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EQUIVALENCE OF HARDY-TYPE INEQUALITIES WITH
GENERAL MEASURES ON THE CONES OF NON-NEGATIVE
RESPECTIVE NON-INCREASING FUNCTIONS

L.-E. PERSSON, V. D. STEPANOV, AND E. P. USHAKOVA

(Communicated by Jonathan M. Borwein)

ABSTRACT. Some Hardy-type integral inequalities in general measure spaces,
where the corresponding Hardy operator is replaced by a more general Volterra
type integral operator with kernel k(z,y), are considered. The equivalence
of such inequalities on the cones of non-negative respective non-increasing
functions are established and applied.

1. INTRODUCTION

Let A and p be regular Borel measures on Ry : = [0, 00) such that [0, z] < oo
for all z € Ry, K is a positive operator, that is, K f(z) > 0 for any function
f(y) > 0. A considerable number of works are devoted to the study of inequalities
of the type

(1.1) ( / w(Kf)Qdu>l/q <c < s deA)l/p,

where f runs over a cone of non-negative functions (see, for instance, [I] and the
literature given there). Let

B = {f(x) >0, 2Ry},
El: ={f(z) >0, f(z)is non-increasing forz € Ry}

be two standard cones in the space of all A-measurable functions. It is well known
that inequality (1.1) for all f € E and the same inequality for all f € E! are not
equivalent in general [2]. However, as was recently discovered by G. Sinnamon [3],
for the Hardy operator of the type Hf(z): = fom fd\ the equivalence takes place.
We generalize this and the other results of [3] to Volterra integral operators

(12) &f(@): = [ ke i),
with a kernel k(z,y) > 0 satisfying some conditions of monotonicity.

Received by the editors March 9, 2005.

2000 Mathematics Subject Classification. Primary 26D15; Secondary 47B38.

Key words and phrases. Integral operator of the Hardy type, inequalities for monotone
functions.

The work of the second and third authors was financially supported by the Russian Foundation
for Basic Researches (Projects 03-01-00017 and 05-01-00422) and by the Far-Eastern Branch of
the Russian Academy of Sciences (Projects 05-I1II-A-01-12 and 05-III-I"-01-108).

(©2006 American Mathematical Society
2363

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2364 L.-E. PERSSON, V. D. STEPANOV, AND E. P. USHAKOVA

Throughout the paper a relation A <« B means an inequality A < ¢B with
a constant ¢, depending on the parameters of summation p and q. We note that
p: =p/lp—1Dfor0<p<oo,p#Al.If A< B« Aor A=cB, we write A ~ B.
The constants C' in the inequalities like (1.1) are supposed to be taken as the least

possible. We assume fab: = f[a K Uncertainties of the form 0 - co are taken to be

zeros. The sign : = is used to determine new quantities.

2. MAIN RESULTS

‘We use the notation

3] 1/p
LP(N): = {fZO, [fllzeony: = (/0 fpd)\) }7

and we need the following statement.

Proposition 2.1. If1 < p < 0o and a function f(x) > 0 is A\-measurable, bounded
and supp f C Ry is compact, then there exists a function f° € E' such that

(i) Hf(z) < Hf(x) forallz >0,
(i) Nfolzecny < N flloeeny-

Remark 2.2. The function f° is called a level function. The proof of Proposition
2.1 can be found in [4].

Theorem 2.3. Let 1 <p < oo and 0 < g < oo. Let the kernel k(z,y): Ryx Ry —
R, be non-increasing in y € [0,z] for every x and let K be defined by (1.2). Then
the inequalities

(2.1) IKfllzagu) < Cilo; ) fllreny, f€E,
and
(2.2) IKflpagy < Co )| fllpecn), f € EY,

are equivalent and C1(p,q) = Ca(p, q).

Proof. The implication (2.1)=(2.2) and the inequality Ca(p, q) < C1(p, q) are trivial
because of E} C E. We show the inverse. If supp u = {0}, then the assertion of
the theorem is obvious. Therefore, let supp i # {0}. By monotonicity of the kernel
k(z,y) we have in a sense of Stieltjes’ integral that for all 0 <y < z < 0o

k(z,y) = k(x,x) + /x d,(—k(z,2)).

By (i) of Proposition 2.1 it implies for all bounded f € E with compact support
supp f C Ry that

fe) ke [ fore [ / (b)) FAG)

— k(z,2) /m fd)\+/ </ fdA) d.(—k(z, 2))
0 0 0
< k(z,z) /ﬁf fedx+ /33 (/2 fod)\) d.(—k(z,2)) =Kf°(x).
Applying (ii) of Propositioon 2.1, we f?ind f(;)r 1 < p < oo that
IKflaguy < IKSLaquy < Collf*lleny < Collfllrr)-
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For arbitrary f € E the required assertion follows by Fatou’s theorem. The case
p = 1 also follows by a limiting process with p — 1. (I

Put
A): :/0 i, Pyf(z): :ﬁHf(x).

The following statement is essentially proved in [3].

Corollary 2.4. Let 1 <p < 00, 0 < ¢ < co. Then the inequalities

(2.3) IPxfllLage) < Cios ) fllzery), f€E,

and

(2.4) I Pxfllpagu) < Co(p, )| fllLoeny, f € EY,

are equivalent. Moreover, for p > 1 (2.3) and (2.4) are equivalent to
(25) Hf”Lq(u) < 03(pa q)“fHLP(/\)v f € El7

and C3(p,q) < C1(p,q) = Ca(p,q) < p'C3(p, q).

Proof. The proof follows from Theorem 2.3, the inequality f(z) < Py f(x) for any
f € E' and Hardy’s inequality [3]

(2.6) 1P flleny < P lleeons
where 1 < p < co. (]

From this we obtain a sharp form of the well-known Sawyer’s theorem [6], The-
orem 1].

Corollary 2.5. Let 1 < p < co. Then

o m B
(2.7) S,: = sup 0{071/1) €| =2, By,
feBs ([ frd) p

oo ([ (L5 o)

Moreover, the relation (2.7) is unimprovable in general.

where
1/p'

Proof. Tt is well known [5, Chapter XI, § 1.5, Theorem 4] that for 1 < p < o0, ¢ =1
the best constant in the inequality (2.3) has the form Cy(p,1) = B,. From this
and Corollary 2.4 it follows the estimate (2.7). Let us show that it is optimal.
If d\(z) = do(z)x(0,1(%)dw, suppu = [0, 1], where Jo(z) denotes the Dirac delta
function at the point 0, then it is not difficult to see that

1
Sp > / dp = B,
0
in this case. Therefore the inequality S, < B, is sharp. Now, let
ae(0,1/p), du(x)=ax""pq(x)de, d\(z)= x[0q(z)dz,
where x[,1](%) denotes the characteristic function of the interval [0, 1]. Then

1
d o
Sp.a: = sup Jo f@)dz/ =(1-ap

)*1/17’
1 |
seB (1 po(ayda) "
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Here the upper bound follows from the Hélder inequality, and the lower bound is
achieved for the function f(x) = z~*/®=1. We also have

/ 1/pl ’
1 1 P 1 1/p
1 ,
s = ([ ([ 5) @) = ([a-mr)”.
0 c Yo o \Jo P

Applying the elementary inequality
(1—2%)? >1—pa°,

we find
1/p 1/p'
1 ! dx 1 / p'(1—pa)
B,, > — 1—pz%)—= =—(1-pa)y /" |(1- " .
b, —a(/o( pr )xap') Oé( pOé) 1704([)/71)
Hence,
Sy a 1
lim =2% < -
a—1/p’ Bp,a p
and, consequently, the estimate p’S, > B, is sharp, too. (]

Theorem 2.6. Let 1 < p < o0, 0 < ¢ < 0o and let m, n be any non-negative
integers. Then the inequalities (2.1), (2.2)

(2.8) I(KPY) fllage) < Callflleery, f€E,
and
(2.9) KPS fllpauy < Csll P flleny), f € EY,

are mutually equivalent.
Proof. If f € Et, then f < Pyf <...< PP'f and (2.9) implies (2.2) by
IE fllaguy < IKPX fllpagey < CslIP ey < Cs@)™ [ f e -
Now, (2.2) = (2.1) follows by Theorem 2.3 and (2.1) = (2.8) by
IEPY fllLaey < CLllPY flleeny < C1@)" 1 fllLeen)-

Finally, if f € E', then again applying f < Pyf < ... < P{"f we see that (2.8) =
(2.9) follows by

I KPY fllauy < Callflleeiny < Call PY fllzeny-
O
In the theory of the weighted Hardy-type inequalities the following is well known.

Definition 2.7. A kernel k(x,y) > 0 of the integral operator of the form (1.2)
belongs to Oinarov’s class, k € O, if there is a constant D > 1 such that

(2.10) D™ k(x,y) < k(z,2) + k(2,y) < Dk(z,y), > 2>y > 0.
Remark 2.8. Tt is known [7] that if k£ € O, then

(2.11) k(x,y) < k(x,y) < Dk(z,y),

where

k(z,y) = sup k(z,2).
z€[y,x]
Therefore, Theorem 2.6 is valid for integral operators K of the form (1.2) with a
kernel k € O, because k(z,y) is non-increasing in y € [0, z].
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Put

K(x): = / " (e, y)dA (),
(212) Pef@): = el [ Mo f)iw).

Definition 2.9. We write that a kernel k(x,y) € Dy if Pxf € E! for any f € E!.

Observe that the class Dy consists of non-negative kernels k(z,y) such that for

allt >0
1 t
m/o k(z,y)d\(y)

is non-increasing in « when x > t. Necessity follows from the inequality Pk f(z) >
h

Pr f(z) with 2 > z > t and f = xjo4. For sufficiency we assume that f(z) = foo ,
h > 0. Then for x >t we have
S k(x, y)d\
9 Jo ke y)dAy) .

Prcf(e) = fa) + [ h) B

+/th(s)—fsk(x ?)‘;A( ) ds

/ ht / i y)‘)“( N )

Now we intend to obtain the equivalence like (2.3)<(2.5) for the more general
inequality (2.1) instead of (2.3). To this end we need an analog of the Hardy
inequality (2.6) for the operator Pk (see [8, § 2.3]).

Proposition 2.10. Let 1 < p < oo and k(z,y) € O. Then

(2.13) 1P fllze(ny < Coll flleny, € E,
if and only if

Ao: = </ot (ﬁ(x) /Ox[k(x, y)]”/dA(y))p dA(x)) 1/

sup 1/p

([ wearae)

Proof. Necessity. For any t > 0 put fi(y) = [k(t,y)]p/’1X[07t] (y). Then (2.13) with
[ = fe gives

ot [wear o> [ (F [rear repow) nw

2 [ (i [ By w) o)
Hence, DP//PC’6 > Ag.

For the sufficiency we observe that (2.13) is equivalent to

< o0

and Ay =~ Cg.

1Pk llLe ) < CollgllLr () 9 € E,
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where * - IA(2)

Now, applying [8, Lemma 2], whose proof can be duplicated for a general measure,
we find that

1Pkl sy < [ o(Picay =t

= [Tt ( / N g(z)}‘gg)p’l ([ o ane) 21
=:J1 + Js.

Assume that g is bounded with compact support and 0 < HPI’“(gHLp/()\) < 0. By
Hoélder’s inequality we have

Ji1 < ||9||LP/(>\)||P;g|‘ip/’p(>\)'

Again by Holder’s inequality we find

lollo o ( L] e ;?‘&) (e [ sl ) dA(y)) "

1
= |lgll o 2y I -

Now, once more applying the measure version of [8, Lemma 2] we obtain

m < o ([ fj((fj)) [ (o [ bsr ) o)
< AbJ,.

Jo

IN

Hence, Jy < Ag,HgH’;’p/(A). Thus,

1Pl ) < gl oyl PalZLE, -+ 88 s
and the required upper bound follows. O

Theorem 2.11. Let 1 < p < 00, 0 < g < oo and let a kernel k € O NDy be such
that Ag < oo. Then the inequality (2.1) is equivalent to

(2.14) IfEAl Lo < CallfllLeeny, f € EY
and Cy =~ Cx.

Proof. First we show that (2.14)=>(2.2). Let f € E}'. Then Px f € E', because of
k € D,. Therefore

1K fllzaguy = (P f)ExlLa(w) < CrllPr fllzeny,
and by the inequality (2.13)
L CrAo| fllrny-

In view of Remark 2.8 this implies (2.1) and, moreover, C; < C7Ay. Conversely, if
f € EY, then by (2.11)

Kx(z) < Kx(x): = /Ox k(z,y)d\(y).
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Therefore,
Picf@) > m—— [ R f@a\y) > 55
X et Z, iy x).
K = DR Jy TP =5
Thus, if (2.1) is true, then for f € E' we have
[ f B zaqu) < DIK fllpauy < DCillfllzeeny-

Consequently, C7 < DCf. ]
Combining Theorems 2.6 and 2.11, we obtain the following

Corollary 2.12. Let 1 <p <00, 0< g < oo and let a kernel k € O ND) be such
that Ay < oo. Then (2.14) is equivalent to (2.8) and to (2.9).

Remark 2.13. The condition k € Dy was not used in the proof of (2.1)=-(2.14),
and therefore (2.14) follows either from (2.1), (2.2), (2.8) or (2.9), whenever k € O
and Ay < oo.

Let ¢: (0,00) — (—00,00) be such a monotone function so that there exists the

reverse function ¢! and either

(a) ¢ is concave and increasing
or

(b) ¢ is convex and decreasing.
Put

1 xT

Brcf0): =7 Pl @) =~ | s [ Mealelmans)|.

Az) Jo

Our following assertion generalizes the result of G. Sinnamon [3| Theorem 4.1],
established for k(z,y) = 1.

Theorem 2.14. Let1 < p < 00,0 < g < 00, k€ ONDy and Ag < co. Suppose that
@ satisfies the condition (a) or (b). Then the following inequalities are equivalent:

(2.15) I fllLaqwy < CsllfllLeny, f€ EY,

(2.16) 1Pk fllragey < Collflleeny, f € EY,
(2.17) 1P fllLaguy < CrollfllLenys f € E,
(2.18) 1®x fllLag < Cuillflleeny, f € E,
(2.19) 19k fllLay < Crallflrn), f€ B

Moreover, the least possible constants in the inequalities (2.15)—(2.19) are also pair-
wise equivalent.

Proof. (2.15)=(2.16)=(2.17) follows from Theorems 2.3 and 2.11 and Remark 2.8,
and (2.17)=(2.18) follows by applying Jensen’s inequality @ f(z) < Pk f(x).
(2.18)=(2.19) is trivial. It is left to show that (2.19)=(2.15). Let f € FE!
and ¢ satisfy condition (a). Then ¢(f) is non-increasing. This easily implies
that o(f)(z) < Px(o(f))(z). Applying ¢! to the both parts of this inequal-
ity, we conclude that f(z) < ®xf(x) and therefore, (2.19)=-(2.15); moreover,
Cg < Cha. If p satisfies condition (b) and f € E', then ¢(f) is non-decreasing. Then
o(f)(x) > Pr(p(f))(x). Again applying ¢! to the both parts of this inequality,
we obtain that f(x) < ®x f(x) and therefore (2.19)=-(2.15) and Cs < Cjs. O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2370 L.-E. PERSSON, V. D. STEPANOV, AND E. P. USHAKOVA

Remark 2.15. Until now we have mainly studied only the equivalence of the in-
equalities, and it may seem that their own characterization is still open. However,
this is not so, because the characterization of the inequality (2.15) is well known
(see [9, Proposition 1] for weighted inequalities and [3] for inequalities with general
measures). Namely, for 0 < p < g < o0

1/q
00 1/q td
fidu o dun
(220) C8(paQ) = sup (fooo )1/10 = Sup ( >1/pa
reBt ([g7 frdx) >0 ( I dA)
and for 0 < g <p<oo,1/r: =1/¢g—1/p
q 51/ 1/
(221) CS(p, q) € |:; Bp/Zv BP/‘(II:| )
where
1/r

(2.22) B,y = (/0‘” </:O dfu)” dA(x))

Observe that (2.21) follows by the change f¢ — f in the middle term (2.20) and
applying (2.7). Thus, the borders for the constant Cs(p, ¢) in (2.21) are sharp and
the inequalities (2.16)—(2.19) are characterized by finiteness of the right-hand side
of (2.20) for 1 < p < ¢ < oo and by finiteness of the right-hand side of (2.22) for
0<g<p<oo,p>1.

Also note that under some additional restriction on the measure A there is an
alternative two-sided estimate of the constant Cg(p,q) for 0 < g < p < o0, also
useful in applications. This restriction on the measure A\ was studied in [3] and
always holds, for example, if the measure A\ is non-atomic. For the absolutely
continuous measures A and p this alternative estimate was pointed out in [I0,
formula (1.6)].

Finally, we will point out two applications of Theorem 2.14, found for k(x,y)=1
and f € Fin [3].

Proposition 2.16. Let 0 < p,q < 00, k € OND) and Ay < co. Then the inequality

(2.23) ([ rea) o, ([ eryoan) o

for all f € E is also equivalent to the same inequality for all f € B and equivalent
to the inequality (2.15). Moreover, Cq3 =~ Cs.

Proof. f 0 < ¢ < oo,p > 1, then applying Theorem 2.14 with ¢(x) = 1/z, we
obtain the required assertion and Ci3 ~ Cg. If 0 < p < 1, then by the change
P = g% in the inequality (2.15) it is equivalently reproduced in the form

oo P/2q ) 00 1/2
(2.24) < / ng/T’du> <cr/ < / de)\> , g€ E
0 0

Moreover, by Theorem 2.14 with ¢(x) = 272/, the inequality (2.24) is equivalent
to the inequality

oo p/2q 00 1/2
(2.25) ([ rersryean) < ([ )
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for all f € E or for all f € E'. Performing in (2.25) the reverse change g~/ = f,
we arrive at the inequality (2.23). O

By a similar method we obtain the following.

Proposition 2.17. Let 0 < p,q < oo, k € ON Dy and Ay < oo. Then the
inequalities

(2.26) ( /0 " (exp [Prc(log )])" dp) " o ( /0 h f”dA) v

and

(2.27) ( s f”dA) s ( | (e pctiog ) du) o

either for all f € E or for all f € E' are equivalent to each other and also equivalent
to the inequality (2.15). Moreover, C14 = C15 = Cs.

Proof. The inequalities (2.26) and (2.27) for 0 < ¢ < oo, p > 1 follow from Theorem
2.14 with ¢(x) = logx, and ¢(x) = logz~!, respectively. For 0 < p < 1 we use the
arguments from the proof of Proposition 2.16 with the functions ¢(x) = log x2/P
and ¢(x) = logz—2/P. O

Remark 2.18. Proposition 2.16 supplements the results of the Prokhorov recent
paper [11], and Proposition 2.17 supplements the results of the papers [12], [13].
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