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TRACES AND SOBOLEV EXTENSION DOMAINS

PETTERI HARJULEHTO

(Communicated by David Preiss)

Abstract. Assume that Ω ⊂ R
n is a bounded domain and its boundary ∂Ω

is m-regular, n − 1 ≤ m < n. We show that if there exists a bounded trace
operator T : W 1,p(Ω) → Bp

1−α(∂Ω), 1 < p < ∞ and α = n−m
p

, and (1 − λ)-

Hölder continuous functions are dense in W 1,p(Ω), 0 ≤ λ < n − m, then the
domain Ω is a W 1,p-extension domain.

1. Introduction

We say that a domain Ω ⊂ R
n is a W 1,p-extension domain if there exists a

bounded linear extension operator E : W 1,p(Ω) → W 1,p(Rn), so that Eu|Ω = u for
every u ∈ W 1,p(Ω). From a philosophical point of view, when we extend a function
it does not matter how irregular the function is inside the domain as long as it is
smooth enough near the boundary. Thus it is natural to try to characterize the
extension property by traces.

A. Jonsson showed that a trace of a Sobolev function u ∈ W 1,p(Rn) in an m-
regular F ⊂ R

n, 0 < m < n, belongs to a Besov space Bp

1−n−m
p

(F ), [4, Theorem

3, p. 4]. A bounded set F ⊂ R
n is m-regular if

C−1rm ≤ Hm(Bn(x, r) ∩ F ) ≤ Crm

for every x ∈ F and every r, 0 < r ≤ diam(F ). There also exists a bounded
extension operator Bp

1−n−m
p

(F ) → W 1,p(Rn), [4, Theorem 3, p. 4]. However, the

problem is that the extension of u ∈ W 1,p(Ω) should have weak derivatives across
the boundary.

Let 1 < p < ∞. Assume that Ω ⊂ R
n is a bounded domain and its boundary

∂Ω is m-regular, n− 1 ≤ m < n. Assume that (1− λ)-Hölder continuous functions
are dense in W 1,p(Ω), 0 ≤ λ < n − m. Assume that there exists a bounded linear
trace operator

T : W 1,p(Ω) → Bp

1−n−m
p

(∂Ω),

so that Tu(x) = limr→0 –
∫

Bn(x,r)∩Ω
u(z)dHn(z) Hm-almost everywhere in ∂Ω. Then

we show that the domain Ω is a W 1,p-extension domain.
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Jonsson’s theorem implies the following result. Assume that Ω ⊂ R
n is a bounded

W 1,p-extension domain and its boundary ∂Ω is m-regular, n − 1 ≤ m < n. Then
there exists a bounded trace operator

T : W 1,p(Ω) → Bp

1−n−m
p

(∂Ω),

so that Tu(x) = limr→0 –
∫

Bn(x,r)∩Ω
u(z)dHn(z) Hm-almost everywhere in ∂Ω.

We obtain a characterization for Sobolev extension domains. Assume that Ω ⊂
R

n is a bounded domain and its boundary ∂Ω is m-regular, n − 1 ≤ m < n. Then
the following two conditions are equivalent for every p, n − 1 < p < ∞:

(1) The domain Ω is a W 1,p-extension domain.
(2) There exists a bounded linear trace operator

T : W 1,p(Ω) → Bp

1−n−m
p

(∂Ω),

so that Tu(x) = limr→0 –
∫

Bn(x,r)∩Ω
u(z)dHn(z) Hm-almost everywhere in

∂Ω and Lipschitz continuous functions are dense in W 1,p(Ω).

2. Notation and preliminaries

Throughout this paper C will denote a constant which may change even in a
single string of an estimate. We let Ω be a domain of Euclidean n-space R

n, n ≥ 2.
The norm of x ∈ R

n is |x| =
√

xn
1 + ... + x2

n. By an open ball centered at x and
with radius r > 0 we mean the set Bn(x, r) = {y ∈ R

n : |y − x| < r}. By an open
cube we mean the set Q(x, r) = {y ∈ R

n : maxj=1,..,n |yj − xj | < r}, and we write
kQ for the cube with the same center as Q and dilated by a factor k > 0. We let
diam(A) = sup{|x − y| : x, y ∈ A} denote the diameter of a set A. The boundary
of a domain Ω is denoted by ∂Ω. Let |A| be the Lebesgue n-measure of a set A.
Let Hm be the m-dimensional Hausdorff measure. We write u ≈ v if there exists
a constant C ≥ 1 so that C−1u ≤ v ≤ Cu. By –

∫
A

u(x)dx we denote the integral
average of the function u over the set A with |A| > 0.

We say that a bounded set F ⊂ R
n is m-regular, 0 < m ≤ n, if there exists a

constant C > 0 so that

C−1rm ≤ Hm(Bn(x, r) ∩ F ) ≤ Crm

for every x ∈ F and every r, 0 < r ≤ diam(F ). A typical example of an m-regular
set is the boundary of Koch’s snowflake domain with m = ln 4

ln 3 . For more details
about m-regular sets we refer to [6, Chapter II].

By C(A) we denote the set of continuous functions in a set A. By C0,λ(A),
0 < λ ≤ 1, we denote the set of λ-Hölder continuous functions u ∈ C0,λ(A) if there
exists a constant C > 0 so that

|u(x) − u(y)| ≤ C|x − y|λ

for every x, y ∈ A. If λ = 1 we say that the function u is Lipschitz continuous.
By Lp(D), 1 ≤ p ≤ ∞, we denote the class of all p-integrable functions in an

open set D ⊂ R
n. By L1,p(D), 1 ≤ p ≤ ∞, we denote the class of all functions

whose first weak partial derivatives belong to Lp(D). The classical Sobolev space
in an open set D is denoted by W 1,p(D) = Lp(D) ∩ L1,p(D), 1 ≤ p ≤ ∞. We
equip W 1,p(D) with the norm ‖u‖W 1,p(D) = ‖u‖Lp(D) + ‖∇u‖Lp(D), where ∇u is
the weak gradient.
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By M1,p(D), 1 < p ≤ ∞, we denote the Haj�lasz space u ∈ M1,p(D) if u ∈ Lp(D),
and there exists a non-negative g ∈ Lp(D) so that

|u(x) − u(y)| ≤ |x − y|(g(x) + g(y))

for almost every x, y ∈ D. For an arbitrary domain Ω it holds that M1,p(Ω) ⊂
W 1,p(Ω). If a domain Ω is a W 1,p-extension domain, then M1,p(Ω) = W 1,p(Ω), [1,
Theorem 1, p. 405]. These spaces were defined by P. Haj�lasz, [1].

Let F ⊂ R
n be an m-regular set, 0 < m ≤ n. The Besov space Bp

1−n−m
p

(F ),

1 < p < ∞, consists of all functions u ∈ Lp(F ) for which

(2.1)
∫∫

|x−y|<1

|u(x) − u(y)|p
|x − y|p−n+2m

dHm(x)dHm(y) < ∞.

The Besov space is equipped with the norm

‖u‖Bp

1−
n−m

p

(F ) = ‖u‖Lp(F ) +
( ∫∫

|x−y|<1

|u(x) − u(y)|p
|x − y|p−n+2m

dHm(x)dHm(y)
) 1

p

.

More details about classical Besov spaces and Besov spaces on an m-regular set can
be found for example in [8, Sections 8.3 and 8.4] and [6, Chapter V].

We say that a domain Ω ⊂ R
n is a W 1,p-extension domain if there exists a

bounded linear extension operator

E : W 1,p(Ω) → W 1,p(Rn),

such that Eu|Ω = u and a constant C > 0, so that

‖Eu‖W 1,p(Rn) ≤ C‖u‖W 1,p(Ω)

for every u ∈ W 1,p(Ω).

3. Extension operator

First we construct an extension operator. Let Ω ⊂ R
n be a bounded domain

and let its boundary ∂Ω be m-regular, n − 1 ≤ m < n. In this chapter we assume
there exists a bounded trace operator T : W 1,p(Ω) → Bp

1−n−m
p

(∂Ω), 1 < p < ∞,

such that

Tu(x) = lim
r→0

–
∫

Bn(x,r)∩Ω

u(z)dHn(z)

Hm-almost everywhere in ∂Ω. Let W0 be the Whitney decomposition of R
n \ Ω̄,

[10, Theorem 1, p. 167]. Let W be the family of those cubes Qi ∈ W0, for which
diam(Qi) < min{a, diam(Ω)} for every i. Here 0 < a ≤ 1 is a constant which we
will fix in the proof of Lemma 3.4. We will write that W =

⋃
Q∈W Q. Let (φi) be a

partition of unity corresponding to the collection W0: 0 ≤ φi ≤ 1, φi ∈ C∞
0 ( 9

8Qi),
|∇φi| ≤ C diam(Qi)−1 and

∑
i φi(x) = 1 for every x ∈ R

n \ Ω̄; see [10, p. 170]. For
each cube Qi ∈ W we pick xi ∈ ∂Ω so that dist(Qi, ∂Ω) = dist(Qi, xi). Let

(3.1) ai = –
∫

Bn(xi,ri)∩∂Ω

Tu(y)dHm(y),

where Tu ∈ Bp

1−n−m
p

(∂Ω) and ri = diam(Qi). If Qi /∈ W we set ai = 0.
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We define an extension operator E : W 1,p(Ω) → W 1,p(Rn) by setting

Eu(x) =
{

u(x), for x ∈ Ω;∑∞
i=1 aiφi(x), for x ∈ R

n \ Ω̄.

Note that the extension operator is the same for every p. It is also easy to see
that Eu ∈ C∞(Rn \ Ω̄) and Eu is zero in the complement of

⋃
Qi∈W

9
8Qi ∪ Ω̄.

The extension operator is equivalent to counting the sum only over those φi with
Qi ∈ W .

For technical reasons we have chosen a slightly different extension operator than
Jonsson [4, Theorem 3, p. 4]. For every cube we first pick the nearest point xi from
the boundary and then set the value of ai; see (3.1). Jonsson just sets

a∗
i = –

∫
Bn(zi,Cri)∩∂Ω

Tu(y)dHm(y),

where zi is the center of the cube Qi ∈ W0, ri = diam(Qi) and C > 0 is a constant.

3.2. Lemma. Let 1 < p < ∞. Assume that Ω ⊂ R
n is a bounded domain and its

boundary ∂Ω is m-regular, n− 1 ≤ m < n. If there exists a bounded trace operator
T : W 1,p(Ω) → Lp(∂Ω), then there exists a constant C, 0 < C < ∞, such that

‖Eu‖Lp(Rn) ≤ C‖u‖W 1,p(Ω)

for every u ∈ W 1,p(Ω).

Proof. Let x ∈ 9
8Q0 for some Q0 ∈ W . Hence we obtain

|Eu(x)| = |
∞∑

i=1

aiφi(x)| ≤ C sup
i

|ai|,

where the supremum is taken over all those cubes Qi ∈ W for which 9
8Qi∩ 9

8Q0 �= ∅.
Since ∂Ω is m-regular and ri = diam(Qi), we obtain

sup
i

|ai| ≤ sup
i

(
–
∫

Bn(xi,ri)∩∂Ω

|Tu|pdHm
) 1

p

≤ C diam(Q0)−
m
p

( ∫
Bn(x0,Cr0)∩∂Ω

|Tu|pdHm
) 1

p

.

(3.3)

Here C > 0 is a constant so that Bn(xi, ri) ⊂ Bn(x0, Cr0) for every i, 9
8Qi∩ 9

8Q0 �=
∅. It is possible to choose this constant, because for every two touching cubes
the distance of corresponding points in boundary is comparable to the diame-
ters of cubes. Note that W is a collection of Whitney cubes with diam(Qi) <
min{a, diam(Ω)} for every i = 1, 2, . . .. Let Nk be a number of cubes from the
kth generation in the Whitney decomposition; then rj ≈ 2−k. We write Qk

i ,
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i = 1, . . ., Nk, to denote the Whitney cubes from the kth generation. There ex-
ists an integer k0 such that Qk

i ∈ W if and only if k ≥ k0. This implies
∫

Rn\Ω̄
|Eu|pdHn ≤

∞∑
k=k0

Nk∑
i=1

∫
9
8Qk

i

|Eu|pdHn

≤
∞∑

k=k0

Nk∑
i=1

C2−k(−m)

∫
Bn(xi,Cri)∩∂Ω

|Tu|pdHm · |Qk
i |

≤
∞∑

k=k0

Nk∑
i=1

C2−k(n−m)

∫
Bn(xi,Cri)∩∂Ω

|Tu|pdHm

≤ C

∞∑
k=k0

2−k(n−m)

∫
∂Ω

|Tu|pdHm

≤ C‖Tu‖p
Lp(∂Ω).

The second-to-last inequality follows from the fact that no point belongs to more
than C(n) balls Bn(xi, Cri), i = 1, . . ., Nk. To see that, let x ∈ ∂Ω. Assume that
the point x belongs to the balls Bn(xi, Cri), i = 1, 2, 3, . . .. Since dist(Qi, x) ≤
C2−k and |Qi| = 2−kn for every i = 1, 2, 3, . . ., and interiors of Whitney cubes are

disjoint, we obtain that the point x cannot belong to more than
(

C2−k

2−k

)n

= Cn

balls Bn(xi, Cri). There exists a bounded trace operator, and hence we obtain

‖Eu‖Lp(Rn) ≤ C‖u‖W 1,p(Ω).

This completes the proof of Lemma 3.2. �

3.4. Lemma. Let 1 < p < ∞. Assume that Ω ⊂ R
n is a bounded domain and its

boundary ∂Ω is m-regular, n− 1 ≤ m < n. If there exists a bounded trace operator
T : W 1,p(Ω) → Bp

1−n−m
p

(∂Ω), then there exists a constant C, 0 < C < ∞, such

that
‖∇Eu‖Lp(Rn\∂Ω) ≤ C‖u‖W 1,p(Ω)

for every u ∈ W 1,p(Ω).

Proof. If Qi and Q0 are two Whitney cubes from W , with 9
8Qi ∩ 9

8Q0 �= ∅, then
diam(Q0) ≈ diam(Qi) and furthermore |xi−x0| ≤ C diam(Q0), where dist(Q0, ∂Ω)
= dist(Q0, x0), x0 ∈ ∂Ω, and dist(Qi, ∂Ω) = dist(Qi, xi), xi ∈ ∂Ω. We obtain for
these cubes Qi and Q0 that

|ai − a0| =
∣∣∣ –

∫
Bn(xi,ri)∩∂Ω

Tu(z)dHm(z) − –
∫

Bn(x0,r0)∩∂Ω

Tu(w)dHm(w)
∣∣∣

≤
(

–
∫

Bn(xi,ri)∩∂Ω

–
∫

Bn(x0,r0)∩∂Ω

|Tu(z) − Tu(w)|pdHm(z)dHm(w)
) 1

p

≤ C
(
r−2m
0

·
∫

Bn(x0,Cr0)∩∂Ω

∫
Bn(x0,r0)∩∂Ω

|Tu(z) − Tu(w)|pdHm(z)dHm(w)
) 1

p

.
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The constant C does not depend on the cube Q0. Assume that Qj ∈ W is a
Whitney cube from the kth generation; then rj ≈ 2−k. Let x ∈ Qj . This implies
that

|∇Eu(x)| = |∇
∞∑

i=1

aiφi(x)| = |
∞∑

i=1

(ai − aj)∇φi(x)|

since
∑

i φi(x) = 1 for every x ∈ R
n \ Ω̄. We obtain

∫
Qj

|∇Eu|pdHn ≤ C sup
Qi∩Qj �=∅

|ai − aj |pC diam(Qj)−p|Qj |

≤ C22km2kp2−kn

·
∫

Bn(xj ,Crj)∩∂Ω

∫
Bn(xj ,rj)∩∂Ω

|Tu(z) − Tu(w)|pdHm(w)dHm(z)

≤ C2−k(n−p−2m)

·
∫

Bn(xj ,Crj)∩∂Ω

∫
Bn(xj ,rj)∩∂Ω

|Tu(z) − Tu(w)|pdHm(w)dHm(z).

We write W =
⋃

Q∈W Q. This implies

∫
W

|∇Eu|pdHm ≤
∞∑

k=k0

Nk∑
j=1

∫
Qj

|∇Eu|pdHn

≤ C
∞∑

k=k0

Nk∑
j=1

2−k(n−p−2m)

·
∫

Bn(xj ,Crj)∩∂Ω

∫
Bn(xj ,rj)∩∂Ω

|Tu(z) − Tu(w)|pdHm(w)dHm(z).

Every point x ∈ ∂Ω belongs only to a uniformly bounded number of balls Bn(xj , rj)
from the kth generation in the Whitney decomposition. This yields

∫
W

|∇Eu|pdHn ≤ C

∞∑
k=k0

2−k(n−p−2m)

·
∫∫

|z−w|<C2−k

|Tu(z) − Tu(w)|pdHm(w)dHm(z)

= C
∞∑

k=k0

∫∫
|z−w|<C2−k

|Tu(z) − Tu(w)|p
2−k(p−n+2m)

dHm(w)dHm(z).

Note that W is a collection of Whitney cubes Q ∈ W0 with

diam(Q) ≤ min{a, diam(Ω)}.

We choose that a is small enough to guarantee that C2−k0 < 1. By [5, Lemma 5.3,
p. 166] we obtain

(3.5)
∫

W

|∇Eu|pdHn ≤ C

∫∫
|z−w|<1

|Tu(z) − Tu(w)|p
|z − w|p−n+2m

dHm(w)dHm(z).
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Let Qk0
1 , . . ., Qk0

N be the largest generation of the Whitney cubes belonging to W .

Note that diam(Qk0
i ) depends on min{a, diam(Ω)}. We write A =

(⋃N
i=1

9
8Qk0

i

)
\

W . Assume that x ∈ A and x ∈ 9
8Qk0

i . This yields

|∇Eu(x)| = |∇
N∑

i=1

aiφi(x)|

≤ C sup
j

|aj | ·
C

diam(Qk0
i )

≤ C sup
j

|aj |.

Here the supremum is taken over all cubes 9
8Qk0

j ∩ 9
8Qk0

i �= ∅. As in (3.3) we obtain

sup
i

|ai| ≤ C
(∫

Bn(xi,Cr0)∩∂Ω

|Tu|pdHm
) 1

p ;

here r0 = diam(Qk0
i ). This implies

∫
A

|∇Eu(x)|pdHn ≤
N∑

i=1

C

∫
Bn(xi,Cr0)∩∂Ω

|Tu|pdHm.

Since no point in ∂Ω belongs to more than C(n) balls Bn(xi, Cr0) we obtain

(3.6)
∫

A

|∇Eu(x)|pdHn(x) ≤ C‖Tu‖p
Lp(∂Ω).

In R
n \ (Ω̄∪W ∪A) the function Eu is zero. Since there exists a bounded trace

operator we obtain by (3.5) and (3.6) that

‖∇Eu‖Lp(Rn\∂Ω) ≤ C‖u‖W 1,p(Ω).

This completes the proof of Lemma 3.4. �
The extension of u ∈ W 1,p(Ω) is a C∞-function in R

n \ Ω̄. We are left to prove
that the weak gradient of Eu exists across the boundary. Lemma 3.7 follows easily
from the construction of the extension operator.

3.7. Lemma. Let 1 < p < ∞ and 0 < λ ≤ 1. Assume that Ω ⊂ R
n is a bounded

domain and there exists a trace operator T to the boundary ∂Ω so that Tu = u|∂Ω

for every u ∈ W 1,p(Ω) ∩ C(Ω̄). If u ∈ W 1,p(Ω) ∩ C0,λ(Ω), then Eu ∈ C0,λ(Rn).

The following result is due to Haj�lasz and Martio, [2, Lemma 11, p. 237]: If a
compact set K ⊂ R

n satisfies Hn−λ(K) = 0, where 0 ≤ λ < 1, then for every p,
1 ≤ p ≤ ∞,

W 1,p(Rn \ K) ∩ C0,1−λ(Rn) ⊂ W 1,p(Rn).
Since ∂Ω is m-regular, Hn−λ(∂Ω) = 0 for every λ, 0 ≤ λ < n − m, the general

case follows by Lemmata 3.2, 3.4 and 3.7 when we assume that W 1,p(Ω)∩C0,1−λ(Ω)
is dense in W 1,p(Ω) for some λ, 0 ≤ λ < n − m.

3.8. Theorem. Let 1 < p < ∞. Let Ω ⊂ R
n be a bounded domain so that its

boundary ∂Ω is m-regular, n − 1 ≤ m < n. Assume that W 1,p(Ω) ∩ C0,1−λ(Ω) is
dense in W 1,p(Ω) for some λ, 0 ≤ λ < n−m. If there exists a bounded linear trace
operator

T : W 1,p(Ω) → Bp

1−n−m
p

(∂Ω),
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so that Tu = u|∂Ω for every u ∈ W 1,p(Ω) ∩ C(Ω̄), then the domain Ω is a W 1,p-
extension domain: there exists a bounded linear extension operator

E : W 1,p(Ω) → W 1,p(Rn),

so that Eu|Ω = u for every u ∈ W 1,p(Ω).

3.9. Remark. If Ω ⊂ R
n is a bounded W 1,p-extension domain, p > n − 1, then

Hn(∂Ω) = 0, [7, Theorem 6.5, p. 28] and [3, Corollary 4.9, p. 184]. Thus it is
natural to assume that m is strictly less than n. Lipschitz continuous functions
are dense in W 1,p(Ω) if M1,p(Ω) = W 1,p(Ω), [1, Theorem 5, p. 408]. In par-
ticular M1,p(Ω) = W 1,p(Ω) if Ω is a W 1,p-extension domain, [1, Theorem 1, p.
405]. The reverse does not hold; there exists a bounded domain Ω ⊂ R

n with
M1,p(Ω) = W 1,p(Ω), but Ω is not a W 1,p-extension domain, [9]. It is an open
problem whether the condition about the density of Hölder continuous functions is
necessary in Theorem 3.8.

By the proof of Lemmata 3.2 and 3.4 we obtain the following corollary.

3.10. Corollary. Let 1 < p < ∞. Assume that Ω ⊂ R
n is a bounded domain and its

boundary ∂Ω is m-regular, n− 1 ≤ m < n. If there exists a bounded trace operator
T : W 1,p(Ω) → Bp

1−n−m
p

(∂Ω), then there exists a bounded linear extension operator

E∗ : Bp

1−n−m
p

(∂Ω) → W 1,p(Ω).

4. Characterization for Sobolev extension domains

Using Theorem 3.8 we give a characterization for Sobolev extension domains.
We need the following trace theorem, which is due to Jonsson.

4.1. Theorem ([4, Theorem 3, p. 4], [6, Theorem 1, p. 182]). Let 1 < p < ∞.
Assume that Ω ⊂ R

n is a bounded domain and its boundary ∂Ω is m-regular,
n − 1 ≤ m < n. Then the operator

T : W 1,p(Rn) → Bp

1−n−m
p

(∂Ω),

Tu(x) = limr→0 –
∫

Bn(x,r)
u(z)dHn(z) Hm-almost everywhere in ∂Ω, is bounded and

linear.

Assume that Ω ⊂ R
n is a bounded domain and its boundary ∂Ω is m-regular,

n − 1 ≤ m < n. We have to show that if Ω is a W 1,p-extension domain, then

lim
r→0

–
∫

Bn(x,r)∩Ω

u(z)dHn(z) = lim
r→0

–
∫

Bn(x,r)

Eu(z)dHn(z),

for every x ∈ ∂Ω \ F , with Hm(F ) = 0.
The proof is similar to the proof in [11, Theorem 1, p. 121] as soon as we know

that Ω is n-regular. The case m = n − 1 has been proved in [6, Proposition 2,
p. 206]. A bounded W 1,p-extension domain, n − 1 < p < ∞, is n-regular by [7,
Theorem 6.5, p. 28] and [3, Corollary 4.9, p. 184].
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By Theorem 4.1 we obtain the following result.

4.2. Corollary. Let n − 1 < p < ∞. Assume that Ω ⊂ R
n is a bounded W 1,p-

extension domain and its boundary ∂Ω is m-regular, n − 1 ≤ m < n. Then there
exists a bounded linear trace operator

T : W 1,p(Ω) → Bp

1−n−m
p

(∂Ω),

so that Tu(x) = limr→0 –
∫

Bn(x,r)∩Ω
u(z)dHn(z) Hm-almost everywhere in ∂Ω.

By Theorem 3.8, Corollary 4.2 and Remark 3.9 we obtain the following charac-
terization for Sobolev extension domain.

4.3. Theorem. Let n−1 < p < ∞. Assume that Ω ⊂ R
n is a bounded domain and

its boundary ∂Ω is m-regular, n − 1 ≤ m < n. Then the following two conditions
are equivalent:

(1) The domain Ω is a W 1,p-extension domain: there exists a bounded linear
extension operator

E : W 1,p(Ω) → W 1,p(Rn),

such that Eu|Ω = u for every u ∈ W 1,p(Ω).
(2) There exists a bounded linear trace operator

T : W 1,p(Ω) → Bp

1−n−m
p

(∂Ω),

such that Tu(x) = limr→0 –
∫

Bn(x,r)∩Ω
u(z)dHn(z) Hm-almost everywhere

in ∂Ω, and Lipschitz continuous functions are dense in W 1,p(Ω).

4.4. Remark. By Theorem 3.8 the set of Lipschitz continuous functions in Theorem
4.3(2) can be replaced by the set W 1,p(Ω) ∩ C0,1−λ(Ω), where 0 ≤ λ < n − m.
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