof. The field K{(zy,...,xo) contains the polynomial ring KJzo,...,z,] as a

subring and hence contains the field K (x,...,z,) of rational functions as a sub-

field. Thus any identity in K(zo,...,z,) is also an identity in K {(xy,...,xo)).
The partial fraction decomposition of R with respect to xj is

p(zx) ~po(mr) | 1 p(zy)
oI, (1 — 2 /oy) +jz=; 1— 2/ <:cg | (1— a:k/ozi)>

i= i=1,i#j

Tp=0

where po(zy) is a polynomial in zj of degree less than d. The term po(zy)/x¢
contributes nothing to the constant term in xy, and 1/(1 — 1/« ) contributes to
the constant term in zy, only if /o is small. The result of the lemma then follows
easily. O

The following lemma plays an important role in our argument.

Lemma 4.2. Let Aq,..., As be nonnegative integers. Then for any positive integers
ki,..., ks with 1 < k; < Ay +--- 4+ Ay for all i, either 1 < k; < A; for some i or
—A; <ki—k;j <A —1 for somei <j.

Proof. We prove by contradiction that there is no kq,...,ks such that for all ¢,
A <ki<Ai+---+ A, and for all § < j, either k; —k; > Ajor k; —k; < —A; -1
Suppose ki,...,ks do satisfy these conditions. We construct a tournament on
1,2,...,s with numbers on the arcs as follows: For ¢ < j, if k; — k; > A;, then
we draw an arc iﬁj from j to 7 and if k; — k; < —1 — Aj;, then we draw an arc
iAj—+>1j from i to j.

We call an arc from u to v an ascending arc if uw < v and a descending arc if
u > v. We note two facts: (i) the number on an arc from wu to v is less than or
equal to k, — k,,, and (ii) the number on an ascending arc is always positive.

A consequence of (i) is that for any directed path from e to f, the sum along
the arcs is less than or equal to ky — k.. It follows that the sum along a cycle is
nonpositive. But any cycle must have at least one ascending arc, and by (ii) the
number on this arc is positive, and so the sum along the cycle is positive. Thus
there can be no cycles.
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2184 IRA M. GESSEL AND GUOCE XIN

Therefore the tournament we have constructed is transitive, and hence defines a
total ordering — on 1,2,...,s. Assume the total ordering is given by i; — iy —
- — 151 — i5. Then k;, — ki, > A;, + Ai, + -+ + A;,. This implies that

ki, > kiy + Aiy + Aig + -+ + A,
> A + A, + A+ -+ A
=A1+ A2+ + A,

a contradiction. O

5. PROOF OF THE MAIN LEMMA
Let

—

ﬁ (25q/%0)a, (ﬂ) (ﬁq)
i1 (I —zo/2;9)(1 — 20/25¢%) -+ (1 — wo/24") 1<icj<n \Y3/a; \Ti a_,»’
so that in the notation of the previous section, CTx Q(b) = Qa(g~"). Our goal is
to show that CTx Q(b) =0for b=1,2,...,a

Since the degree in g of 1 — ;4" /xo = (xo — x;¢")/xo is 0, Q(b) is proper in z,
with degree —nb.

Applying Lemma [£1] we have

(5.1) CTQM)= >  Qblrik),
0<ri<n
1<k, <b

where

Qi) = @) (1- 70

xrlq !

o=z, q"1

For each term in (B.]) we will extract the constant term in ., and then perform
further constant term extractions, eliminating one variable at each step. In order
to keep track of the terms we obtain, we introduce some notation.

For any rational function F' of xg,x1,...,x,, and for sequences of integers k =
(k1,ke, ..., ks) and r = (ry,72,...,7s), let Erx F' be the result of replacing z,,
in F with x,_¢"~% for i = 0,1,...,s — 1, where we set 79 = kg = 0. Then for
O<ri<ro<---<rs<nand0<k; <b, we define

Zo

(5:2) Qb |r:k) = Qb |1, raikr.. . k) = B l@(z»H <1 - k)] .

Ty gt
=1 riq

Note that the product on the right-hand side of (G.2]) cancels all the factors in the
denominator of Q that would be taken to zero by FEy x
Lemma 5.1. The rational functions Q(b|r;k) have the following two properties:
(1) If1<k;<ap +--+ap, foralliwithl <i<s, then Q(b|r;k)=0.
(i) If ki > ar, + -+ ar, for some i with1 <i <s andn > s, then

(5.3) CTQOIrk) =Y  Qblri.... e eriiki, .. ks kopr).

re<rsy1<n
1<kgt1<b
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PROOF OF THE ZEILBERGER-BRESSOUD ¢-DYSON THEOREM 2185

Proof of property (i). By Lemma2] either 1 < k; < a,, for some ¢ with 1 <i <'s,
or —a,; <k;—kj <a, —1forsomei<j. If1 <k <a,,then Q(b|r;k) has the

factor
ks—k;
Ty, Typ, g iy
B ($20), | = (), =@ -0
Lo Qr; Lr g™ a

If —a,;, <k; —k;j <a,, —1 where i < j, then Q(b|r;k) has the factor
() ()|
- q s
xrj an-. Lr; Ay
i J
which by (26]) is equal to

.
ar;+1 Loy, I Ty, _
q( kA ) (_ :ETJ ) (xrl q arj>
T Tj ar; +a7‘j

= g% ) (=g Ry (M TR, =0,

d

Proof of property (ii). Note that since b > k; for all 4, the hypothesis implies that
b>ar, + - +a,.

We first show that Q(b|r;k) is proper in z,,. To do this we write Q(b| r; k) as
N/D, in which N (the “numerator”) is

[(2) - I1 (Zee) ]
Lo Jg. 1§z,]§n L a;

j=1 J
J#i

Er,k

where x(5) is 1 if the statement S is true, and 0 otherwise, and D (the “denomi-

nator”) is
L x z x

Now let R = {rg,r1,...,7s}. Then the degree in z, of

o [(1-29)]

is1ifi € Rand j ¢ R, and is 0 otherwise, as is easily seen by checking the four
cases. Thus the part of N contributing to the degree in z,, is

Bux H 11 (%qx(n»))
J a

i=1j#r0,..,Ts

i

which has degree (n — s)(a,, + -+ + a,_), and the part of D contributing to the

degree in z,, is
wl T (50)]
J#T05-57s Lid
which has degree (n — $)b.
Thus the total degree of Q(b|r;k) in x,, is (n — s)(ar, + - +a,, —b) <0, so
Q(b| r; k) is proper in z,_.
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2186 IRA M. GESSEL AND GUOCE XIN

Next we apply Lemma[ Il For any rational function F of z,, and integers j and
k, let T; 1 F be the result of replacing x,, with z;¢" =% in F. Since z,_ q¢" /(z;¢")
is small when j > r, and is large when j < rg, Lemma [Tl gives

Ty ks
G0 CTQRINW = Y T |00 (1- S0 )]
e rs<rgp1<n Troa4q s+

1<k 1<b

We must show that the right-hand side of (5.4 is equal to the right-hand side
of B3). Let us set v/ = (ry,...,7rs,7511) and kX' = (kq,..., ks, ks11). Then the
equality follows easily from the identity

(55) Trs+17ks+1 (¢] El‘,k = E!",k"
To see that (B8] holds, we have
- kop1—ki _
(TTs+1’ks+1 o Er,k) L, = TTs+1,ks+1 [xrsq ° l] = Tr 14 st = Er’,k' A

and if j & {ro,... 7}, then (T, k.., © Erx)xj = 2j = By o x5, O

Proof of the Main Lemma. We prove by induction on n — s that
CTQ(b|r;k) = 0;

the Main Lemma is the case s = 0. (Note that taking the constant term with
respect to a variable that does not appear has no effect.)

We may assume that s < n and 0 < r; < --- < ry < n, since otherwise
Q(b | r; k) is not defined. If s = n, then r; must equal ¢ for ¢ = 1,...,n and thus
O |r;k) =09(0|1,2,...,n; k1, ks, ..., k), which is 0 by part (i) of Lemma [B1]
since k; <b<ajy+---+ a, for each i.

Now suppose that 0 < s < n. If part (i) of LemmalG.Tlapplies, then Q(b|r; k) = 0.
Otherwise, part (ii) of Lemma [B.1] applies, and (&3] holds. Applying CTx to both
sides of (B3) gives

CXTQ(b‘I',k): Z CXTQ(b‘Tl?"'7T87T8+1;k17'"7ksak8+1)7

rs<rgy1<n
1<kgy1<b

and by induction, every term on the right is 0. 0
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