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ABSTRACT. We prove new extended forms of the Pélya-Szegd symmetrization
principle. As a consequence new sharp embedding theorems for generalized
Besov spaces are proved, including a sharpening of the limiting cases of the
classical Sobolev embedding theorem. In particular, a surprising self-improving
property of certain Sobolev embeddings is uncovered.

1. INTRODUCTION

The Poélya-Szego symmetrization principle and its variants play a fundamental
role in many problems in analysis. The classical version of the Pélya-Szegd principle
states that

(1.1) vaOHLp(Rn) < vaHLP(]R”) ’

where f° denotes the symmetric rearrangement of f € Wi (R™) (cf. [24], [1]). More
generally, in [§] it is shown that

(1.2) IVFT™ (@) < VAT (1),

where f**(t) = % fg f*(s)ds, and f* denotes the non-increasing rearrangement of
f e C§°(R™). Tt follows from (L2) that for any rearrangement invariant space (r.i.
space) X (R™) we have (cf. also [15])

(1.3) IVl x@ny S IVFAlx@ny» f € G5 (RT).

A natural way to measure the oscillation of a decreasing function is provided by
the quantity (cf. [3])

fot) =7 () = f*(1).
Using (L2)) the following inequality for fX(t) was shown in [2]@:

(1.4) Fa(t) < et [V (1), f € CF°(R™).
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2336 JOAQUIM MARTIN AND MARIO MILMAN

In [2], [23] it is shown that (L4) implies the following improvement to the
Hansson-Brézis-Wainger-Maz'ydd limiting version of the Sobolev embedding the-

orem:

(15) Wiu/a(9) € Lio, D)) € Hy (),

where  is a bounded domain in R™ and Wﬁ /x(€2) denotes the closure of C§°(Q2)
in the norm \|f||w{;/k(9) = IV* Fllpnre ()

In this note we consider the fractional case. In fact we shall obtain rearrangement
inequalities for moduli of continuity which allow us to find a suitable replacement
for (I4) in the fractional case, and derive applications to embeddings of Besov
spaces.

Recall the analogue of (LIl for LP moduli of continuity (cf. [I0], [9] and the
references therein):

(1'6) wp(t’fo) < pr(t’f)-

A version of (L)) for Orlicz spaces was given in [I0], [9], with a complicated proof,

and one can find a version of (L) valid for r.i. spaces in dimension one in [22].
Our first result (see Section B, Theorem [Il below) is a generalization of (6] for

r.i. spaces X(R"):

(17) wX(t’fo) < CWX(taf>7
where wy : (0,00) x X(R™) — [0,00) is the X (R™) modulus of continuity defined
by
(1.8) wx (t,9) = sup [lg(-+h) —g()llx -
|h|<t

It is of interest that our method of proof of (L), which is based on real interpo-
lation, simplifies considerably the combinatorial methods of Garsia-Rodemich [I0],
where the case of Orlicz spaces is considered. Using (7)) we can estimate the oscil-
lation fX(t), assuming a priori that f belongs to a r.i. space X (R™) (see Theorem

2 below):
* wx (tl/na f)
(1~9) Io (t) < Cwa

where ¢ (t) denotes the fundamental functioofd of X (R™). For an LP([0,1]™) version
of ([LI) see [16], [I7] and the references quoted therein.

In Section H we use (LA) to derive sharp embedding theorems for general-
ized Besov spaces. In particular, we are able to sharpen known limiting em-
bedding theorems for classical Besov spaces (based on LP spaces) as follows: let
1< q<00,0<a< 1; then if we let B*, (R™) be the closure of C5°(R™) under

n/o,q
(5= (E w g (b, 1) 2) /4, we have

(1.10) Brjag(R") € L(20, ¢)(R").
2Here L(oo, 2)() = {f : ||f||2(:o%> = "()\9\ fg(s)"/k% < oo}, and the Hansson-Brezis-

Wainger space (cf. [I1], [5]) is defined by H,, /x(2) = {f : ||f||’;1{f“/k(ﬂ> = g“'(ﬁ‘iﬁl))"/’v% <

o0}, We should note that the embedding WL (Q) C H,() can also be obtained using some
fundamental capacitary inequalities due to Maz'ya [2]] .
3See Section [ below.
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SYMMETRIZATION INEQUALITIES AND SOBOLEV EMBEDDINGS 2337

This extendd] the Herz-Peetre Sobolev embedding (cf. [13], [25]) to the limiting
case n/a. The proof of (LI0) can be obtained by means of applying (L9) with
X = L™ for then we have

Wrn/a (87, f)

i) < e T
Therefore,
< . dt < dt
/ fo(t)q? SC/ (t wL"/a(taf))q?
0 0
=clflis

and (LI0) follows. It is interesting to stress here that the general form of (L9)
allows us to extend (LI0) as follows: let X = L(7,00); then ¢r(n oo)(t) = e/,
and the proof given above self improves to

5 n S n n

Bn/a,q(R ) - BL(%,OO),Q(R ) C L(oo,q)(R )
More generally, all the Sobolev-type embeddings we prove in this note have the
following apparently new self-improving propertyE‘ if X,Y, Z are r.i. spaces, then

]jj);vy CcZ= é;/I(X),Y C Z,

where M(X) = {f : [[fllar(x) = supeso{f"(t)ox (1)} < oo} is the Marcinkiewicz
space associated with X (note that ¢yr(x)(t) = ¢x(1)).

Using (II0) and the known embedding theorems of potential spaces in Besov
spaces [27, Theorem 5 (A), page 155] we obtairld

£r/e(R™) € L(co, “)(R™), n > 2a.
[0

If we observe that < f**(t) = —t~1f7(t) we see that (LJ) implies the following
extension to r.i. spaces of a result in [4, Theorem 4.19, page 345] (see also [10] for
related results obtained in the context of Orlicz spaces):

. ® wx (s, f)ds . ..
£ (1) SC/WW? if f*(00) = 0.

2. PRELIMINARIES

2.1. Background on rearrangement invariant spaces. Let X(R") be a r.i.
space. Recall that X = X (R™) has a representation as a function space on (0, c0),
X "(0,00) such that (cf. [4])
Hf“X(R") = ”f*HXA(O,oo) )
where f* denotes the non-increasing rearrangement defined by
ff@) =inf {A>0: mes{z € R" :|f(x)| > A} <t}.
The symmetric spherical decreasing rearrangement f° is defined by

fo@)=f"(ealz"), zeR",

4The Herz-Peetre embedding also follows directly from ().

5This self-improving property is reminiscent of the self-improving properties of the method of
truncation due to Maz'ya (cf. [20], [12]).

6This partially extends ([H) to potential spaces. For other limiting cases of the Sobolev
embedding theorem for potential spaces see [11, [5], [7].
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2338 JOAQUIM MARTIN AND MARIO MILMAN

where ¢, = measure of the unit ball in R™. It is plain that f° is equimeasurable
with f, and therefore

Hf”X(]R") = ||f°||x'(JRn) :
We refer the reader to [4], [I8] and [24] for further information on non-increasing
rearrangements and symmetric spherical rearrangements. Moreover, since the am-
bient domain will always be clear from the context it is convenient to “drop the
hats and tildes” and use the same letter X to indicate the different versions of the

space X that we use. Moreover, since it will simplify our considerations we shall
assume in what follows that C§°(R"™) is dense in X (R™).

Let Wi =WL(R") ={f € X :Vfe X} Weequip Wi with the seminorm
11,3, = 1941

It follows (cf. [4], [14])) that the K-functional for the pair (X, W) defined by

K(t, [; X,Wx) = inf {[|f —glx +t[Vgllx}
gEW X

is equivalent to the X (R™)-modulus of continuity (cf. (L8] above):

o
K(t, f; X, Wx) ~wx(t, f),
where as usual, the symbol f ~ g will indicate the existence of a universal constant

¢ > 0 (independent of all parameters involved) so that (1/¢)f < g < ¢ f, while the
symbol f < g means that f < cg.

2.1.1. Indices. Let D1 f(t) = f (é) ,s > 0, be the dilation operator, and let hx(s)
be the norm of the dilation operator, i.e.,

|22
hx(s) = sup % 5> 0.
rex Sl

The upper and lower Boyd indices associated with a r.i. space X are defined by

_ . . Inhx(s) Inhx(s)
(2.1) ax = lnf =P and gy = sup =R
It is also useful sometimes to consider a slightly different set of indices obtained by

means of replacing hx (s) in (1) byl

bx (ts)
W ox@) ° 7

The corresponding indices are denoted [, B X and will be referred to as the upper
and lower fundamental indices of X. Actually, the relationship between Mx (s) and
hx(s) is that the computation of the former is exactly the computation of the latter

but done only over functions of the form f = x(g,q). Therefore we have (cf. [4])

Mx(s) =

0<ay<f, <fx<ax <l

"¢ x (s) is the fundamental function of X : ¢x(s) = ||xg| x , with E any measurable subset of
Q with |E| = s.
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SYMMETRIZATION INEQUALITIES AND SOBOLEV EMBEDDINGS 2339

We shall usually formulate conditions on r.i spaces in terms of the Hardy oper-
ators defined by

Pi =y [ s Qo= [ T ™

In particular, it is well known (cf. [4]) that if X is a r.i. space, P : X(0,00) —
X (0,00) (resp. @) is bounded if and only if @x < 1 (resp. 0 < ay).

2.1.2. Some new function spaces. Following [23] and [26] we shall now construct
the range spaces for our generalized Sobolev embedding theorem. Suppose that X
and Y are r.i. spaces, and let s € R. We define
< oo}
Y

_s0x ()
Y(co,8,X)=<f:|f :Hts
(0005 X) = { £+ 1y ey = | 25
where f**(t) = Pf*(t). Note that these spaces are not necessarily linear and, in
particular, [|.[|y- (o 4 x) is not necessarily a norm.

Given a r.i. space X we shall say that Y satisfies the Q(s, X)-condition if there
exists a constant C' > 0 such that

s

Note that if b < s, then we have
e d e d
o[ @S [t

t

(f () = @)

sPx(t)
oy (t)

< OHt‘ f()

Y

Thus, if YV satisfies the Q(s, X)-condition for some s, then Y also satisfies the
Q(b, X)-condition for every b < s.

The following lemmas will be useful in what follows. A consequence of our first
lemma is that if Y satisfies the Q(s, X)-condition, then Y (o0, s, X) is a Banach
space.

Lemma 1. Let X, Y be two r.i. spaces. If Y satisfies the Q(s, X)-condition, then
for all f**(oc0) =0,

s Ox(t) o
~ ||t ,
1oy = [ 2577000
with constants of equivalence independent of f.
Proof. Obviously,
—s ¢X(t) ok * H —s ¢X(t) * %
t t) — t t t .
e - o) <G|
Conversely, from % @) = M and the Fundamental Theorem of Calculus,
we have
*ok > sk * ds *% *
o= [0S = U - 1),
t
and the result follows by the Q(s, X)-condition. O

The next result gives a useful criterion to check the validity of a Q(s, X)-
condition.
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2340 JOAQUIM MARTIN AND MARIO MILMAN

Lemma 2. Let X,Y be two r.i. spaces. Suppose that
e 1 dt

(2.2) Q(s, X;Y) :/ t°hy <t> My (t )Mx(t) ; <
1

Then'Y satisfies the Q(s, X )-condition.
Proof. We have

¢X() > —sd)X(t) d_ﬂ:_ - ¢X_(t) T d_l‘
e = [ qu(t)f(x)x‘/l e RA

< [ 7 s G e s
= [ @t ) R M )My ()a”
Applying Minkowski’s inequality we obtain
[ Shar)| < [ s anca a0
g/loo hy (1/2) Mix (1)) My ()2 da tSf(t)Z)Y‘EQ S

(]
Remark 1. In terms of indices, it is easy to see that (Z2)) is equivalent to the
inequality
s < Qy — 53/ + QX

Moreover, if ¢ x (t)/dy (t) is equivalent to an increasing function, then starting from

(0 < [ @) e
a0 = /tt o) @3

and following the same steps as in the proof of the previous lemma we see that if

Q(s,X;Y):/ téhy< )dt<oo7
) 1)1

then Y satisfies the Q(s, X)-condition.

3. SYMMETRIZATION INEQUALITIES FOR MODULI OF CONTINUITY

Our first result is a general version of the Pélya-Szego principle (L) valid for
r.i. spaces.

Theorem 1. Let X = X(R™) be a r.i. space. Then there exists an absolute
constant ¢ > 0 such that for all f € X,

(3.1) wx (t, f°) < cwx (t, f).

Proof. We use the interpolation argument given in [22] where the case n = 1 is
proved. We shall use ([L3]) and the following auxiliary results, which will be proved
below:

(3-2) 17°=9°lx <llf —9lx, frgeX,
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SYMMETRIZATION INEQUALITIES AND SOBOLEV EMBEDDINGS 2341

and
(3.3) K(t, f; X, Wx) = inf {|[f—glx +t[IVglx}
geEW L
= inf — +t||V .
Lt {17 =gl + Vgl

Assuming that (8:2) and (B3) hold, we can write

K(t, f° X, Wx) inf ){||f° —9lx +tlVylx} (by B3))

geCE® (Rn
< inf °—¢°y +t||Vg°
el (1 =7l V)
< b AIf —gllx +11Velx} (by B2) and [L3))
9eCs (R™)

K(t, f; X, Wx) (by @3)).
Combining the last inequality with the well-known fact that (cf. [14], [4])

K(t,g; X, Wx) ~wx(t,g)

concludes the proof of (3] modulo (32) and (B3)). To see [B.2) recall that in
[18, Theorem 3.5], it is shown that for any convex function J : R — R such that
J(0) =0, we have

J(f(2) = g°(@))de < | J(f(z) = g(x))de,

R R™

for all f, g positive. We apply this result with Jx(¢) = [|¢| — A]", where A > 0 is
fixed and [z]" = max(z,0). It follows that for all X\ > 0,

64 [ 1r@-r@ =N < [ 1@ - g@) -

But on account of [4, Exercise 1, page 87], we can write

33 1l O =pt o [ 1@ - g @l - At .

Combining (30 and B4) we get
fo=g°I" () <|f =gl (¥,

and (32) follows.
To prove ([33]) we only need to show that for all f € X, ¢ > 0,

inf — +t||V < K(t f; X,Wi).
pedit U =gl + 199l ) < Kt f3.X W)

Given € > 0,t > 0, and f € X, select g € W4 such that

(3.6) Kt /i X, Wx) 2 |If —glx +tlValx —e
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2342 JOAQUIM MARTIN AND MARIO MILMAN

In Wi consider the norm Ifllwy = Iflx + IVFllx - Then C5°(R") is dense in

[e]
(Wi, H||W)1()7 and therefore we can select {g, }nen C C5°(R™) such that ||g — gn||

and ||[Vg — Vg, x both converge to zero as n — oo. Using the triangle inequality
we see that

If =9llx = I1f = gnllx = llg = 9nllx
and
tIVyllx = tlVanllx = tIVg = Vanllx -
It follows that

If = gllx +tlIVallx = (If = gnllx +t1Vnlx) = llg = gnllx = 1IVg = Vaulx

> inf — v
L1 gl + 19l

—lg _gnHX —t[|Vg — Vgn“x .

Letting n — oo we get

- +1||V > inf - +t||V
IF ~glx +¢1Volx > _inf (1 —gllx +t1Vlx)

and therefore combining with ([B.0) and letting e — 0 we obtain (B3] concluding
the proof of the Theorem. O

Remark 2. Tt is interesting to point out that, although the Pdélya-Szegd inequality
o
implies that the nonlinear map ©(f) = f° is bounded on W4 (R™), Almgren-Lieb

[1] proved that the map © is not a continuous operator on Wi (R") if n > 2.
Previously it had been known (cf. Coron [6]) that in one dimension © is continuous
on W; (R). In their paper Almgren-Lieb [I] also show that the map © is not only
bounded but also continuous on the Besov spaces By ,(R"),0 < a < 1.

Remark 3. The method of proof of Theorem [I] also applies for the general class of
rearrangements discussed in [2§].

The main tool in our analysis of embeddings of Besov spaces is the following
result.

Theorem 2. Let X = X(R) be a r.i. space. Then there exists a constant ¢ =
c(n) > 0 such that for all t > 0,

* k3 * wx tl/n7~f
3.7 550 = 10 - 110 < )
ox(t)
Proof. Let Ay = the distribution function of f. Then, as is well known and easy to

see,

(3.8) tf30)= [ (576 - ) de = /f it) Ap(s)ds.
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More generally for all y > 0 we have

(3.9) /{fo> }fo(x)dx =yAfo(y) —|—/ Ao (s)ds.

Y

Inserting y = f*(¢) in (39) we get

(oo}

| r@de= PO )+ [ (s
{fe>r=®} fx(@®)

o0
:f*(t)/ d;v—i—/ Afo(s)ds.
{fe>f-()} I

Therefore

3.10 °(x) — f(t)dx = OO)“’SdS
( ) /{J(’o>f*(t)} (f ( ) f (t)) /f*(t) ! ( )
:/ Af(s)ds (since Ago = Ay)
()
=tf5(t) (by B)).

It will be convenient to introduce some notation. Let A = {x € R™ : f°(z) > f*(¢)},
and let B(z, h) = ball with center x and radius h. Then

[A[ = Ao (f7(1) = Ap(f7(1) < t.
1/n
Pick h = (f—z) and for each = € A let

As ={y e B(z,h): f°(y) < [ ()}

Since
2t = |B(z,h)| = [Az[ + {y € B(z,h) : f°(y) > f*(D)}]
< Aol + A < |Ag] + 12,
we get that
(3.11) |A,| > t.

omx:mom_+m o:ooo s)ds °
/{fo>y}f()d /O(f() y)Tdx + yAgo (y) /0 Apo_yy+(8)ds +yApo (y)

- /Oo Ago (8)ds + yAso ().
Yy
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Rewriting (BI0) using this notation we have

H2(E) = /A () — (1)) du

- /A (ﬁ /A (F°) - f°(y)>dy> de

1 o o
g/A/Am(f (x) = f°(y) dydz  (by @EII)
1

t /A </B(a:,;L) |7 (@) = £ (W)l dy) dx
1 oa)— ot e da
:g//4</3<0,h o) = o+ )|d>d

)
1 (e} _ (e}
:i/B(o,m(A'f (@) f(x+u)|dx)du

IN

IN

= % / 1£°C) = o +u)|l x ox/(|A])du (Holder’s inequality)
B(0,h)
ox(t) .
=7 /B(O,h) wx (b, f7)du
dx(t)

= R ux(@tfen)" 1) ((@tfe)")”

< epxr(Hwx (™, ) (since wx(at, f) < (1 + @)wx (¢, f)).
Applying Theorem [I] and recalling that ¢x/(t)¢dx(t) = t, we therefore see that,

* /n ¢X'(t> _ WX(tl/nvf)
f3(8) < cwx (B0, ) == = e= e

concluding the proof. O

The integrated version of Theorem 2 extends and simplifies a result stated in [4]
Chapter 5, Theorem 4.19] for LP spaces.

Corollary 1. There exists a constant ¢ > 0 such that for all f € X, with f*(c0) =

0,
" * wx(s, f)ds
3.12 t) < —_
(312) fri<ef Xl
Proof. By the Fundamental Theorem of Calculus,
*k > sk * ds
o= [ e -res

> wy (s, f) ds
e ] oy @D

and (B12) follows. O
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4. EMBEDDING THEOREMS FOR BESOV SPACES

Let X = X(R"™), let Y be a r.i space over [0,00) and let 0 < s < 1. We define
the Besov space B y(R") to be the closure of C§°(R") under the seminorm

75—s/an (f7 tl/n)
Py (1) v

Remark 4. If in the definition of BfXY (R™)welet X = LP (R™)and Y = L7 ([0, 00)),
1 < ¢ < oo, then ¢y (t) = t1/4 and we have

=5/, (17 F) ) _ (/(JOO (t*S/"wLp (t1/n7f))q %>1/q

oy (1)
([ ey ™)

Thus, f € ]j%zp’m (R™) if and only if f belongs to the classical Besov space Bz’q (R™).
The usual modifications apply when ¢ = co.

/]

e
BX,Y

From Theorem [2] we immediately get
Corollary 2. Let X,Y be r.i. spaces, 0 < s < 1. Then

Byy (R") C Y (o0, =, X)(R").
Proof. By Theorem [2]
t=s/mwx (f,tY")
oy (1)

Hf”Y(oo,%,X) <c

Y
(]

Remark 5. The extension to higher order (s > 1) Besov spaces, as well as the
embeddings of Besov spaces on domains, will be considered in a forthcoming paper
[19).

4.1. Some concrete examples. Suppose that Y = L,(R™). Then we can give a

more precise version of Lemma [I] (see also [23]).

Lemma 3. Let X be a r.i space. Let s € (—1,1) and suppose q¢ > 1. Let v(t) =
t=5=14¢px(t). Then the following statements are equivalent:

i) s <P
it) Ly(R™) satisfies the Q(s, X)-condition;
iii) if f*(cc) = 0,
11 La(oe,x) = Il0(&) (F77(8) = fH @), = [lo@) F @), -
Proof. i) — ii) An easy computation shows that condition (Z2]) holds and then
Lemma [2] applies. 4i) — 4ii) Follows from Lemma [Il To conclude the proof we
show iii) — 4): By Fubini we readily see that (we need f*(oo) = 0, otherwise Qf*
does not exist)
Qf*"=QoPf =Qf +Pf =PoQf =(Qf)".
Thus

(4.1) (QF)7 (t) = Qf*(t) = Pf(t) = f(1).
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Consider now the r.i. space H defined by the norm
1Pl = Mo (@) S (@)l -
Then, by condition #ii),

o(r) = [xtoly = o) (x5 = x0n ) |

([ wert) ™

On the other hand, since ¢x is increasing,

/oo v(t)th _ /°° t_sq_1¢X(t>th > M

9 1= q(s—1)
Similarly
2r dt 2r dt
Gx(r)ir171 < gy (T)qrfsqfq/ - < qbX(t)qt*Sq*q?
< e dt o dt
S/T t—1 l(bX(t)qt_q:/r v(t)qt—q.
Thus
ou(r) =~ ox(r)r *
and

By =—s+08-
Finally, since
£l = @ (QF)™ (&) = QfF*(1)]|, (by @)
~ [Jv(t) (Qf*)™ (t)||q (by condition 7ii))
=Qf Iy
it follows that ) : H — H is bounded, which implies that QH > 0. O
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