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A MATRICIAL CORONA THEOREM

TAVAN TRENT AND XINJUN ZHANG

(Communicated by Joseph A. Ball)

ABSTRACT. We show that a usual corona-type theorem on a space of functions
automatically extends to a matrix version.

In this paper we give a simple algebraic argument to extend the corona theorem
for a given algebra of bounded functions to a one-sided infinite matrix corona the-
orem. In addition, we provide estimates for the size of solutions. For the algebra
H® (D), this was established by Fuhrmann [5] for the finite matrix case and by
Vasyunin (see Nikolski [7]) for the one-sided infinite case. We note that an impor-
tant result of Treil [II] shows that a complete extension of the corona theorem to
two-sided infinite matrices is not possible, in general. Our technique is similar to
that of Fuhrmann [5], but our proofs are different. We prove a general version which
can be applied to such algebras as the multipliers on Dirichlet space. Moreover,
there is an HP version for H*°(D™). Our results provide sharper estimates than
those obtained by one of the authors, Zhang [I5].

For ease of notation, we will assume that A denotes a multiplier algebra for a
reproducing kernel Hilbert space of functions on Q. That is, H(Q2) is a Hilbert space
of functions on €, such that, for each w € Q, there exists a unique k,, € H(), the
reproducing kernel, which satisfies f(w) = (f, kw)m(q) for all f € H(2). Then
A={ge HQ) | My € B(H(Q)), where (M, f)(w) = g(w)f(w) for all w € Q}.
If B is an algebra of bounded functions, which is not such a multiplier algebra, we
only consider finite matrices, so the arguments appearing below are easily modified
in this case.

For {f;}52; C Aand 2z € Q, we let F(z) = (fi1(2), f2(2),...) and define
Mr({g;}521) = 3252, figj, an operator acting from @7 H(Q) to H(Q). Mf will
denote the transpose of Mp acting from H () to @7 H(Q

Since M (kw) = (f1(w)kuw, fo(w)ky,...)T, we see that

S 1f )P < ||Mp|? for all w € Q.
j=1
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2550 TAVAN TRENT AND XINJUN ZHANG

We assume that A satisfies a “corona theorem”; that is,
Theorem (CT). Assume that {f;}32, C A and F = (f1,f2,...) satisfies
(1) 0<8? <F(2)F(2)*
and

(2)  max{||Mpl|, ||MF|} = 1.
Then there exists {g;}32, C A, such that if G = (g1,92,--.),
(a) FGT =1 inQ,
(b)  max{||Mc|, | M|} < oo
When CT holds for A and F satisfies (1) and (2), we define
C1(8) = inf{max{||M¢g||, | M&||} : FGT =1 and G = (g1,...) with g; € A}.
Note. (i) In some algebras such as multipliers on Dirichlet space
IME| < 00 = [|Mg| < oo,
so (2) above may be replaced by
(2) IME| = 1.

(See Trent [12].)
(ii) For A= H*>(Q),Q C C™, bounded and open,

S 1

IME|| = [|ME] = sup (3 1£5(2))2

2€Q i=1

So (2) above is equivalent to (2')sup (372, |f; (2)]?) = 1.
z€Q

(iii) For F = (f1,...,f;), a finite number of elements of A, (2) may be omitted
from the hypotheses.

[From (i), (ii), and (iii), we see that variations of CT involving changing hypoth-
esis (2) are possible. Extensions of CT for such versions follow from our techniques
below, but we will stick to the above formulation of CT.]

We establish the “matricial corona theorem” for such algebras A, which satisfy
CT.

Theorem (MCT). Assume that CT holds for A. Let F' denote an m X oo matriz
of elements of A satisfying:

(1) 0 < €2I,, < F(2)F(2)* for all z € Q
and
(2) max{||Mrl|, | ME|l} = 1.
Then there exists an m x oo matrix G with entries in A satisfying
(a) FGT = I,,,,
(b) max{[| Mg, M|} < .
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A MATRICIAL CORONA THEOREM 2551

Moreover, we may choose G, as above, so that

€

2m
max{ || Mg, | ME|I} < vimm! Cy <W> ,

Denote the rows of F satisfying (1) and (2) of MCT by fi,..., fim. For 1 <j <

m, we will denote the jth term of the Koszul complex with Oth element f, by Qz(,j ),
This means that for each z € Q)

(1) ker Q;l)(z) D ran QP (2)

and, moreover,

Fo(2) Fo(2) + QP (2)QV ()" = (f(2) fu(2)) 1,
(2) QY ()" QP (2) + QP ()P (2)" = (fp(2)fyp(2)) I

Since at each z € Q, f,(2)f,(2)* > €* > 0, we deduce that

ker fp(z) = ran Qél)(z),
(3) ker Q](,l)(z) = ran Q](,Q)(z)

In addition,

(4) QP (2)QF(2) = - (2)Qf " (2)

and

(5) AR () QTR fil2)" = det(F(2)F(2)").

See the Appendix for the existence of {Q,(,j )(z) 52, and the above properties.
We will need a lemma.

Lemma. Let A= (aj,as,...),a; €A, and assume that
max{[|Mall, [ MZ]} < oc.
Fiz z € Q and let
QV(z) = QY ().
Then for1<j
Mo | < (G + DIIMall and |[Mge || < (G + 1) MZ]-

Proof. We will show that the first inequality holds. The second follows in a similar
manner. See the Appendix for notation. Let Z; denote increasing j-tuples of
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2552 TAVAN TRENT AND XINJUN ZHANG

positive integers. Now

QYW (2)*x(z) = A(z) Az(2)

J+1
17~
Z Z(_l)r ar(z) Liteistreijys Eesijpns

1<) <ig < <ijpy r=1

Thus

Jj+1

IMal2= S 3 () Mk, g
r=1

G'GI]‘+1
(o=(i1,---135+1))

| 2

j+1

<GH+D DY Y IMaf ae gyl

i1 <'~'<ij+1 r=1

=G+1 Y (IMajae_gyl* +

iy <o <ijj1
+HM0’1J+1 g— {ZJ+1}H )
< (] + 1) HM.ZHQ( Z ||$i2;~~;ij+1 H2

ig<"'<ij+1

+ > i)
i1 < <1y
<G+ D2 Mal? [l
So

[Mow |l < (G +1) [|Mal-

We are ready to begin the proof of MCT.

Proof. (MCT) Since €21, < F(2)F(2)* for z € Q, we have €2™ < det(F(z)F(z)*)
for all z € . Thus, if we define

H(z) = fi(2)Q (2) - Q=Y (=), then H = (b, hs, ...

with h; € A and
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A MATRICIAL CORONA THEOREM 2553

by (5). From the lemma, we have

)

M| < [Mp 1Mool - - [|1Mq,, e[| < Mg (|2 [ My, ) -- - (m || My,

m
=m! [T 1My
j=1

< m! || Mp|™
<ml!, since ||Mp| <1.

Applying CT to m with § = &, we get

R:(gl,gg,)wmhngA

so that
HRT =1
and
mac{ | M), [ MEN) < 1 (5.
Define
aT :[le) QU RT _le)ng) S Qm=DRT

(—1IQMQR - QVQY), - QUIRT, .

(-t RT).
Then

[ Merl) < Vimm (S,

Similarly,

1Ml < vimmi y(S).
We need only check that
FGT =1,.
But
16T = 118" QETVRT L () QY QLY RT),

The indices of the @’s in each term consist of I, = {1,...,m} — {p} for
p=1,....,m. For p # j, we see that

( ) dEf f] 1) . Q(Z’ 1)Q(ZD) L. Q(mfl)RT =0
This follows since f;Q; ) — 0 and Qs Qtr+1 = —QET)Qerl), so since j €
{1,...,m} — {p}, we may “anti-”commute the Q’s until we get

()= QBT =0,
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2554 TAVAN TRENT AND XINJUN ZHANG

Otherwise, p = j, and we have
(17 QY QYR - QD RT
=(-1)" 21 - QY Q) - QY RT
=(-1Y°1Qy QPQy - Q7P QiR

le)Q(Q) Qm I)RT
=HR"
=1.

This completes our proof of the matricial corona theorem. ([

Applications:

(1) For A = H*(D), the finite corona theorem is due to Carleson [2] and
the infinite corona theorem is due to Rosenblum [§] and Tolokonnikov [10], inde-
pendently. Our results give the matricial corona theorem due to Fuhrmann and
Vasyunin. In this case, our conditions (*) show that if €21, < F(2)F(2)* < I,
then ||MQ§:¢> | < 1. Therefore, if F' is an m x oo matrix with entries f;; € H*(D)
satisfying 6%1,, < F(2)F(2)* < I,, for all z € D, we get an oo x m solution G
with entries f; € H*(D) satisfying

1Ml = |M&] < VmCy(a™).
For 0 ~ 0, the best estimate of C(9) is CO In § due to Uchiyama (see Nikolski

).
So we only get

1
IMc| = | M&] < \f log =

We note that for this particular case, where .A = H*(D), a better estimate in the
matricial corona theorem due to Trent [13] gives

Co 1
[Mc]| < St log m

(2) If @ C C is a finitely connected domain, then the corona theorem holds
for H>°(€2) by Stout [9] and Forelli [4]. (See Fisher [3] for an exposition of these
results.) Our result gives a matricial version.

(3) For A = D?(D)N H*>(D) (where D?(D) denotes Dirichlet space), by
results of Nicolau [0], A satisfies a “finite” corona theorem. Thus our results give
a “finite” matricial version corona theorem for D?(D)N H*(D).

(4) For A= M(D?(D)), multipliers on D?(D), the co-corona theorem is due
to Trent [12]. Our results give a matricial corona theorem for M(D?(D)).

(5) For 1 <p < o0, let

HP(D™) = {f : D" — I? | fis analytic, [*-valued in D™ and
Sy L sup( [ 1pet et ret) do(n)--dot) < ).

In [I4], Trent has proven the HP-corona theorem.
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A MATRICIAL CORONA THEOREM 2555

Theorem (HP-CT). Let F € H>®(D") satisfy 0 < e < F(2)F(2)* <1 for
all z € D™. Then the Toeplitz operator, Ty : HP(D™) — HP(D™), is onto for each
1 <p<oo.

[Note: The case that p = co is an unsolved problem for the polydisk.]
A modification of the proof of MCT leads to an HP-matricial corona theorem.
That is,

Theorem (HP-MCT). Let F be a mx oo matriz of elements of H*(D™). Assume
that

0< 1, < F(2)F(2)* < .
Then for 1 < p < oo, the Toeplitz operator Tp : HP(D™) — @) HP(D™), is onto.
Proof. We will outline the modifications of the proof of the MCT necessary for
this proof. First
|Trll = sup [|F(2)|p@ecm) <1
zeDn
by hypothesis. For
H(z) = fi(z) Q%) (2)--- Q" 7V (2)
with z € D", we have
M < H(2)H(2)* < 1.
This follows since
QY ()QV () < (fi() ()N < I
Thus Ty : HP(D") — HP(D") is onto. Let h = (hy,...,hy) € @ HP(D").
Choose uy € HP(D™), so that Ty(ug) = Hug = hy fork=1,...,m. Let
g" =105 Qur Vur, ., (1) QY - QU ).
Then
Fg= h.

Moreover, g can be chosen so that

gl <> [lugll?
j=1
< |}
< m T er 7)< ] HIP MR-
Finally,

1 m
lglly < m?»C1(e™,p) [|R]p.
Here C1(0,p) denotes

(T |cer 7)1 ) BHP (D), 700 (D) -
The estimate for C4(4,p) in [I4] is

CO p2n—1
Ci (5717) < W
So .
mr CO p2n71
Cn(d,p) < T gGntm
gives the matricial estimate. (I
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2556 TAVAN TRENT AND XINJUN ZHANG

APPENDIX

Let A be an algebra of functions defined on €. The basic exterior algebra proof
of the linear algebra results we need concerning the Koszul complex can be found
in, for example, Birkhoff-Mac Lane [T, Problem 4, page 566].

We will sketch the basic idea. Note that although our operators defined below
are (of course) “bases free”, it is only with respect to a particular choice of basis
that the entries of the corresponding matrices belong to A.

For our notation, l(2n) will denote the exterior product of i with itself n-times,
ie. l?n) =12 A--- A% (n times). For n = 0, 1(20) = C. Let {e;}52, denote the
standard basis in (2. If Z,, denotes increasing n-tuples of positive integers and if
(i1y...,1n) € Ip, welet m, = {41,...,4,}, and abusing notation, we write m, € Z,.

Define e, = e;; A---Ae;, . Then {es, }r ez, denotes the standard basis for
12

For f; ~ {v,}32, and wv, € A, we assume that €2 < f;(z)f;(z)* < 1 for all
zcQ FixzeQ Forn=0,1,... define

Q;n)*(z) t Gy = g
by
Q;n)*(z)(wn) = f;(2) Awn, where w, €17,
Clearly (1) holds and since
QU () Q" () (wn) = F3(@) A Tul@) Awn = —Q " (2)QV" (2) (wy)

we see that (4) holds.
Now

oo

Q" (2)(er,) = vp(@) €p Aen,,

p=1

so with respect to the standard basis, entries of Qg-n)*(z) are 0 or else tu,(z) for
some n. Thus Q(™)(-) has entries belonging to A with respect to the standard basis.

Proof. Fix z € Q and let a = f;(z), for fixed j, and @, = Q;") (z). Then Qf(wy,) =

a A w,. Choose an orthonormal basis {u,}% ; of I? with u; = - (Note that

lal|> > €2.) Then it follows that for 7, € Z,, and u,, = u;, A--- A u;,, we have
that {tr, }r,ez, is an orthonormal basis for I? .

Thus
Qn(wn+l) = Z <Qn(wn+1);uﬂn>uﬂ'n
€ In
= Z (Wnt1,a A Ur, Yr,
Tn€Ln
(6) = |lal Z (Wnt1,u1 A U, )Ur,,-
Tn€ Ln
We wish to show that for n =0,1,...,
) QuQu + Quir @iy = al Tz,
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A MATRICIAL CORONA THEOREM 2557
For n = 0, Cﬁoﬁ?” is the rank one projection of I onto a. So given (7), Cﬁ;ﬁ?;

is a projection. But then Cﬁiﬁ?l must be a projection. Applying (7) again, we see

that (ﬁz% is a projection. Repeating this procedure, we conclude that Qﬂ" iEa is the

projection onto the range of @Q,. Also, given (7), it follows that Ker @, = ran
Qn+1~

To prove (7) it suffices to check that for wy41 € l(n+1)’

(8) 1Qn (wn )N + 19711 (wna) 1 = llal* [lwnta |-

Denote wy+1 by w. Then from (8), we see that

1Qn(w)I> = llal® Y [{w,u1z,)?
Tn€Ln
1¢7y,

=lal® Y Hwum,.)f

Tn+1€ Lnt1
lempyn

Also, since

;kLJrl(w) =aNw= ||(l|| ur A Z <w7uﬂ'n+1> U1
Tn4+1€ Lnt1

= Ha” Z <w7uﬂ'n+1>u1 N Uy iy

Tn4+1€ Lnt1
1¢mp41

we compute that

1Qn ()P =llall* > [w,um, )

Tnt1€ Lnt1
1¢mn41

So (7) holds.
Let a = fj(z) and b = fi(z) with j # k. Then

b= (b,a)——= + by, where b, 1 a.

[l ||2
We claim that Q\™*Q{ + Q™ Q" ™" = (a, b)I.
If b is replaced by b = (b, a)W, this follows from (7). So we need only check
that, if ¢ L ainl?, then

Q((jn)*Q((ln) +Q((:Ln+1)Q((:n+1)* - 0.

This easily follows by choosing an orthonormal basis for [2 s {uy 152, with ug = \%w\l
and ug = ﬁ
For k =2,...,m, let ay’ = Pp{ah «ar_y3(@r). Then, using (7) and (4) repeat-

edly, we see that for 1 <r <mand z € € fixed,

a1QY ... QYY" af = | TT Nl
j=2

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2558 TAVAN TRENT AND XINJUN ZHANG

So when r = m, (5) holds. That is,

am Qm

QL) ... QU QM V" ai = [|laa|* [] lla} 1> = det(F(z) F(2)").
j=2

This completes the proof of the linear algebra material. O
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