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ABSTRACT. We give a complete description of the set of extended eigenvectors
T
of the Volterra integration operator V, Vf(z) = [f(t)dt, on L?[0,1], which

0
strengthens the result of a paper by Biswas, Lambert, and Petrovic (2002). We
also introduce the concept of a well splitting operator and study its extended
eigenvalues and extended eigenvectors.

1. INTRODUCTION AND PRELIMINARIES

Let E be a Banach space, and denote by B(FE) the algebra of all bounded linear
operators on E. If A is an operator in B(FE) and A is a complex number, then
following Biswas, Lambert and Petrovic [I] we say that a complex number X is
an extended eigenvalue of A if there exists a nonzero operator X in B(E) such
that AX=AXA ; such an operator X is called extended eigenvector corresponding
to A. The set of all extended eigenvalues of A will be called the extended point

spectrum, and it will be denoted as o5 (A). For a given X € o5**(A) we define

{A}:\ as the set of all A-extended eigenvectors for A ({A}l1 is {A}/, the commu-
tant of A). The set of all extended eigenvectors for A will be denoted as {A}/

ie., {A}.

ext’
= U {A4},. The basic facts about the extended eigenvalues and
AEaget(A)
extended eigenvectors of operators can be found in [1I]-[3].
In what follows, V' will denote the simple Volterra integration operator on L? [0, 1]
defined as

ext

(V) (@) = [ ft)dt.
[

It was established in [I] that the set of extended eigenvalues of the Volterra integra-
tion operator V is precisely the set (0,00). Moreover, it was shown in [I], Theorem
6, that for each such extended eigenvalue A, the appropriate extended eigenvector
can be found in the class of integral operators. In other words, for each A > 0, the
equation

XV =\\VX
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has a nonzero integral operator as a solution. In this paper, we give a complete

description of the set {V};mt of extended eigenvectors of the integration operator V'
on L? [0, 1] (see Theorem 1 in Section 2) which strengthens Theorem 6 of the paper
[1]. In Section 3 we study the set of extended eigenvalues and extended eigenvectors
of so-called well splitting operators on a Banach space E. In Section 4 we give an
application of Deddens algebras and Shulman subspaces to the “extended” spectral
theory.

2. EXTENDED EIGENVECTORS FOR V

Let ¢ : [0,1] — [0,1] be a measurable function. A composition operator C, is
defined as C,, f(z) = f (¢(z)). The composition operator C;, where X € [0, 1], will
be denoted simply as C. The so-called Duhamel operator Dy on L?[0,1] is defined
as

(1) 0,9 (t99) (0" L [ fa— (0.
0

The following result describes the set {V};zt of Volterra integration operator V' on
L21]0,1].
Theorem 1. Let A € (0,00) and let X € B (L*[0,1]) be a nonzero operator. Then:
(i) f A <1, then XV = AV X if and only if X = Dx1C), that is,
T
d
(0@ = 4 [ () @-0f00d,  fer o
0
(ii) if A > 1, then XV = AV X if and only if XCy/5 = Dx1.
Proof. (i) Let XV = AVX. Then
XVt =X"V"X
for any n > 1, that is,
XVif=X"V"Xf
for all f € L?[0,1]. In particular,
XV"l =A"V"X1,
that is,
n—1 n—1
X (2 s1)=A" s X1,
(n—1)! (n—1)!
or

n n—1
T ux1, a>l
n! (n—1)!
+* — multiplying the last equality by 1 we obtain that
n n—1
1o X = (12 ) x1,
n! (n—1)!
that is,
n n
1*Xx— = (Az) * X1,
n! n!

for any n > 1. Hence
1+ Xp(z)=p(Az)* X1
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for all polynomials p. Since L?[0, 1] is a Banach algebra with respect to the convo-
lution product *, it follows from the last equality that

1+« Xf(z)=f(z)*xX1

for all f € L?[0,1]. Since V f(x) = 1 % f for every f € L?[0,1], the last equality
means that

VXf(l’) = ]CXlCAf(.’ﬂ),

where Kx1 denotes the usual convolution operator on L?[0,1], Kx1g(z) “ X1+
x

g = [(X1)(z—t)g(t)dt, g € L*[0,1]. From this, by applying operator d% we
0
obtain that

(XF) (@) = S KxaCaf(z),

that is,
2 () (@) = 7 [ (K1) @ = 0) Fan)ar
0
Xf=Dx1C\f

for all f € L?]0,1], which means that X = Dx;C,. Now it suffices to show that if
X =Dx1C), then XV = AV X. In fact, for all f € L?[0,1] we have
XVf(x) = Dx1Cxf(z) =Dx1 (V) ()

= X1e(Vf)(Ar)=X1® Az f(A\r))

= A®X1® f(\r)) =z ®Dx1C\f(z)

= Az @®Dx1Crf(z)) = AVDx1Cx f(z)

= AVX[f(z),
which completes the proof of (i).

(ii) Let XV = AV X. Clearly VX = %XV, which implies that V"X = X (%V)n

for every n > 1. The same arguments as in the proof of (i) yield the equality

Ty _ 2
Xf(3)=Xtef  feLl’l.1],
where ® is the Duhamel product defined by (1). Conversely, if XC/, = Dx1, then
since V f(z) =2 ® f and Dx1V = VDx1, for all polynomials p we have
AWXp(x) = AVXCp)\Cap(x)

= )\VDXlC,\p(.’L‘) = )\VDle ()\33)

= MDx1Vp(Az) = AXCy/)\Vp(Ax)

= AXCy(z@p(Ax)) = XCpyn (A @ p(Ax))

= XCi/ (Vp) (\z) = XVp(x),
which completes the proof of (ii) (because the set of polynomials is dense in L?[0, 1]).
Theorem 1 is proved. g

The following result was proved by a different method in [I], Theorem 7.

Corollary 2. The composition operator C, satisfies the equation C,V = AV,
where A € (0,1], if and only if p(z) = Az , z € [0,1].
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Proof. It is obvious that C,1 = 1. Then according to part (i) of Theorem 1 we
have that C,V = AV C,, if and only if

Cot(@) = . [ fOat
0

that is,
Cof(z) = f(Az) = Cxf(2)
for all f € L?[0,1], i.e., Cp, = Cy , or ¢(z) = Az. This completes the proof. O

3. WELL SPLITTING OPERATORS

Let X be a separable Banach space and A € B(X). An operator A is called
a splitting operator in X if for every x € X there exists a linear densely defined
operator B, (generally nonbounded) such that

for every n,n = 0,1,2,..., and for some complete system {y,},~, of the space
X. We say that the splitting operator A is well splitting if for every z € X the
corresponding operators B, in (3) are bounded in X. It is immediate from the last
definition that a well splitting operator is cyclic if for some = € X an operator B,
has dense range in X. It is easy to see that the concept of splitting operator is a
generalization of the so-called basis operator introduced by Nikolski [4].

Example 1. If X denotes any of the spaces C'™ [0,1] and W,Sn) [0,1] (Sobolev
space), 1 < p < 400, then it is not difficult to show that the Volterra integration
operator V acting in X is a well splitting operator. Indeed, let us denote by ® the
Duhamel product defined as

@ (F99) @) = . [ o glt)a
0

for all f,g € X. Simple calculations show that X is a Banach algebra with respect
to the Duhamel product ®. In particular, for any f € X the “Duhamel operator”

def . . . . .
D,,D,g = f®g, is a bounded operator in X. Now it follows immediately from
(4) that
xn
vif=""®f n>0,
n!
that is,
xn
n — -
(5) Vfo(m),nzo,
for all f € X. By Weierstrass’s approximation theorem {”n—T}n>0 is a complete
system in X, and hence, formula (5) means that V is a well splitting operator in
X.

In what follows, for every complete system {y,},~, in X we will denote by the
symbol Ay, 1 the set of all complex numbers A for which the diagonal operator
Dixy, Dixyyn def A"Yn, n > 0, is bounded in X.

The following result gives, in particular, more general examples of well splitting
operators.
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Theorem 3. Let X be a Banach space with basis {6"}7120 ,and T, Te, = A\pept1,

An # 0,n > 0, be a weighted shift operator continuously acting in X. Let us set

W, = AOAL A1, Wo =81 Suppose that the following conditions are satisfied:

1) There exists an integer N > 0 such that

w
3 ‘M' < 400
n,m>N WnWm

2) llentmll < cllenll llem]l for all n,m >0, and for some number ¢ > 0.
Then:
(i) T is well splitting operator on a X ;
(ii) If X € Ayge,y is a nonzero number and A € B(X) is a nonzero operator, then

A€ {TY, if and only if AD{y} = Da,.

Proof. For the arbitrarily chosen elements x = > zpe, and y = > yne, of the

n>0 n>0
space X, let us define a discrete analogy of the Duhamel product by the following
formula:
de Wn4+m
(6) T®Y :f + TnYmEn+m-

By virtue of the conditions of theorem, formula (6) is correctly defined. By setting
Tn(x) = > zper and using the conditions of the theorem we have:
k>n

wn—i—m
TRY = TnYmEn+m

Z T Z Wm+1
= X9 YmEm + w_ YmCm+1

m>0 m

TN-1 Z Wm+N -1
+ YmEm+N-—1

_ w
m>0 m

Ln Wn+m
DD o Ymensm

n>N m>0

= :coer—Ter 4 IN-LpN-1

WN -1
—l—yoTN(:L‘) + —TN(TLL') + ...+ IN-1 N (TN_le)

Py _

n>N m>N

xnymener
WnpWm
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Hence
lz@yll < l|zolll ||+ Tyl + ... + ITN Lyl
) = ol ||y Yy
YN—-1 _
T ol (2 >||+] o (T2)] + - +] I (T2
w.
ntm |$n||ym|||en+m”
n>N m>N
~ w. +
< ¢l IIyH+cZ Z ‘ 8 2] lenl] [ym] lleml
n>N m>N
< Cllyl,
that is,
(7) lz @yl < Cllz| [yl

for all z,y € X. It follows from (6) and (7) that X is a Banach algebra with respect
to ® and with unit eg. For every x € X we define the following operator:

Dy=zx®y,yecX.

It is clear from (6) that
Ty = wpe, ®Y

for every y € X and any n > 0, that is,
(8) T"y =D, (wpeyn) .
In fact, for every y € X and any n > 0 we have

m>0 m>0
mern

- E ym/\m)\erl-n)\ernfleern - § ymw—eern

m>0 m>0 m
= § wnym ener = § WnYm (en ® em)

m>0 WnWm m>0
= Wpen ® E YmEm = Wnpey ® Y = Dy (wnen) y

m>0

as desired. Hence, formula (8) means that 7" is a well splitting operator in X.
(ii) Clearly, if AAT = T' A, then A"AT"™ = T" A, n > 0. In particular,

AN"T"ey =T"Aeg , n > 0.
Using formula (8), from this we obtain that

Aw,N"e, = A(w,A"e, ® eg) = (wpe, ® Aep)

or
AX"e, = (e, ® Aeg),
that is,
AX'e, = Aeg ® e, ,n > 0.
From this

APA = A€0®P
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for all polynomials P = > P,e, € X, where Py def ST A"Phe, = Dy, P, that is,
n>0 n>0

AD{)\}P = Aeo ® P.
Since (X, ®) is a Banach algebra (see inequality (7)), from this we deduce that

(9) AD{/\}x =Aeg®x
for all x € X, i.e.,
(10) AD¢xy = Dacys

where D4, is the Duhamel operator.
Conversely, let us prove that every nonzero operator A satisfying (10) belongs
to {7} . Indeed, for all vector polynomials P = Zdegp

TAP = TAD{)\}D{§}P = TAD{)\}P{%} = TDAeOP{%}

P,.e,, we have

= wier ® DAeOP{%} = leelpAeOP{%} = DAeOleel-P{%}

w1 €
= DAeo(wlel @P{§}) = DAeO)\(% @P{l})

deg P

= ADae (22 ®P{ )=

deg P

1 w w P,
= )\AD{)\}[ )\1 Z ;}n—&-l )\—:Zem+1]
m=0 m
degP
= AAD{A} Z Am €m+1
dch P
= MDuyly Z Mon iy em1]
degP 1
= )\AD{/\}[ Z )\umWGWH,l]
m=0
deg P

m=0
deg P
= )\AD{)\}D{%}T Z Pmem
m=0
= MATP,
and so TAzx = AATx for all x € X, that is, A € {T'},. The theorem is proved. O
Remark 1. Tt can be proved that if A € Ay y, then TA = AAT if and only if

(11) Dae = AD;Dyyy.
Indeed, if TA = AAT, then we obtain that
AD,Dpyywpen, = ADA"wpe, = A(r ® N'wpe,)

= AW\'"T"z) =T" Az = wpe, ® Az = Dazwpen,
for all n > 0, which obviously implies (11).
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Conversely, if an operator A has the property (11), then we have

1
ATy = A(’w1€1 ® 33) = AD,wie1 = XADQ;’wl)\el
w w 1
= TlADxD{)\}el = 717-7,4161 = XDAzwlel
1 1
= X(A:c ®wrer) = XTA:C

for all x € X, and hence TA = AAT', which completes the proof.
Our next result shows that the property (11) is shared by any well splitting
operator.

Theorem 4. Let T be a well splitting operator on a separable Banach space X
defined by a complete system {yn}, ¢, i-¢.,

T"x = Byyn, n > 0,

for each x € X. Let A € Ay, y be any nonzero number. Then NAT = T'A if and
only if
Baz = ABxD{/\}

for each x € X.

Proof. Let T be a well splitting operator on X, and let A be a bounded linear
operator on X such that AAT = T'A. Then it is obvious that

Bazyn = TrAz=A\'T")xz = AB,\"y,
for each = € X and n. Since the system {y"}nZO is complete in X, it follows that
Bax = AB,Dyy, for each x € X. Conversely, if an operator A € B(X) satisfies

Baz = AB;Dyy, for each x € X, then we have that Ba,y = AB, D)y for each
y € X; in particular, Ba,y; = ABzD{A}yl. Then we have

TAr = Bagyr = AB.Dyy1 = AB: Ay
= AAB.y1 = MATxz,

for each € X, so it follows that TA = AAT, that is, A € {T'},, as desired. The
proof is completed. O

Corollary 5. TA = AT if and only if Ba, = AB, for each x € X.

4. AN APPLICATION OF DEDDENS ALGEBRAS AND SHULMAN SUBSPACES

In this short section Deddens operator algebras and Shulman subspaces (which
were introduced in [5]) are used for the investigation of extended eigenvalues of
operators. Throughout the text, H will signify a Hilbert space of generally unspec-
ified dimension. The following definition is due to Deddens [6] (see [5] and [7] for
general definitions).

Definition 1. Let A be invertible in B(H):

B, {X eB(H):||A"XA™"|| bounded for n >0} .
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Thus, B4 is the collection of operators having bounded conjugation orbits, conju-

gation being by A. In general, Deddens algebra B4 clearly contains {A}/ and is an
algebra because

A" X1 X A7 | A" X1 AT A X, AT

A= 4nx, a7

IN

In [6], B4 was introduced as an alternative for the description of nest algebras, and
this result suggests that the boundedness condition defining B4 is of interest for
any invertible A.

For two operators L, M € B(H) let us denote by U(L, M) the Shulman subspaces
of the space B(H) (see [0]), defined by

UL, M) < (L} +{r} m.
Such subspaces have been studied in detail by Shulman in relation with nontransi-
tivity of root algebras (see [8], [9]).
The relation between Deddens algebras and Shulman subspaces is established in

the next theorem. (Below the number A € C is assumed to be such that Ly =
Al + L is an invertible operator.)

Theorem 6 ([5]). Let the operators L, M € B(H) satisfy the Kleinecke-Shirokov

condition, i.e., X def [M,L] € {L},. Then the intersection of Deddens algebra

Bar+1 and the weak closure of Shulman subspace U(L, M) coincide with a commu-
tant of the operator L, that is,
Bxr+r ﬂLl(L,M)w ={L} .
In particular, since [T, V] = V2, we have
BrovnUV,T) ={V},
where T is the multiplication operator in L*[0,1], (Tf) (z) = zf(x).
Here we prove the following theorem.

Theorem 7. Let A be a nontrivial scalar in the unit circle T of a complex plane,
i.e., N € T\ {1}, and let A € B(H) be an invertible operator satisfying the Kleinecke-
Shirokov condition for some operator M € B(H). Suppose that By-1 CU(A, M)w.
If A\ XA = AX, then X =0.

Proof. Let A XA = AX. Then \"XA™ = A"X, n > 0. From this A"XA™" =
A"X, n > 0, and hence, [|[A"XA™ ™| = || X|, n > 0, which means that X € Ba.
On the other hand, since XA = %AX, we have that XA™ = )\%A”X, n > 0,
from which it follows that A™"XA" = ;5 X, n > 0, that is, [[A™"XA"| = || X||,
n > 0, which implies that X € B4_;. Since B4-1 C L{(A,M)w, we have that
X e Z/l(A,M)w. Thus, X € Ba ﬂU(A,M)w = {A}, (see Theorem 6), which yields
that (A — 1) AX =0, that is, X = 0 as desired. The theorem is proved. O

Corollary 8. Let N € B(H) be a square-zero operator satisfying the Kleinecke-
Shirokov condition for some operator M € B(H). If A € T\ {1}, and AX (I + N) =
(I+N)X, then X =0.
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Proof. 1t is known (see, for instance, [5, 6]) that B, y)-1 = Bi-n = {N}/ C

U(I+ N, M)w, that is, the operator I + N satisfies condition of Theorem 7, and
the desired result is obtained. (]

I thank the referee for a number of important remarks.
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