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ABSTRACT. We study the semi-classical behavior of the spectral function of the
Schrédinger operator with short range potential. We prove that the spectral
function is a semi-classical Fourier integral operator quantizing the forward
and backward Hamiltonian flow relations of the system. Under a certain geo-
metric condition we explicitly compute the phase in an oscillatory integral
representation of the spectral function.

1. INTRODUCTION

We study the structure of the spectral function associated with the semi-classical
Schrédinger operator with short range potential on R™. We prove that the appro-
priately cut-off spectral function is a semi-classical Fourier integral operator asso-
ciated to the union of the backward and the forward Hamiltonian flow relations
of the principle symbol of the operator. We also show how this allows us, under
a certain geometric assumption, to compute the phase in an oscillatory integral
representation of the spectral function.

Our result is motivated by the following theorem by Vainberg. In [7, Theorem
XI1.5] Vainberg considers operators of the form

0
A= Zl awa 33:] +Zb c,
0] i=1

where a; ;,b;,¢c € C°(R™) and A = —A for ||z| > 1. He assumes that the energy
1 is non-trapping for the principal symbol of A. Vainberg then establishes an as-
ymptotic expansion in A — oo of the spectral function ey, which is defined as the
Schwartz kernel of dﬁ\*, where {E)} denotes the spectral family of A. Vainberg
expresses this asymptotic expansion in the form of a Maslov canonical operator
Ky » associated to a certain Lagrangian submanifold A = A, C T*R"™ and acting
on another asymptotic sum in A. The Lagrangian submanifold A, consists of the
phase trajectories at energy 1 of the principal symbol of A passing through a fixed
base point z(0) = y, while the terms of the asymptotic sum on which Kj ) acts
solve a recurrent system of transport equations along the phase trajectories of the
system.
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2. THE SEMI-CLASSICAL SPECTRAL FUNCTION

Here we study the semi-classical behavior of the spectral function of a Schrodinger
operator with short range potential at a fixed energy A > 0. More precisely,
we work in the following setting. Let X be a smooth manifold of dimension
n > 1 such that X coincides with R™ on R™\B(0, Ry) for some Ry > 0, where
B(0,Rp) = {x € R™: |z|]| < Ro} and || - || denotes the Euclidean norm on R™. Let
g be a Riemannian metric on X which satisfies the condition

gij (x) = 6,5 for ||z|| > Ro.
Let V € C*°(X;R) be such that for some 7 > 1 and for every ov € N”

804

ax—aV(x) < Co(1+ ||z|)~7 101, 2 e R™\B(0, Ry).

R”\B(0,Ro)

Then the operators P (h) = %h2Ag 4+ V,0 < h <1, admit unique self-adjoint
extensions with domains H?(X). We denote by {E,(h)} the spectral family of the
operator P(h) and by e, (h) the spectral function of P(h), i.e. the Schwartz kernel
of d%ﬁ. We also let p(z,€) = 3[£]|2+V () be the semi-classical principal symbol
of P.

We set R(\ +i0,h) = lim o (P(h) — A Fie)~", where the limit is taken in the
space of bounded operators B(L%(X), L2 (X)), a > 1, where

LE,(X) = {f € L2(X) : flpo,r) (L + || - IN** € LAR™B(0, Ro)) } -

The operator norm in B(L2(X), L% (X)) will be denoted by || - ||a,—a-
Let H, be the Hamiltonian vector field of p and let

v(5 w0, 60) = (2 (520, 80) , £ (5 %0, 60))

denote the integral curve of H,, or (phase) trajectory, with initial conditions (x¢, &)
€ T* X. We define a non-trapping energy level as follows:

Definition 1. The energy A > 0 is non-trapping if for every (xo,&p) € T*X, with
5lI€llZ + V(z0) = A there exists to > 0 such that z (s;z0,&) € R™\B(0, Ro) for
every |s| > to. A phase trajectory ¥(-;xo,&p) is non-trapped if there exists t > 0
such that x(s;z0,&0) € R"\B(0, Ry) for all |s| > t.

We now choose functions x; € C&(R™\B(0,Rp);R), j = 1,2, with disjoint

supports. We assume that A > 0 is such that P — X is of principal type. Then it

follows that ¥, < p~1()\) is a 2n — 1-dimensional submanifold of 7% X and

ALY € {(y, —m,€) - (y.m) € S, (,€) = exp(tH,) (y,n),t > 0}
N T*(supp x1 X supp x2)

and
ApON) € (2, =& y,m) : (2,€) € S, (y,1) = exp(tH,) (z,€),t < 0}
N T (supp x1 X supp x2)

are Lagrangian submanifolds of T*R"™ x T*R™.

To state our main theorem, we further let w5 : T*R™ x T*R™ — T*R"™ denote
the canonical projection onto the second factor. We also refer the reader to the
Appendix for the definition of the class of semi-classical Fourier integral operators
Z;,r € R, as well as for a review of the relevant notions from semi-classical analysis.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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We can now state the following

Theorem 1. Let py € A}()\) be such that v (ma (po)) is non-trapped, and let
IR £0,R)||o,—a = O(R®), s € R.
Then there exist open sets Wy € T*R™ x T*R"™, such that

dE T w
U € TLE, (7, N AR U (W NAZ(N)

Before proving the theorem, we would like to make two remarks:

Remark 1. The assumption on the polynomial bound of the resolvent is satisfied in
a number of interesting situations: at non-trapping energies (see [0, Lemma 2.2])
and at trapping energies A under the assumption that the resonances (A;) of P(h)
are such that |[I\;| > Ch?, if RA; € [A — €, A + €] for some € > 0 (see [5, Proposition
5.1]). In the latter case, in order to define the resonances by complex scaling, Michel
[5] also assumes that there exist 6y € [0,7), € > 0, and R > 0 such that V extends
holomorphically to

D. ro, = {rw cw € C dist(w,S" ) < e,7 € C,|r| > R,argr € [—¢, 0y + e)}

and
38 > 0,3IM > 0,Yz € D gg,,|V(x)| < Clz|7.

Remark 2. [1, Theorem 1] roughly says that semi-classical Fourier integral distri-
butions, i.e., Schwartz kernels of the elements of I (R¥, A), r € R, k € N, where
A C T*RF is a smooth closed Lagrangian submanifold, can be represented mi-
crolocally as oscillatory integrals [ e*¢(®9/hq,(z,0)df with a, € S(1) for every
non-degenerate phase function ¢ = ¢(z, 8) which parameterizes A in the sense that
A ={(z,d,¢) : dg¢ = 0} near some point p € A. Furthermore, such a phase func-
tion always exists near any point p € A (see [I, Section 4.1]), and the corresponding
symbol a, with an asymptotic expansion in h can always be found (see [I, Theo-
rem 1]). Theorem [II thus implies that the appropriately cut-off spectral function
always admits such an oscillatory integral representation. In Lemma [ below we
explicitly compute the phase functions parameterizing certain of these Lagrangian
submanifolds.

Proof of Theorem [Il. We recall that
) . . dE)y
X2R(A 410, h)x1 — x2R(A — 40, h)x1 = 2mix2 X

Since y(m2(po)) is non-trapped, it follows that there exists an open set W, C
T*R™ x T*R™ such that v(ma(p)) is non-trapped for every p € W,. Let W_ =
{(117, _§;y777) : (y7 —77;9575) € W+}

By [2, Lemma 1] and the estimate ||R(A £0,R)|la,—a = O(h®) we obtain that
K, r(x+ion)x: € D; (R?"), where K\, R(x+i0,h)y, denotes the Schwartz kernel of
X2R(\ £+ ¢0, h)x1. The same proof as in [2, Theorem 2] then shows that

XoR(A£i0,h)x1 € Zp (R*, W NAE(N)).

The assumption that y; and y2 have disjoint supports is essential in the proof of
[2, Theorem 2]. Since A} () and AR (\) are disjoint, it follows that

dE\

X2~ X1 € I (R*", (Wi n AL W)U (W_nAz(N)) . O
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We now turn to showing how the forward and backward flow relations, Win
AL (N) and W_ N Az(N), respectively, can be parameterized by non-degenerate
phase functions. For that we make the following assumption

Assumption 1. The trajectory vo( yo,m0) = (20(-s Yo, o), &0 Yo m0)) € Sx with

def . . . .
Yo € supp x1 and zo = xo(to;yo, o) € Supp xz2 is non-trapped and is contained in
a central field, i.e. (see [d, Section 46.C]),

det (% (to; yo, )) (m0) # 0.

By the Implicit Function Theorem, then, there exist open neighborhoods
T CR Y, Z CR" of tg, yo, and zg, respectively, and a unique function n €
C>™(T x Y x Z; R™) such that n(to, yo, 20) = no and z(¢t;y,n(t, y,2)) = z, (t,y,2) €
T xY x Z. We can therefore define the action

Sy(y,z,t) = / L(&, z)dt
U(t,y,z)

over the segment [(¢,y, z) from (y,n(t,y, 2)) to (z,£(t;y,n(t,y, z))) of the trajectory
Y3y, m(t,y, 2)) for (t,y,2) € T XY x Z, where L(i&,z) = §||&]|7 — V(x) 4+ X is the
Lagrangian associated to the Hamiltonian p — A and v = sgn ty.

We now have the following

Lemma 1. Let A > 0 be such that P — X is of principal type and let vy, T, Y, Z, v
be as above.

Then S, is a non-degenerate phase function and As, = {(z,vy,d.S.,d,S,) :
diS, = 0,(t,y,z) € T xY x Z} is a closed Lagrangian submanifold such that
AS,, C AE()\)

Proof. Assumption [I] allows us to apply [4, Theorem 46.C], and we obtain

(1) d/zsu(t;yv'z) = €(t§yan(t7yaz))'

From
det Oz (to; )| (mo) #0
877 05 Y0, Mo
it follows that there exists an open set U C T*R" with (yo,70) € U such that

7 {(y, m;exp(toHp)(y,m)) : (y,n) € U} — R" x R"

is a diffeomorphism, where 7 : T*R"™ x T*R™ — R™ x R" is the canonical projec-
tion. Therefore there exists ¢ € C°°(R?") such that graphexp(toH,) = Ay near
(Yo, M0; 20, £ (to; Yo, M0))- Since exp(toH,) is a symplectomorphism, it follows that

2 tytt . . . pa .
det (%) (z0,y0) # 0. This implies that det (%(to; ~,n0)) (yo) # 0. This, on
the other hand, implies that

det <gf](t0;$0a )> (50) 7é Oa where (10350) = exp(tOHp)(yﬂvnO)-

Thus we can again apply [4, Theorem 46.C] and obtain

(2) dysv(t;yvz) = 777(t,y,2).
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Lastly, we observe that since P — X is of principal type, it follows that dd;S, #
0 on {d:S, = p— A = 0} (see [, Theorem 46.C]), and therefore S, is a non-
degenerate phase function. This, together with (l) and (l), implies that, perhaps
after decreasing T' x Y x Z around (to, Yo, 20),

A.SV = { (Zayvg(t;yvn(tayvz)) ,n(t,y,z)) :
1.
S, (ty, 2) = 5 & (t; 9,7 (t,y,z))Hz +V(x(tiy,n(t,y,2)) —A=0,
(t,y,2) €T XY x Z} C AR,

and Ag, is a closed Lagrangian submanifold of T*R?". O

The following lemma describes the microlocal structure of the cut-off spectral
function.

Lemma 2. Let A > 0 be such that P—X is of principal type and || R(A+10, )| o,—a =

O(h%), s € R. Let y(-;90,n0) with (yo,m0) € T, yo € suppx1, and x(to; Yo, M) =
2o € supp x2 be non-trapped and contained in a central field. Let v = sgnty.

n+3
Then there exists a, € Sy,2,1(1) N C(R*™ 1) such that

(XQ ® Xl)eA = /e%Su(y,Lt)aV(y,x’t)dt
microlocally near (yo, —no; 20, § (to; Yo, M0)) if to > 0 or near (20, —§(to; Yo, M0); Yo, 10)
if to < 0.

Proof. With Theorem [[land Lemma [lthe conditions of [I, Theorem 1] are satisfied,

n+3
and we obtain from [1, Theorem 1] that there exist a, € S,2 (1) N C(R¥™H)
such that

(X2 ®x1) ex = /e’is”(y’z’t)ay(yw,t)dt

microlocally near (yo, —10; 20, &(t0; Yo, M0)) for to > 0 and near (zq, —&(to; Yo, M0);
Yo, Mo) for tg < 0. O

APPENDIX A. ELEMENTS OF SEMI-CLASSICAL ANALYSIS

In this section we recall some of the elements of semi-classical analysis which we
have used here. First we define two classes of symbols

S3 (1) = {a € C* (R* x (0, hg]) : Vo, 3 € N,

sup ™
(2,€,h)ER2™ X (0, ho]

or0fa (w6 < ca,g}

and

Sk (T*R™) = {a eC® (T*R"™ x (0, ho]) : VK € R",Va, 5 € N,

sup
zeK

02000 (.| < o b ()17 }
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where hg € (0,1] and m,k € R. For a € S (1) or a € S™F (T*R") we define
the corresponding semi-classical pseudodifferential operator of class ¥}*(1,R™) or
WT”“(R"), respectively, by setting

Onn (@ u(@) = g [ [T ey dude. we s @),

and extending the definition to &’ (R™) by duality. Below we shall work only with
symbols which admit asymptotic expansions in h and with pseudodifferential opera-
tors which are quantizations of such symbols. For A € ¥}"(1,R™) or A € W?’k(R"),
we shall use 0g(A) and o(A) to denote its principal symbol and its complete symbol,
respectively. A semi-classical pseudodifferential operator will be called of principal
type if its principal symbol aq satisfies

apg=0 = dao 75 0.
For a € S™*(T x R"™) or a € S* (1) we define:

€ss-suppy, @

= {(2,€) € T"R"|3e > 002 O/ a(z’,&) = Oc(B((wg).c)) (h), Yo, B € N"}¢

o ({@o e TR0} 3 > 002 0fate' ) = 06
)

1 4

RS §
where we define S*R" = (T*R™\{0}/R and denote by ¢ the complement of the set
o. For A e \I/T’k(]R") or A€ UP(1,R™) we then define its semi-classical wavefront

ERRIEERE
set

uniformly in (z’,¢’) such that ||z — 2’| +

c T*R" U S*R™,

W Fy(A) = ess-suppy, a, A = Opp(a).

We also define the class of semi-classical distributions D} (R™) with which we
will work here

Dj,(R™) ={u € C° ((0,1; D' (R")) : Vx € C (R")IN € Nand Cy >0
[Fi (xu) ()| < Onh™ N ()N},
where

Fi () (€) = (e H09 xu)

and (-, ) denotes the distribution pairing, with the obvious extension of this defini-
tion to &}, (R™). Everywhere here we work with the L?-based semi-classical Sobolev
spaces Hj(R"), s € R, which consist of the distributions v € &;,(R™) such that

e 1
Julfsg oy e [ (L 1) 10 O de <

We shall say that u = v microlocally (or u = v) near an open or closed set
U CT*R", if P(u—v)= 0 (h™®)in C* (R") for every P € ¥9 (1,R") such that

WF, (P)cU,U €U € T*R",U open.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SEMI-CLASSICAL BEHAVIOR OF THE SPECTRAL FUNCTION 2301

We shall also say that u satisfies a property P microlocally near an open set U C
T*R™ if there exists v € D}, (R™) such that u = v microlocally near U and v satisfies
property P.

We now define global semi-classical Fourier integral operators.

Definition 2. Let A C T*R* be a smooth closed Lagrangian submanifold with
respect to the canonical symplectic structure on T*R¥. Let » € R. Then the space
It (R¥, A) of semi-classical Fourier integral distributions of order r associated to A
is defined as the set of all u € &, (R¥) such that

N
1145 ] () =Or2@) (hN_T_§) sh— 0,
j=0

for all N € Ny and for all A; € \I/?L (1,]1%’“), 7 =0,...,N — 1, with compact
semi-classical wavefront sets and principal symbols vanishing on A, and any Ay €
U9 (1, R¥) with a compact semi-classical wavefront set.

A continuous linear operator C2° (R™) — D), (Rl), m, | € N, whose Schwartz
kernel is an element of I} (R™*! A) for some Lagrangian submanifold A C T*R™+
and some r € R, will be called a global semi-classical Fourier integral operator of
order r associated to A. We denote the space of these operators by I,TL(]R’”H, A).

We extend these notions to compact manifolds through the following definition
of semi-classical pseudodifferential operators on compact manifolds. Let M be
a smooth compact manifold and x; : M; — X;, j = 1,---, N, a set of local
charts. A linear continuous operator A : C*°(M) — D} (M) belongs to ' (1, M)
or lIIZW(T*M) if for all j € {1,--- ,N} and v € C(M;) we have Auo /-ej_l =
Aj(uo H;l) with A; € UP(1,X,) or A; € \Il;?’k(Xj)7 respectively, and x1Axs :
D}, (M) — he°C>(M) if supp x1 Nsupp x2 = 0.

Lastly, we define the microlocal equivalence of two semi-classical Fourier integral
operators.

Definition 3. Let M;, j = 1,2, be smooth manifolds, A C T*M; x T*M, a
Lagrangian submanifold, and 7,7 € Zj (M; x My, A) for some r € R. For open
or closed sets U C T*M; and V C T*Ms,, the operators T and 7" are said to be
microlocally equivalent near U x V. if there exist open sets U € T*M; and V € T* M,
with U € U and V € V such that for any A € ¥9 (1, M;) and B € ¥9 (1, M) with
WF;, (A) C U and WF}, (B) C V, we have that

B(T-T)A=0(h™): D} (M) — C®(Ms).
We shall also write T'= T’ near V x U.
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