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HOLOMORPHIC APPROXIMATION ON COMPACT,
HOLOMORPHICALLY CONVEX, REAL-ANALYTIC VARIETIES
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(Communicated by Mei-Chi Shaw)

ABSTRACT. Every continuous function on a compact, holomorphically con-
vex, real-analytic subset of C can be approximated uniformly by functions
holomorphic on the set.

1. INTRODUCTION

Anderson, Izzo, and Wermer [2] recently proved that if X is a compact, polyno-
mially convex, real-analytic subvariety of C, each point of which is a peak point
for the algebra P(X), then each continuous function on X can be approximated
uniformly on X by polynomials. It turns out that there is a more general theorem
in the same vein:

Theorem 1. If X is a compact, real-analytic subvariety of CN that is holomorphi-
cally convex, then every continuous function on X can be approzimated uniformly
by functions holomorphic on (varying neighborhoods of ) X.

The notion of holomorphic convexity we are considering here is this:

Definition 2. A compact set X in a complex manifold is holomorphically convex
if every nonzero complex homomorphism of the algebra O(X) of germs of functions
holomorphic on X is of the form f+ f(p) for a unique point p € X.

Briefly, X is the spectrum of O(X) or specO(X) = X.

Here there is the customary abuse of notation: The elements of the algebra O(X)
are germs, i.e., equivalence classes of functions, not functions, so, strictly speaking,
f(p) is without meaning. Nonetheless, as usual, we understand by this symbol the
value f(p) for any function f in the equivalence class f.

The theory of holomorphically convex sets has been discussed in the paper [§].
Examples in CV include the polynomially convex sets, the rationally convex sets,
and the sets that are intersections of sequences of domains of holomorphy. The
latter examples include all compact totally real submanifolds and, more generally,
all compact, totally real subsets of CV. According to a theorem given by Birtel [3]
4], the compact, connected, holomorphically convex subsets of CV are characterized
as the compact sets X such that if {Q;};—; . is a sequence of domains in CcN
and if (Qj, 7j) is the envelope of holomorphy of €2;, then X = mj:L..- ; implies
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X ==, 7;(€Q;). Tt is necessary to introduce Riemann domains here, because
it is not true that a holomorphically convex set is necessarily an intersection of
domains of holomorphy. Examples have been given in [5], [14].

With the notation that C(X) is the algebra of continuous C—valued functions on
X, we introduce the notation that P(X) and R(X) are, respectively, the subalge-
bras of C(X) that consist of the functions that can be approximated uniformly on
X by polynomials or by rational functions without poles on X. With this notation,
we can state two corollaries of the theorem above.

Corollary 3. If X is a compact, polynomially convex, real-analytic subvariety of

CN, then P(X) = C(X).

Corollary 4. If X is a compact, rationally convez, real-analytic subvariety of CV,
then R(X) = C(X).

Alexander Izzo has informed me that he too has obtained the result of the second
corollary.

The first corollary contains the result of Anderson, Izzo, and Wermer quoted
above.

The second corollary is less general than Theorem 1 in that there are examples
of compact, holomorphically convex, real-analytic subvarieties of CV that are not
rationally convex: Duval and Sibony [7] have proved that there is no rationally
convex three-sphere in C3. On the other hand, Ahern and Rudin [I] have shown
how to embed a three-sphere in C? as a totally real manifold. (The existence of such
embeddings is due to Gromov.) Their construction leads to a real-analytic, totally
real, three-sphere. Because totally real manifolds have fundamental neighborhood
bases that consist of Stein domains [9], it follows that the analytic Ahern-Rudin
spheres are holomorphically convex.

It is striking that there is no analogue of Theorem 1 for smooth manifolds: Izzo
[T1] has given examples of smooth submanifolds X of CV that are polynomially
convex and for which each point is a peak point for the algebra P(X) but yet
P(X) # C(X). (In fact, Izzo’s example is a smooth manifold with boundary; a
small modification of his construction yields an example without boundary.)

2. THE STRUCTURE OF COMPACT, HOLOMORPHICALLY CONVEX,
REAL-ANALYTIC VARIETIES

Fix a compact, holomorphically convex, real-analytic subset X of CV. For the
theory of real-analytic sets, one can consult [I2]. Introduce the decomposition
X = Xyeg U Xging in which X,.., denotes the open subset of X that consists of
the points at which X is a real-analytic manifold, and Xy, is the set of singular
points. Because we are working with real-analytic sets, the set X, need not be
a real-analytic variety.

The set X,.,4 is a bounded, not necessarily connected, closed, real-analytic sub-
manifold of CV \ Xsing- It can have components of varying dimensions.

Fix attention on a component ¥ of X,.4. Put n = dimg ¥. For j =0,1,...,[%],
let 32; be the set of points z € ¥ at which dimc 7$(X) = j. (In this TC(X) denotes
the largest C-affine subspace contained in the tangent plane 7,(3).) The number
dime TE(X) is the C R—dimension of ¥ at z.

Theorem 5. The set ¥ is dense in X, and X\ X is a real-analytic subvariety of
3.
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Thus, the set X is a disjoint union MUFE with E a compact subset of X, with M
a bounded, totally real submanifold of CV \ E that can have components of varying
dimensions, and with the dimension of E less than the dimension of M. The set
FE is not necessarily an analytic set, so dimenston here should be understood as
topological dimension.

The proof of Theorem 5 depends on a simple general fact about C'R—manifolds,
which is probably well known:

Lemma 6. If M is a submanifold of class C' in the open subset U of CN with the
property that at each point p, the tangent space to M is not totally real, then there
is an open subset M’ of M that is a C R—submanifold of an open subset U’ of CV.

The point of the lemma is that, although the C R—dimension of M may vary
from point to point, it is constant on a nonempty open subset of M.
Proof. Let the (real) dimension of M be d. Introduce subsets M* fork = 1,..., [%]
by the condition that MP is the set of points p € M at which dimc TE(M) is at
least k. Thus, M = M° D> M! O ... Some of these inclusions may be equalities;
in any case, M° = M! by hypothesis. Because the Grassmannian of p-dimensional
complex linear subspaces of C"V is compact, each MF is a closed subset of M. Let
p be the greatest integer such that M? = M. If p = [2], we are done, for M itself
is a C R—manifold of this C R—dimension. If p is smaller than [%], then we can

take M’ = M\ MPT! and U’ = U \ MPT1.

3. PROOF OF THEOREM 5

In this proof we shall use the notation that T and U are, respectively, the unit
circle and the open unit disc in the complex plane.

That ¥\ ¥y is an analytic subvariety of ¥ is so, for, with ¢ : ¥ < C¥ the
inclusion map, this set is the subset of ¥ on which the form ¢*9 vanishes for every
holomorphic n-form 9 on C¥.

Suppose that Xy is not dense in X. Thus, for an m € {1,...[5]}, the set ¥,
contains an open subset ) of 3. The set ) is a C R—manifold of C R—dimension
m. Assume without loss of generality that 0 € €.

We consider first the generic case that ¥ is of real codimension £ = N — m. We
can suppose that coordinates z; = z; + iy; have been chosen so that

To={zeCV:y = =y =0} =R  xCN~¢,
Then
Tg:Z:{ZECNZ’]-::zgzo}
Near the origin, 3 is described by a system of equations
yj:hj(xl,...,a:g,z'g+1,...,ZN), 1§j§€7

with each h; areal-analytic real-valued function such that h;(0) = 0 and dh;(0) = 0.
Consider the real-analytic map g : R x U — Ty given by

wo(1,¢) = (7,...,0,7¢,0,...,0)

with 7¢ in the (¢ + 1)% place. According to Theorem 6.1, p. 347 of [10], for some
7, > 0, there is an analytic map ¢ : [~7,,7o] x U — CV that carries [—7,,7,] x U
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into €, that satisfies 7 0 ¢ = ¢ if 7 is the real orthogonal projection of CV onto

T(()CE, and that has the further property that for each 7, (7, -) is holomorphic on

U. Note that because ¢ (0, -) is identically zero, ¢(0,-) is also identically zero.
The nongeneric case is that in which

o ={(z1,...,2n) €CN iy = =yp=2,=--- =2y =0}

foran r € {{+2,...,N}. In this case, the work of Selvaggi Primicerio and Taiani
[15], Theorem 5.2, p. 240, provides a real-analytic map ¢ : [—7,,7,] x U — C¥
with the properties of the ¢ of the preceding paragraph. (The result of Selvaggi
Primicerio and Taiani is obtained by reducing the nongeneric case to the generic
case by means of a suitable projection.)

From here the idea is that the Kontinuitatssatz implies that each function holo-
morphic on a neighborhood of ([0, 7,] x bU) extends holomorphically to a neigh-
borhood of the set ¢([0, 7,] x U). The holomorphic convexity of X implies that the
range of ¢ is contained in X. As serious monodromy issues arise in connection with
the Kontinuitétssatz, we prefer to give the following direct argument to establish
the last assertion. For each t € [—7,,7,] and each z € U, define a functional L, .

on O(X) by
1 fle(t,¢)
Ly (f) /Ic—l dg.

T 2mi (—=z

For each (t,() € [—7,,To] X T, the point ¢(t, () lies in €, so f(p(t,()) is defined for
every f € O(X). Thus, L, is well defined as a C—linear functional on O(X). It
is also multiplicative. To see this, note that the analyticity of ¢ implies that for a
fixed f € O(X) and a fixed z € U, L; ,(f) depends analytically on ¢. If the elements
g and h of O(X) are represented by the holomorphic functions g and h defined on
an open subset W of CV that contains X, and if B is a small ball centered at the
origin and contained in W, then for all ¢ near 0 the points ¢(t, z) with |z| < 1 lie
in B, and
L2 ( gh) = g(e(t, 2))h((t, 2)) = Li.2( 8)Ly,2(h).

For fixed f, g and z, both sides of this equation are analytic in their dependence on
t, t € [~To,To], s0 for all t € [—7,,7,] and z € U, L, ,(gh) = L; .(g)L¢ .(h). Thus
each L, , is in specO(X), which, because of the assumed holomorphic convexity
of X, implies that the entire set ¢([0,7,] x U) is contained in X. This, however,
implies that the compact, real-analytic variety X contains the germ of an analytic
variety, in contradiction to a result of Diederich and Fornaess [6].

The proof of Theorem 5 is complete.

Note, by the way, that this argument implies that the dimension of a compact,
holomorphically convex, real-analytic subvariety of C"V is not more than N. This
bound is best possible.

4. PROOF OF THEOREM 1

It will be convenient to use the notation that if Z is a real-analytic set with
regular set Z,.., and singular set Zg,4, then Zfeg is the set of points at which
Zreg is not totally real, a closed, real-analytic subset of Z,.,, and Z* is the set
ZyegU Zsing. When Z is compact, the set Z* is also compact.

Consider now the compact, holomorphically convex, real-analytic variety X of

Theorem 1. The approximation theorem of O’Farrell, Preskenis, and Walsh [13],
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Theorem 2, implies that every continuous function on X that vanishes on X* can
be approximated uniformly on X by functions holomorphic on X. Consequently,
if u is a measure on X that is orthogonal to O(X), then supppu C X*. We shall
show, essentially following [2], that p is the zero measure.

Let d be the dimension of X.

Consider a point z € X. According to [2], there is an > 0 small enough
that for a sequence Y (0),...,Y(d) of real-analytic subvarieties of By (x, ) we have
Y (0) = X NBy(z,r) and for all choices of k, dimY' (k) < d —k and Y*(k—1) C
Y, C Y(k—1). Define Z(k) to be the set (X \ By (z,7)) UY (k), a certain compact
subset of X.

Lemma 7. The set Z(k) is holomorphically convez.

Proof. The set Z(0) = X is holomorphically convex. We assume Z(k) to be holo-
morphically convex and deduce that Z(k + 1) is holomorphically convex. For this,
let x be a character, i.e., a nonzero multiplicative C-valued linear functional, on
O(Z(k+1)). We are to show the existence of a point z € Z(k+ 1) such that
x(f) = f(x) for all f € O(Z(k + 1)). The restriction of functions induces a natural
homomorphism p : O(Z(k)) — O(Z(k + 1)), and the map f— x(p(f)) is a charac-
ter on O(Z(k)). Consequently, there is a unique point p € Z(k) with the property
that x(p(f)) = f(p) for all f € O(Z(k)). We shall show that the point p lies in
Z(k+1).

Each character ¢ of O(Z(k + 1)) satisfies [1(g)] < supz(y41) /gl for all g €
O(Z(k+1)). An argument parallel to the proof of Lemma 6 shows that Y °(k),cq
is a nowhere dense closed analytic subvariety of Y (k),eg. The theorem of O’Farrell,
Preskenis, and Walsh used above implies that each f € C(Z(k)) that vanishes on
(X \Bn(z,7)) UY (k)* can be approximated uniformly by functions holomorphic
on a neighborhood of Z(k). Thus, if g € Z(k)\ Z(k+1) =Y (k) \ Y(k + 1), there
is h € O(Z(k)) with h(q) = 1 > supy () [h|. It follows that the point p lies in
Z(k + 1), whence x is found to be an evaluation at a point of Z(k + 1) as claimed.

Proof of Theorem 1, concluded. Return to the orthogonal measure p. We have that
it is supported in X = Z(0). Let k be an integer such that suppp C Z(k). We
claim that then suppu C Z(k+1). To see this, we argue as we have already to
find that because Z(k) is holomorphically convex and p is orthogonal to O(Z(k)),
the support of p must be contained in (X \ By (z,7)) UY (k)*, which is a subset
of Z(k +1). By applying this remark repeatedly, we find finally that suppp is
contained in the union of X \ By(x,r) and a variety of dimension not more than
zero, i.e., the empty set or a discrete subset of By (z, 7). A finite number of the balls
Bx(z,r) cover the set X, so the compact set supp p is countable. As p annihilates
all polynomials, it is necessarily the zero measure.
The theorem is proved.

Remark. As noted above, not every compact holomorphically convex set in CV is
the intersection of a sequence of domains of holomorphy. It is conceivable, though,
that every compact, real-analytic subvariety of CV that is holomorphically convex
is such an intersection. The author knows neither of a proof nor a counterexample
to this possibility.
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