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ABSTRACT. Given a decreasing weight w and an Orlicz function ¢ satisfying
the Ajs-condition at zero, we show that the Orlicz-Lorentz sequence space
d(w, ) contains an (1 + €)-isomorphic copy of £,, 1 < p < oo, if and only if
the Orlicz sequence space £, does, that is, if p € [ay, By], where oy, and B,
are the Matuszewska-Orlicz lower and upper indices of ¢, respectively. If ¢
does not satisfy the Ag-condition, then a similar result holds true for order
continuous subspaces do(w, ¢) and hy, of d(w, ¢) and £, respectively.

In the early seventies, Lindenstrauss and Tzafriri studied isomorphic copies of
¢y, 1 < p < o0, in Orlicz sequence spaces. They showed [9] (see also [§]) that £, (co
if p = 00) is isomorphic to a subspace of h,,, the order continuous part of ¢, if and
only if p belongs to the closed interval determined by Matuszewska-Orlicz indices
of the Orlicz function ¢. Analogous results were then obtained in function Orlicz
spaces by Herndndez and Rodriguez-Salinas in [4]. In this paper we extend the
result of Lindenstrauss and Tzafriri to Orlicz-Lorentz sequence spaces. Let d(w, ¢)
be an Orlicz-Lorentz space and dg(w, ¢) its order continuous subspace. We prove
that for every € > 0, do(w, ) contains an (1 + €)-isomorphic copy of £,, 1 < p < oo,
where ¢y is considered for p = oo, if and only if h, contains an isomorphic copy of £,,.
The latter is equivalent to p € [o,, B,], where 1 < o, < B, < 00 are Matuszewska-
Orlicz indices. If do(w, ) coincides with the whole space d(w, ¢), that is, when
 satisfies condition A,, then the analogous characterization holds for d(w, ¢), ¢,
and £,, 1 < p < oo, respectively. The characterization is somewhat unexpected
since it does not depend on the weight w, although several other properties in
Orlicz-Lorentz spaces do [5] 6] [7, [13].

Throughout the paper we shall use the Banach space theory standard termi-
nology mostly following the monograph [9]. Further, let N and R stand for the
sets of natural and real numbers, respectively. Recall that [z,] denotes the closed
linear span of a sequence (x,,) in a Banach space X. The term basis will be strictly
reserved for a Schauder basis. We say that two basic sequences in Banach spaces,
(xn) in (X, - ||x) and (yn) in (Y| - |ly), are C-equivalent whenever for any real
sequence (a,) we have

o0 o0 o0
—1
S =] S, =] S e
n= n= n=
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2318 ANNA KAMINSKA AND YVES RAYNAUD

The basic sequences (x,) and (y,) are said to be almost isometrically equivalent
if for all £ > 1 the tails (zp)n>% and (Yn)n>k are (1 + ex)-equivalent with €, — 0
when k — oco. We say that a Banach space Y contains a C-isomorphic copy of
a Banach space X if there exists a bounded linear operator T' : X — Y with
Cl|z|| < ||Tx|| < C|z|| for every x € X.

An Orlicz function is a function ¢ : [0,00) — [0, 00] such that ¢(0) = 0, where
¢ is convex and not identically zero (for some technical reasons we do not assume
that the Orlicz functions ¢ that we consider are normalized, i.e. that ¢(1) = 1).
The Orlicz function ¢ is called nondegenerate if it is finite-valued and vanishes only
at zero. Throughout the paper we assume that any Orlicz function ¢ (or ¢) is
nondegenerate. However in the process of studies, degenerate Orlicz functions may
also appear. In this case they will be denoted exclusively by the symbol ¥. A
weight sequence w = (w(n)) is a positive decreasing sequence such that w(1l) = 1,
lim, 0 w(n) = 0 and lim, o W(n) = oo, where W(n) = > I w(i) for every
n € N. The Orlicz-Lorentz sequence space d(w, ) consists of all bounded real
sequences A = (\,,) such that for some K > 0, [(K\) < oo, where

i = sup { Z ©(| Ay )w(n) : 7 is an injection N — N},

n=1

and A* = (\}) is the decreasing rearrangement of |A\| = (|A,]). The space d(w, ¢),
equipped with the norm

[IAl = inf{e: I(\/e) < 1},

is a Banach space. Notice that the assumption lim,,_,., W(n) = oo yields that
d(w, ) — ¢o. Let do(w, ) be the closure of finitely supported sequences in d(w, ).
We say that ¢ satisfies the As-condition (at zero), if for some K > 0 and ¢y > 0 it
holds for every 0 < t < tg that

@(2t) < Ko(t).

The symbol e,, n € N, will stand for the unit vectors (0,...,0,1,,0,...).

If o(u) = uP, 1 < p < oo, then d(w,p) := d(w, ) is a Lorentz sequence space.
If w(n) =1 for every n € N, then ¢, := d(w, ¢) is an Orlicz sequence space, and
hy, = do(w, ¢) is its subspace of finite elements. In the case of Orlicz space £, the
modular I will be denoted by I, and thus for any sequence A = (\,,),

Z‘P [Anl)-
n=1

It is well known that the unit vectors e, form a symmetric basis in h, and also
that £, = h,, if and only if ¢ satisfies condition Ay (cf. Propositions 4.a.2, 4.a.4 in
[9]). We say that two Orlicz functions ¢; and g are equivalent (at zero) whenever
there exist K > 0 and ¢y > 0 such that for all 0 <t < ¢,

P1(K~'t) < pa(t) < 1 (KD).

Given two Orlicz functions ¢; and 2, the unit vector bases of h,, and h,, are
equivalent if and only if ¢ and ¢y are equivalent (cf. Proposition 4.a.5 in [9]).
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ORLICZ-LORENTZ SEQUENCE SPACES 2319

For an Orlicz function ¢, define the lower and upper Matuszewska-Orlicz indices
[11L [O9] as follows:

a, =sup{r: sup ¢(at)/p(a)t” < oo},
0<a,t<1

By = inf{r: 0<1£f§1 w(at)/p(a)t” > 0}.

It is well known and easy to show that 8, < oo if and only if ¢ satisfies condition
As. Recall that ® = ()52, = (pn) is called a Musielak-Orlicz function if all ¢,
are Orlicz functions. Then setting for a real sequence A = (A,) the modular

= Z @n(l)‘nDa
n=1

the Musielak-Orlicz sequence space g is the set of all A = (\,,) such that
IMle = inf{e > 0: Is(N\e) <1} < 0.

The space ¢g equipped with the norm || - ||¢ is a Banach space. We note that if all
functions ¢,, coincide with the same Orlicz function ¢q, then fg is the Orlicz space

EV’O
Given u = ZZ m+1 aze;, m,k € N, a; € R, the function
k
() = I(tu) =Y p(tla;w(i), >0,
i=1
will be called the Orlicz function associated to u, where (af)k_, is a decreasing
rearrangement of (ai);iﬂﬁrl. If (uy,) is a block basic sequence in d(w, @), i.e
dn+1
Z Qaiti,
i=gn+1
where ¢1 < g2 < ... are integers, then the function ® = (¢,)>2; = (p,) will

be called the Musielak-Orlicz function associated to (u,) whenever o, = () for
every n € N. Then if the sequence (a;) is decreasing and positive, the modular Iy
corresponding to ® has the following form:

[ee] o0 dn+1
Zs@n Aal) =2 10wun) =3, 3, wlAnaiuti = an),
n=1 n=1i=g¢n+1

where A = (),) is an arbitrary sequence in R. Let C|0, s] be the space of all con-
tinuous real-valued functions on the interval [0, s] equipped with the usual uniform
norm
[fllcr,s) = sup [ f(#)]-
t€l0,s]
Given an Orlicz function ¢ and a € (0,4+00), let ¢, be the function ¢ scaled at a,
defined by
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2320 ANNA KAMINSKA AND YVES RAYNAUD

Let us now define the following sets of functions mapping [0, +00) into [0, +o0]. For
0<A<oo,let

E)y={pa:0<a<A}; Eoa=ES,; Coa=convEl ,;

Eo=()Epa: Co=[)Coa-
A>0 A>0

Here conv X denotes the set of all convex combinations of functions in X, while X
is the pointwise closure of X (in the space of [0, +00]-valued functions on [0, +00)).
Note that 0 = ¢4(0) < qa(t) < @a(1) =1 for every 0 < ¢ <1 and 0 < a < 00, s0
the functions of Cy, 4 verify the same inequalities (in particular they are real-valued
on [0, 1]): these are possibly degenerate Orlicz functions (they can vanish outside 0
and take the value +00 at some ¢ > 1). The sets E, a,Cy, 4 are compact subsets of
[0, +00][%F°°); hence E,,, C,, are nonempty. It is well known that for any 0 < s < 1
the restrictions to the interval [0, s] of the sets E, 4,Cy 4 consist of continuous
functions and are compact subsets of C0,s] for the uniform norm (see Lemma
4.a.6 in [9] and the Remark thereafter). It is also well known that if ¢ satisfies
condition Ay, then the sets E, 4, Cyp 4, E, and C, consist of nondegenerate Orlicz
functions and their restrictions to [0, 1] are compact subsets of the space C[0, 1].
Note that if u = Z;f;ﬁ_l aje; has norm one in d(w, ), then () belongs to
Cyp,a, where A = [|ul|oo = MaX{i—mq1,... .m1k} |@i is the o norm of u. Indeed,

k k
(1) = Z p(ta;)w(i) = Z p(ai)w(i)pa; (1),
where af < |lul|o and
k
P(1) = I(u) = " (i) = 1.
i=1

For more information on Orlicz-Lorentz or Lorentz spaces we refer the reader to
[1 2, 5L [7, @, T3], on Orlicz spaces to [3, 9] [10], and on Musielak-Orlicz spaces to
12, [14).

The first proposition is a collection of basic properties of d(w, ¢) and dy(w, ¢),
which are analogous to the corresponding properties in Orlicz sequence spaces (cf.
Propositions 4.a.2 and 4.a.4 in [9]). The proof can be done in a very similar way
as in the case of Orlicz spaces, so we skip it. As characteristic features of Orlicz-
Lorentz spaces, the following two facts are employed in the proof. The first is
that the modular I is orthogonally subadditive, that is, I(A 4 ) < I(\) + I(vy) for
disjoint sequences A = (\,,) and v = (7,,). The second fact is that for any sequence
A = (AU™) € ¢q such that A(™ | 0, that is, A{™ | 0 as m — oo for every n € N,
we also have that A(™)* | 0 as m — co.

Proposition 1. 1. The subspace do(w, @) coincides with the set of all sequences
A = (A\n) such that for every K > 0, I(K\) < co. Moreover, the sequence of the
unit vectors (ey,) is a symmetric basis in do(w, @).
II. The following assertions are equivalent:
(i) The Orlicz function ¢ satisfies condition Asg.
(ii) The unit vectors e, form a boundedly complete basis in do(w, ).
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ORLICZ-LORENTZ SEQUENCE SPACES 2321

(iv) do(w, @) does not contain a closed subspace isomorphic to co.

Now we state our first main result.

Proposition 2. Let ¢ be an arbitrary Orlicz function and for the integers ¢ <

q2 < ... andn € N let
An+1

Up = Z a;€;
1=qn+1
be a normalized block basis in d(w, ). If lim; .. a; = 0, then there exists a sub-
sequence (un;) C (u,) which is almost isometrically equivalent to the unit vector
basic sequence (e;) in Ly, where @ is the associated Musielak-Orlicz function to the
block basis (wuy,).

Proof. By symmetry of the basis (e;) in d(w, ), we can assume that (a;) is a
positive decreasing sequence.

By a standard diagonal argument it will be sufficient to prove that for every
€ > 0 there exists a subsequence (u,;) C (u,) which is (1 + €)-equivalent to the
unit vector basic sequence (e;) in £g.

For any sequence (;) of real numbers and any subsequence (uy,; ), by orthogonal
subbadditivity of the modular I we have

(1) I(iAjunj) < i[(/\jum).

Since lim; o, a; = 0, it is clear that for any integer Q) > 1

ant+Q
Z wla)w(i —qn) e 0.
1=qn+1

Put ny =1 and Q1 = g2 — ¢1. Then, given € € (0, 1) there exists ns > n1 such that

QVI2+Q1
> ela)w(i — gn,) < €/2.
1=@ny+1
Note that since £/2 < I(un,) = 1 we have ¢n,41 — Gn, > Q1. Put Q2 = Q1 +
qanrl - an-
In a similar manner we will find by induction a sequence n; < ns < ... such
that for all j € N,
j—1 qn; +Qj—1
Qj*l = Z(an+1 - an) < an+1 - qnj a‘nd Z (P(az)w(l - an) < 6/2J_1)
i=1 i:qnj—i-l

where Q9 = 0. Now setting

we have for all j € N,
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2322 ANNA KAMINSKA AND YVES RAYNAUD

Now let 7 : N — N be the injective map such that for all j € N,
(i) =qn; +i for i=Q;1+1,...,¢n;41 — qn,;, and
W(Z):2qnj _anJrl +Z for Z:qn]Jrl_qn]—'_]-)?Qj

Note that 7{Q; 1+ 1,...,Q;} = {qn, +1,...,qn,,, } is the support of u,,. Then
for any sequence (A;) C R we have

oo s . o
1(;&%) > z_;wﬂ ;Aju,Lj (w(@))] )w() = ;:QZ | fWlaso)@

oo dnj+1—dn;

>3 ) e(lane))w(i)
=1 i=Q; 141
Anj+1

> elladw(i—gn)

i=qn; +Qj-1+1

I(Ajun,) = > I(Ajvn,).

j=1

[ 10e

<
Il
—

Hence

2) > 1(un,) < I(Z)\junj> + 3 10w,

Now, let ® be the Musielak-Orlicz function associated to (u,;). Then by (), for

any A = (Aj)a
I(Z)\junj) S I@()\)
j=1

Hence

| > Aun, || < 17l

=1
On the other hand, letting || Z;’;l Ajun, || =1, we get Ip(A) <1+ € by [@). Thus
by convexity of @, Is(A/(1+€)) < Ig(A\)/(1+ ¢€) <1, which yields

[Ale <1+,
and finishes the proof. O

Corollary 3. Let ¢ be an Orlicz function and for n € N let

dn+1

Up = g i€

1=qn+1

be a normalized block basis in d(w,p), where (q,) is an increasing sequence of
natural numbers. Then there exists a normalized block basis (vy,) of (un) which is
almost isometrically equivalent either to the unit vector basis of ¢y or to the unit
vector basis in Ly, where @ is the associated Musielak-Orlicz function to the block
basis (v,). In the second case we may suppose moreover that the sequence (vy)
converges to zero in cg norm.
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Proof. By Theorem 1.c.10 in [9] if the unconditional basic sequence (u,) is not
boundedly complete, it has a block basis (z,) of (u,) equivalent to the unit vector
basis in ¢g. By the well-known result of James (see 2.e.3 in [9]), for every € > 0
a further block basis (vy,) is (1 + €)-equivalent to the basis of ¢y. By a diagonal
argument we obtain a block basis almost isometrically equivalent to the unit vector
basis of ¢g. On the other hand if (u,) is boundedly complete, then there exists

a sequence s1 < sy < ... of integers such that the numbers a, = || 3771 | il
approach infinity. Then defining
1 Sn+1 Sn41
Zp = E u; = E bie,
Q| _
i1=s,+1 1=8,+1

(zn) is a normalized block basis of (e;) in d(w, ¢) such that lim,; o b; = 0. Now
applying Proposition 2l we conclude the proof. (I

The following result is well known (cf. Theorem 3.6 in [14], under As-condition),
but we state it in a different, more suitable form for our purpose. We also prove it
for the sake of completeness.

Lemma 4. Let ® = (p,) be a Musielak-Orlicz function associated to some nor-
malized sequence (uy) in d(w, ). Then there exists a subsequence (nj) C N and a
(possibly degenerate) Orlicz function ¢ € Cy,1 such that (e;) in hy is almost iso-
metrically equivalent to (e,;) in Le. If moreover the given sequence (u,) converges
to zero in cy norm, then ¢ can be found in C,.

Proof. By our assumptions, ¢, € C, 4 for every n € N, where A = ¢p~1(1). By
pointwise compactness of C, 4, there exists a pointwise limit point ¢ of (p,) in
Cp,a. By compactness of the restriction of Cy, 4 to each C[0,s], 0 < s < 1,
there exists for each s a subsequence (¢,,) which converges to ¢ in the metric of
C0, s]. By a diagonal argument we can find a subsequence of (¢,,) which realizes
simultaneously all these convergences, i.e. for every j € N|
(3) dio-i (¥, 8;) = sup |(t) - @;()] <2777,
tel0,1—2-7]

where @; = @,,. Note that if |[u,|c — 0, then 1) belongs to all Cy , with p > 0,
hence to Cl,.

Set ® = (¢;) and let A = (\;) be a sequence of reals with \; = 0 for j < k. It
follows from the preceding that if Ig(A\) < 1, then I,((1 —27%)A) < Ig(\) +27% <

1+ 27, which yields that [|A]l,; < E}fi:ﬁg Mg < (142752)||\|ls and similarly

||/\||<j> < (1 + 2_k+2)‘|)\”,¢. Thus (ej)jzk in hw is (1 + 2_k+2)—equivalent to (ej)jzk
in f&,. O

Corollary 5. For every closed infinite-dimensional subspace X of do(w, @), there
exists a closed subspace of X which is almost isometrically equivalent either to cg
or to some Orlicz space hy, associated to a (possibly degenerate) function ¢ € Cl,.

Proof. By a well-known result (cf. Proposition 1.a.11 in [9]) there exists a subspace
of X with a basis (y,) which is almost isometrically equivalent to a normalized
block basis (uy) of (e,) in do(w, ). By Corollary [B] there exists a normalized
block basis (vy,) of (u,) which is almost isometrically equivalent to (e;) either in ¢g
or in £g, where ® is the associated Musielak-Orlicz function to (v, ). In the second
case we may suppose moreover that the sequence (v,,) converges to zero in ¢y norm.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2324 ANNA KAMINSKA AND YVES RAYNAUD

Hence by Lemma M there exist a subsequence (vy,) of (v,) and 1 € C, such that
(vn;) in do(w, ) is almost isometrically equivalent to (e;) in hy. Finally, since (e;)
is a basis in Ay, hy is (14 € )-isomorphic to the subspace [v,,,]j>% of X in do(w, ¢),
with €, — 0, and the proof is completed. O

We observe that as a direct consequence of Corollary [l we obtain that every
closed infinite-dimensional subspace X of the Lorentz sequence space d(w,p), 1 <
p < 00, contains a subspace which is isomorphic to 2 (cf. [I, [@]).

Proposition 6. Let ¢ be an Orlicz function and let 1 < p < oo. If £, is isomorphic
to a subspace of do(w, ), then the function uP is equivalent to some function in the
class C,.

Proof. By Corollary [ if ¢, is isomorphic to a closed subspace X of do(w, ¢), then £,
contains a subspace Y which is isomorphic to some hy, ¥ € C,; the other possibility
that Y is isomorphic to ¢g is excluded by the condition p < co. It follows that 1 (u)
is equivalent to some function in Cyr 1 by Theorem 4.a.8 in [9], but this last set
consists of the only single function u +— u?. O

We say that two sets A, B of functions [0,4+00) — [0,400] coincide on [0, s] if
their restrictions to [0, s] coincide, that is,

flos: feAy={f s f€DB}

Observe that if two normalized Orlicz functions 11,9 coincide on [0, 1], they define
algebraically and isometrically identical Orlicz sequence spaces.

Lemma 7. For every Orlicz function ¢ the sets C,, and conv E,, coincide on [0, 1].

Proof. 1t is clear that conv £, C C,. Thus we need to prove that for every 0 < s < 1
the restriction to [0, s] of any 1) € C\, can be approximated in the metric ds of C[0, 5]
by a sequence of convex combinations of (restrictions of) elements of E,. This in
turn will be sufficient since all the functions in both sets take the value 1 at the
point 1.

Since the restriction of E,; to [0,s] is compact, for every e > 0 there is a
finite covering of E, 1 by sets of d,-diameter less than e. Let v(e) be the minimal
cardinal of such a covering (5;);<y (o). If now F' is any subset of E, 1, then the
sets S;NF,i=1,...,v(e), also form a covering of F, and have diameter less than
€. If we choose a point v; € S; N F, for each ¢ with S; N F # () and an arbitrary
point v; € F when S; N F = (), then the family (v;) is an e-net in F', that is, the
balls B(v;,€) = {y € C[0,s] : ds(vi,7) < €} cover F, of cardinality v(e). Given
€€ C0,s] and A C C[0,s], let ds(&, A) be the distance of € to A. Then the set

{€ € conv F : ds(§,conv(y;,i=1,...,v(€))) < €}

is convex and contains the sets F' N B(v;,€), i = 1,...,n, hence contains F. Thus
this set coincides with conv F'. In other words for every £ € conv F there is a convex
combination ¢’ = 21”51) Biyi such that d,(&,¢') <.

Now fix ¢ € C, and € > 0. There exist a sequence (Ag)r>1 of positive reals
converging to zero and a sequence (¢y) of Orlicz functions in conv E& 4, such that

ds(¢, 1) — 0 as k — oo. Applying the preceding to the sets Fj, = E&Ak, for
every k > 1 we can find a system of v = v(e) elements (bgk), (bgk), cee ¢(Vk) in E&Ak
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(k) (k) (k)
1 2

and a system (8 ..., 0B of nonnegative coefficients with sum 1 such that

)

ds (o, > B o)) <.

i=1
Up to passing to a subsequence, we may suppose that ﬂi(k) — B; €0,1], qbgk) —
v, € By, i =1,...,v,as k — oo. Then
do (¥, Bibi) <,
i=1
and the proof is finished. O

Theorem 8. For every ¢ € C,, there exists a basic sequence in do(w, ) which is
almost isometrically equivalent to the unit vector basts in hy. Thus for every e > 0
there exists an (1 + €)-isomorphic copy of hy in do(w, ¢).

Proof. We shall prove that there exists a sequence of finite blocks uy of the unit
vector basis of do(w, ¢) such that ||uk|lcc — 0, ||ur]| — 1, and the associated Orlicz
functions ¢(“*) converge to 9 in all d, metrics, 0 < s < 1. Then shifting the uy to
the right we obtain a block basis (zx) with the same properties. It is easy to see
that the normalized block basis 2}, = z/||zx|| also shares the same properties. In
fact we have (%) (t) = ©(#) (¢ /||z||) for all ¢ > 0. Hence

|<P(Z/’“)(t)1/f(t)|§’w(zk) (i)~ (i) +‘w <||ztk||>‘”(“"

1zl [zl
and the right side converges to zero uniformly in ¢ € [0, s] since for any s < s’ < 1,
we have t/||z;|| € [0, '] for all t € [0, s] as soon as ||zx|| > s/s’. By Proposition
and Lemma [El (and its proof) some subsequence of (z;) is almost isometrically
equivalent to the unit vector basis of hy.

For constructing the sequence (uy) it is sufficient by Lemma[7] to proceed in the
case where ¢ € conv E,. Let ¢ = > 7 | Bith;, with 0 < 3; < 1,37 | 3 =1 and
1; € E,. Then for every k € N there exist positive reals bz(k) >0,i=1,...,v, such
that the functions

v
Pr = Z Bipy )
i=1

converge in all dg metrics, 0 < s < 1, to ¢, and moreover Ay := sup bgk) — 0.
i=1,...,v

In particular we can also assume that p(Ag) < ilnf Gi.
i=1,...,v

For a moment let k be fixed and let b; = bz(-k). Up to reordering we may assume
that by > be > --- > b,. Since w(n) <1 =w(1) for every n € N and W(n) — oo as
n — 0o, we can find by induction the integers 0 = r¢g < r; < --- < 1, such that

Bi

i) — i-1) < —— i +1) — i
W(T‘ ) W(T 1) Lp(bz) < W(T + ) W(T 1)
for i =1,...,v. Now, since w(n) is decreasing, w(r; + 1)/(W(r;) — W(r,_1)) <1,
and so for each i =1,...,v,
Bi w(r; +1)
1< <1+ <2
@(b:i)[W(ri) = W(ri-1)] W(ri) = W(ri-1)
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2326 ANNA KAMINSKA AND YVES RAYNAUD

Thus, setting By, = inf; 8;/p(Ax) we get

1 B 1 Bi
Wr:)=Wi(r,_1)> = > — f = B /2.
) = W) 2 556 = 250 500 =
It follows that
bi <1+ 2/By.

1<
@(b:i)[W (ri) = W(ri-1)]
Now, let 1/(1 +2/By) = 1 — €, and since By, — o0, 0 < £, — 0. Moreover

(4) (1= er)Bi < @(bs)[W (ri) = W(ri—1)] < Bs,
foralli=1,...,v. Now define the block u; as follows:
up =Y bixs,,
i=1
where S; = {r;_1 +1,...,7;}. Since (b;) is decreasing,
Z o(b Z w(i) =Y @(bs) W (r;) — W(ri_1)],
j=ri—1+1 =1
and by (@),

L—ep < I(ug) <1,
which implies that 1 — e < |lug|| < 1 and so |jug|| — 1. The associated Orlicz
function to the block uy is the following:

() (¢ Zw bit)[ W(ri—1) Zcp —W(ri—1)]es, (), t>0.

Moreover, by the inequality (@) we get
(5) (1—ex)dn(t) = (1 ex) Z@% t) < ol (t) <Zﬂlcpb oi(t), t>0.

It follows in particular that Hcp("’“) — ¢rllcpo,s) < €x converges to zero for every
0 < s < 1. Hence p(“) — 1) in all d, metrics, and the proof is completed. O

Now, we are ready to state the main result of this paper.

Theorem 9. Let ¢ be an Orlicz function and let 1 < p < co. Then the following
statements are equivalent (where co replaces £, for p = c0):
(1) do(w,p) contains an isomorphic copy of .
(ii) For every e > 0, do(w, ) contains an (1 + €)-isomorphic copy of £,.
(ili) hy contains an isomorphic copy of L.
(iv) p € [ay, By)-

Proof. The conditions (iii) and (iv) are equivalent by Theorem 4.a.9 in [9]. Now,
if v € C, 1, it is easy to show that [, By] C [y, B,]. Hence if p & [y, By,
p < 00, then u” is not equivalent to any function in Cy, 1, and so by Proposition [@]
¢, cannot be isomorphic to any subspace of do(w, ). If B, < p = oo, then ¢
satisfies condition Ay and do(w, ¢) does not contain ¢y by Proposition [l Thus (i)
implies (iv). To see that (iv) implies (ii), note that for any p € [o,, B,], p < o0,
the function u? belongs to C, (see the proof of Theorem 4.a.9 in [9]), and therefore
by Theorem [§ ¢, has an (1 + €)-isomorphic copy in do(w, ¢). If 3, = oo, then ¢
does not satisfy the condition Ay, and so do(w, ¢) contains ¢y by Proposition [l In
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fact do(w, ) contains (1 4 €)-isomorphically ¢y by the James Theorem (2.e.3. in
[@). O
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