PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 134, Number 8, Pages 2329-2334

S 0002-9939(06)08395-X

Article electronically published on February 6, 2006

INTERPOLATION THEOREM ON LORENTZ SPACES
OVER WEIGHTED MEASURE SPACES

SHINYA MORITOH, MIYUKI NIWA, AND TAKUYA SOBUKAWA

(Communicated by Christopher D. Sogge)

ABSTRACT. In 1997 Ferreyra proved that it is impossible to extend the Stein-
Weiss theorem in the context of Lorentz spaces. In this paper we obtain an
interpolation theorem on Lorentz spaces over weighted measure spaces.

1. INTRODUCTION

The aim of the paper is to prove an interpolation theorem on Lorentz spaces
over weighted measure spaces.

In 1966, Calderén [2] and Hunt [4] proved an interpolation theorem on Lorentz
spaces Ly 4. On the other hand, in 1958, Stein and Weiss [7] proved an interpo-
lation theorem on L, spaces which allows one to change measures simultaneously
with changing exponents. Thus it is natural to seek an interpolation theorem on
L, 4 spaces which allows one to change measures simultaneously with changing
exponents. However, in 1997, Ferreyra [3] gave a negative result for such an inter-
polation.

In [5], the following result was obtained; notation is given in section 2.

Let ¢ = 0,1. Suppose that 0 < pyg < p1 < o0, 0 < r; < oo with rg #
r, 0<¢q <00, 0<s; <occand D = (—a,—a) € R? with « > 1. Put 1/p =
(1—-6)/po+6/p1, 1/r =(1—0)/ro+6/ry for 0 < 8 < 1. Let v;, w; be nonneg-
ative measurable functions. If T'is a quasi-linear operator bounded from Ly, 4;:v,
t0 Ly, s;w,, then there exists a constant C such that | Tf|, spw < C||fllp,q0 for

every linear combination f of two characteristic functions with disjoint supports,
where ¢ < s and v!/P = vél_e)/povf/pl, w'/T = wél_a)/rowf/rl.

In this paper, we prove an interpolation theorem of the above type. Under the
hypothesis that 7" is nonnegative, and bounded from Ly, 4,., t0 Ly, s,.w,;, We obtain
the inequality |7 flr 00w < C| fllp1;0- Note that the domain space is a Lorentz
space Ly 1, with fixed weight v. This conclusion is weak in the sense that the
target L, o is large and the domain L, ; is small in the framework of L, , classes.

The plan of the paper is as follows. In preliminary section 2 we give definitions

and lemmas. In section 3 we state our main theorem and give its proof.
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2. PRELIMINARIES

Let (M,9, 1) be a resonant measure space and let f be a complex-valued or
real-valued measurable function defined on M.

Definition 2.1. Let w be a nonnegative measurable function on M. Then the
distribution function of f with respect to w is defined as follows:

Arw(y) =w{z € M« |f(z)| >y}), y>0,
where w(A) = [, wdp for every A € M. Then the nonincreasing rearrangement of
f with respect to w is defined as follows:

fo@) =inf{y : A\ w(y) <t}, t>0.

The average function of f with respect to w is defined as follows:

=1 [ s >0

Definition 2.2. Let w be a nonnegative measurable function on M. Then the
weighted Lorentz space Ly, 4., is defined as the set of all measurable functions f on
M such that || f|p,qw < 00, where

q [~ AN
(& [Ternord) " 1sp<o0<q<o,
pw — 0

1] v

sup ¢'/7 £ (1), 1<p<oo, g=o0.

>0
In general, however, || - ||p.q:w i not a norm since the Minkowski inequality may
fail. But by replacing f. with f* in the above definition of || f||, 4w, We obtain a
norm || - ||(p,q);w for all ¢ > 1:

> dt\ "
<g/ [tl/pff;*(t)]q—) , 1<p<oo, 0<qg<oo,
i = 3\ Jo t
sup t'/? £ (1), 1<p<oo, g=cc.
>0

We state the following from Bennett and Sharpley [I].

Lemma 2.3. If1<p< o0 and 1l < g < o0, then

p
Hf“p,q;w < Hf”(p,q);w < pTl”pr’q;w

Proof. The first inequality is an immediate consequence of Definition and the
fact that f < fa*. The second follows from the Hardy inequality. O

As mentioned in the introduction, we include the definition of Lorentz-Zygmund
spaces with norm || - ||,,¢:p;w- We note that the case where D = (0,0) corresponds
to the weighted Lorentz spaces given in Definition 2.2.

Definition 2.4. Let w be a nonnegative measurable function on M. Then the
weighted Lorentz-Zygmund space L, 4..,(log L)p, D = (a, 3) € R?, is defined as the
set of all measurable functions f on M such that || f||, ¢p;w < 00, where

q [~ dt\
. (& [Cwrroronr) L o<pa<x,
pDiw = 0
iugtl/pfi(t)(logt)n, 0<p<oo, g=o0.
>
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Here,

1 —logt)® t<1
(logt)D: ( 0g ) ) 0<t< )
(14+1logt)?, 1<t< oo

Let (N,91,v) be another resonant measure space. Let T' be an operator from a
class of measurable functions on M to that on V.

Definition 2.5. An operator T is called quasi-linear if there is a constant K > 1
such that

T(f +9)l < K(ITf|+|Tgl), [T =IAl-ITf
hold v-a.e. on N for all f and g in the domain of T" and for all scalars A. If we can

take K =1, T is called sublinear. T is called nonnegative when T'f > 0, v-a.e. for
all f in the domain of T

We recall the following result from Bennett and Sharpley [I, Lemma 5.1, p. 231].
This is necessary for the limiting argument given in the proof of Theorem 3.1 in
the next section 3.

Lemma 2.6. Let X andY be rearrangement-invariant Banach function spaces over
resonant measure spaces (M, u) and (N,v), respectively. Let T be a nonnegative
sublinear operator defined on a dense linear subspace D of X and taking values in
Y. If

(2.1) ITflly < Cllfllx

for all f € D, then T has a unique extension to a nonnegative sublinear operator
from X toY, for which [ZTI) holds for all f € X.

Finally, we prove the following.

Lemma 2.7. There are constants Cy and Cy such that

o oo

Cr Y 27128 <lfllpaw < Co D 29P£5(25).

k=—oc0 k=—oc0
Proof. Let t € [2%,25+1]. Since f; is nonincreasing, f(2F+1) < f*(¢) < fx(2%).

On the one hand, we obtain

1%, dt
o = [ 07505
0
0o ok+1
o dt
> [ et
=—00 2k

2k+1

Iy [ e

ok t

Il
i
\M8
3
S
*
—
)
ol
V
—
©
>
+
=
~
S
|
)
ol
~
S
=

oo

=@V 1) 3 2Hrpn(2h).

k=—o00
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On the other hand, we obtain

ok+1

1 & .
s>~ 30 [ s
k=—oc0

Z f;(2k+1)(2(k+1)/p o Qk/p)

k=—o00

(1 _2—1/;0) Z 2(k+1)/pf:;(2k+1).

k=—o00

dt
4

3. MAIN THEOREM
We can now prove the following.

Theorem 3.1. Let i = 0,1. Suppose that 1 < pg < p1 < 00, 1 < r; < oo with
ro#ry, 0<¢,8 <oo. Putl/p=(1-0)/po+6/p1, 1/r=(1-0)/ro+0/r1 for
0 <0 < 1. Let v,w; be nonnegative measurable functions. If T is a nonnegative
sublinear operator from Ly, q..0 10 Ly, o;:w,;, then there exists a constant C' such that

||Tf |r,oo;w < OHf”pJ%’U’

— w(glfG)/rowf/rl .

where w'/"

Remark 3.2. We do not know if this theorem is true in the case where T is not
assumed to be nonnegative.

Proof of Theorem 3.1. In our proof, the letter C' will denote a constant not nec-
essarily the same at each occurrence. Let f be a measurable function on M. We
consider pairwise disjoint measurable subsets of M,

E,={zeM: ;") <|f(=x)| < fr(2")}, n=0,£1,42,....

We may assume that |f(z)] < oo, prae. z € M. If |f(x)] = oo on some set
of positive measure, then we have f(t) = oo near t = 0, which implies that
| fllp.1:0 = 0o. Moreover, we may also assume that f(¢) tends to 0 as t — oo. If
f¥(t) does not tend to 0, then ||f|,1,, = co.

Let f,, be defined by

fule) = {f(”’ o

0, otherwise.

Then we consider the following three cases according to the value of |f(z)|. When
|f(z)] = 0,  does not belong to any E,, so f,(x) = 0 for every n. Next, when
0 < |f(z)| < oo, & belongs to some E,, because we have assumed that f;(¢) tends
to 0 as t — oo. In this case, fn,(z) = f(z) and f,,(x) = 0 for m # n. Finally,
when |f(z)] = oo,  does not belong to any E, because we have assumed that
|f(z)| < o0, p-a.e. x € M. In this final case, f,(z) = 0 for every n. Therefore, we
may describe the function f as the following sum of the functions f,, (see [6]):

(3.1) flz) = Z fo(x), p-ae xze M.

n=—oo
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We remark that if E,, = (), then f,(z) = 0 on M. Another important remark is
that we have v(E,) < 2- 2™ because of the construction of the sets F,,, which is
used in the estimate (3.6) below. Because of Lemma 2.6] we may assume that all
but finitely many f,’s in [BI) are identically zero. The set of such functions f is a
dense linear subspace of Ly, 1., 1 < p < 0o, and we can apply a limiting argument.

By using the sublinearity of 7' (Definition 2.5), the Minkowski inequality (Defi-
nition 2.2) and Lemma [2:3] we have

oo oo

r
(32) HTfH(T,OO);wS Z ”Tan(T,OO);wSm Z ”TanT,OO;w-

n=—oo n=—oo

(We note again that the summations in the inequalities in (3:2)) have only finitely
many nonzero terms.)

We now estimate the quantity |7 fy||r,c0w- Because T is assumed to be a sub-
linear operator from Ly, .. t0 Ly, ;.5

tl/ri (Tfn):‘ul (t) < CanHpiqu'U’ t=0,1.
By the change of variables t = Ary, ,(s), we have

(33) SO 1 (DY < Cllfallprgies i = 0,1

We use the Holder inequality and the relation that 1/r = (1 —6)/ro+6/r, w'/" =
(1-0)/ro_ 6/7r1 .

Wy w,’ "' to obtain

(AT s,0(9)) "

1/r
=3 </ w(m)du(x))
{z;| T fr(x)|>5}

(1-0)/ro
= </{x;|m(m>|>s} le)dulz) (/{m;mn(x»s} ()i ()
= [sOrsmo)] " [sur g ()7]

From 33) and (34),

—0 0
S()‘Tfmw(s))l/r S C”fnH;})O,qo;v”fn”pl,ql;v'

(34) 0/r1

Thus we obtain

(3-5) IT fallrooiw < C Il fallpg gosollfallp, g0

As for the quantity [|fu|po.go:- we have

oo d 1/<10
TH —— (q—° / [tl/m(fn):(t)]qo—t)

Do t
v(Ep) 1/q0
QP 1/po £ (on qu@
<<p0/0 52 t)
= £7(2") (0(En))"/Po.

Similarly as for the quantity || fnllp, q150

1 fallps,ario < £2(27) (0(En)) /7.
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By using the relation that 1/p = (1 — 8)/po + 6/p1, we obtain from (B3),
(3.6) I fallr oo < CFi(2") (0(E))YP < Cfr(27) - (2-27)1P.
Consequently, from ([32]), (B:6) and Lemma [277] we obtain

1T fllroow < C > F1(27) 27 < O fllp.1i0-

n=—oo
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