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A MATRICIAL CORONA THEOREM

TAVAN TRENT AND XINJUN ZHANG

(Communicated by Joseph A. Ball)

Abstract. We show that a usual corona-type theorem on a space of functions
automatically extends to a matrix version.

In this paper we give a simple algebraic argument to extend the corona theorem
for a given algebra of bounded functions to a one-sided infinite matrix corona the-
orem. In addition, we provide estimates for the size of solutions. For the algebra
H∞(D), this was established by Fuhrmann [5] for the finite matrix case and by
Vasyunin (see Nikolski [7]) for the one-sided infinite case. We note that an impor-
tant result of Treil [11] shows that a complete extension of the corona theorem to
two-sided infinite matrices is not possible, in general. Our technique is similar to
that of Fuhrmann [5], but our proofs are different. We prove a general version which
can be applied to such algebras as the multipliers on Dirichlet space. Moreover,
there is an Hp version for H∞(Dn). Our results provide sharper estimates than
those obtained by one of the authors, Zhang [15].

For ease of notation, we will assume that A denotes a multiplier algebra for a
reproducing kernel Hilbert space of functions on Ω. That is, H(Ω) is a Hilbert space
of functions on Ω, such that, for each w ∈ Ω, there exists a unique kw ∈ H(Ω), the
reproducing kernel, which satisfies f(w) = 〈f, kw〉H(Ω) for all f ∈ H(Ω). Then
A = {g ∈ H(Ω) | Mg ∈ B(H(Ω)), where (Mg f)(w) = g(w)f(w) for all w ∈ Ω}.
If B is an algebra of bounded functions, which is not such a multiplier algebra, we
only consider finite matrices, so the arguments appearing below are easily modified
in this case.

For {fj}∞j=1 ⊂ A and z ∈ Ω, we let F (z) = (f1(z), f2(z), . . . ) and define
MF ({gj}∞j=1) =

∑∞
j=1 fjgj , an operator acting from

⊕∞
1 H(Ω) to H(Ω). MT

F will
denote the transpose of MF acting from H(Ω) to

⊕∞
1 H(Ω).

Since M∗
F (kw) = (f1(w)kw, f2(w)kw, . . . )T , we see that

∞∑
j=1

|fj(w)|2 ≤ ‖MF ‖2 for all w ∈ Ω.
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2550 TAVAN TRENT AND XINJUN ZHANG

We assume that A satisfies a “corona theorem”; that is,

Theorem (CT). Assume that {fj}∞j=1 ⊂ A and F = (f1, f2, . . . ) satisfies

(1) 0 < δ2 ≤ F (z)F (z)∗

and

(2) max{‖MF ‖, ‖MT
F ‖} = 1.

Then there exists {gj}∞j=1 ⊂ A, such that if G = (g1, g2, . . . ),

(a) F GT = 1 in Ω,

(b) max{‖MG‖, ‖MT
G‖} < ∞.

When CT holds for A and F satisfies (1) and (2), we define

C1(δ) = inf{max{‖MG‖, ‖MT
G‖} : FGT = 1 and G = (g1, . . . ) with gi ∈ A}.

Note. (i) In some algebras such as multipliers on Dirichlet space

‖MT
G‖ < ∞ ⇒ ‖MG‖ < ∞,

so (2) above may be replaced by

(2′) ‖MT
F ‖ = 1.

(See Trent [12].)
(ii) For A = H∞(Ω), Ω ⊂ C

n, bounded and open,

‖MF ‖ = ‖MT
F ‖ = sup

z∈Ω
(

∞∑
j=1

|fj(z)|2) 1
2 .

So (2) above is equivalent to (2′)sup
z∈Ω

(
∑∞

j=1 |fj(z)|2) = 1.

(iii) For F = (f1, . . . , fj), a finite number of elements of A, (2) may be omitted
from the hypotheses.

[From (i), (ii), and (iii), we see that variations of CT involving changing hypoth-
esis (2) are possible. Extensions of CT for such versions follow from our techniques
below, but we will stick to the above formulation of CT.]

We establish the “matricial corona theorem” for such algebras A, which satisfy
CT.

Theorem (MCT). Assume that CT holds for A. Let F denote an m×∞ matrix
of elements of A satisfying:

(1) 0 < ε2Im ≤ F (z)F (z)∗ for all z ∈ Ω

and

(2) max{‖MF ‖, ‖MT
F ‖} = 1.

Then there exists an m ×∞ matrix G with entries in A satisfying

(a) F GT = Im,

(b) max{‖MG‖, ‖MT
G‖} < ∞.
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A MATRICIAL CORONA THEOREM 2551

Moreover, we may choose G, as above, so that

max{‖MG‖, ‖MT
G‖} ≤

√
mm! C1

(
ε2m

m!

)
.

Denote the rows of F satisfying (1) and (2) of MCT by f1, . . . , fm. For 1 ≤ j ≤
m, we will denote the jth term of the Koszul complex with 0th element fp by Q

(j)
p .

This means that for each z ∈ Ω

ker fp(z) ⊇ ran Q(1)
p (z),

ker Q(1)
p (z) ⊇ ran Q(2)

p (z)(1)
...

and, moreover,

fp(z)∗fp(z) + Q(1)
p (z)Q(1)

p (z)∗ = (fp(z)fp(z)∗) I,

Q(1)
p (z)∗Q(1)

p (z) + Q(2)
p (z)Q(2)

p (z)∗ = (fp(z)fp(z)∗) I(2)
...

Since at each z ∈ Ω, fp(z)fp(z)∗ ≥ ε2 > 0, we deduce that

ker fp(z) = ran Q(1)
p (z),

ker Q(1)
p (z) = ran Q(2)

p (z)(3)
...

In addition,

(4) Q(j)
p (z)Q(j+1)

q (z) = −Q(j)
q (z)Q(j+1)

p (z)

and

(5) f1(z)Q(1)
2 (z) · · ·Q(m−1)

m (z)Q(m−1)
m (z)∗ · · · f1(z)∗ = det(F (z)F (z)∗).

See the Appendix for the existence of {Q(j)
p (z)}∞j=1 and the above properties.

We will need a lemma.

Lemma. Let A = (a1, a2, . . . ), ai ∈ A, and assume that

max{‖MA‖, ‖MT
A‖} < ∞.

Fix z ∈ Ω and let

Q(j)(z) = Q
(j)
A (z).

Then for 1 ≤ j

‖MQ(j)‖ ≤ (j + 1)‖MA‖ and ‖MT
Q(j)‖ ≤ (j + 1)‖MT

A‖.

Proof. We will show that the first inequality holds. The second follows in a similar
manner. See the Appendix for notation. Let Ij denote increasing j-tuples of
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2552 TAVAN TRENT AND XINJUN ZHANG

positive integers. Now

Q(j)(z)∗x(z) = A(z) ∧ x(z)

= (
∞∑

j=1

aj(z) ej) ∧ (
∑
π∈Ij

xπ(z) eπ)

=
∞∑

j=1

∑
π∈Ij

aj(z)xπ(z) ej ∧ eπ

=
∑

1≤i1<i2<···<ij+1

j+1∑
r=1

(−1)r−1 ar(z)xi1,...,îr ,...,ij+1
ei1,...,ij+1 .

Thus

‖M∗
Q(j)x‖2 =

∑
σ∈Ij+1

(σ=(i1,...,ij+1))

‖
j+1∑
r=1

(−1)r−1Ma∗
rxσ−{ir}‖2

≤ (j + 1)
∑

i1<···<ij+1

j+1∑
r=1

‖Ma∗
ir

xσ−{ir}‖2

= (j + 1)
∑

i1<···<ij+1

(‖Ma∗
i1xσ−{j1}‖2 + . . .

+ ‖Ma∗
ij+1

xσ−{ij+1}‖2)

≤ (j + 1) ‖M∗
A‖2(

∑
i2<···<ij+1

‖xi2,...,ij+1‖2 + . . .

+
∑

i1<···<ij

‖xi1,...,ij
‖2)

≤ (j + 1)2‖MA‖2‖x‖2.

So

‖MQ(j)‖ ≤ (j + 1) ‖MA‖.

�

We are ready to begin the proof of MCT.

Proof. (MCT) Since ε2Im ≤ F (z)F (z)∗ for z ∈ Ω, we have ε2m ≤ det(F (z)F (z)∗)
for all z ∈ Ω. Thus, if we define

H(z) = f1(z)Q(1)
2 (z) · · ·Q(m−1)

m (z), then H = (h1, h2, . . . )

with hi ∈ A and

ε2m ≤ det(F (z)F (z)∗) = H(z)H(z)∗
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by (5). From the lemma, we have

‖MH‖ ≤ ‖Mf1‖‖MQ
(1)
2
‖ · · · ‖MQm

(m−1)‖ ≤ ‖Mf1‖(2 ‖Mf2‖) · · · (m ‖Mfm
‖)

= m!
m∏

j=1

‖Mfj
‖

≤ m! ‖MF ‖m

≤ m! , since ‖MF ‖ ≤ 1.

Applying CT to H
m! with δ = εm

m! , we get

R = (g1, g2, . . . ) with gi ∈ A

so that

H RT = 1

and

max{‖MR‖, ‖MT
R‖} ≤ C1(

εm

m!
).

Define

GT =[Q(1)
2 · · ·Q(m−1)

m RT ,−Q
(1)
1 Q

(2)
3 · · ·Q(m−1)

m RT , . . . ,

(−1)j−1Q
(1)
1 Q

(2)
2 · · · Q̂(j)

j Q
(j)
j+1 · · ·Q(m−1)

m RT , . . . ,

(−1)m−1Q
(1)
1 · · ·Q(m−1)

m−1 RT ].

Then

‖MGT ‖ ≤
√

mm! C1(
εm

m!
).

Similarly,

‖MG‖ ≤
√

mm! C1(
εm

m!
).

We need only check that

F GT = Im.

But

fjG
T = [fjQ

(1)
2 · · ·Q(m−1)

m RT , . . . , (−1)m−1fjQ
(1)
1 · · ·Q(m−1)

m−1 RT ].

The indices of the Q’s in each term consist of Ip = {1, . . . , m} − {p} for
p = 1, . . . , m. For p 
= j, we see that

(∗) def= fjQ
(1)
1 · · ·Q(p−1)

p−1 Q
(p)
p+1 · · ·Q(m−1)

m RT = 0.

This follows since fjQ
(1)
j = 0 and Q

(r)
s Q

(r+1)
t = −Q

(r)
t Q

(r+1)
s , so since j ∈

{1, . . . , m} − {p}, we may “anti-”commute the Q’s until we get

(∗) = fjQ
(1)
j · · ·RT = 0.
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2554 TAVAN TRENT AND XINJUN ZHANG

Otherwise, p = j, and we have

(−1)j−1fjQ
(1)
1 · · ·Q(j−1)

j−1 Q
(j)
j+1 · · ·Q(m−1)

m RT

=(−1)j−2f1Q
(1)
j Q

(2)
2 · · ·Q(j−1)

j−1 Q
(j)
j+1 · · ·Q(m−1)

m RT

=(−1)j−3f1Q
(1)
2 Q

(2)
j Q

(3)
3 · · ·Q(j−1)

j−1 Q
(j)
j+1 · · ·Q(m−1)

m RT

...

=f1Q
(1)
2 Q

(2)
3 · · ·Q(m−1)

m RT

=H RT

=1.

This completes our proof of the matricial corona theorem. �

Applications:
(1) For A = H∞(D), the finite corona theorem is due to Carleson [2] and

the infinite corona theorem is due to Rosenblum [8] and Tolokonnikov [10], inde-
pendently. Our results give the matricial corona theorem due to Fuhrmann and
Vasyunin. In this case, our conditions (∗) show that if ε2Im ≤ F (z)F (z)∗ ≤ Im,
then ‖M

Q
(i)
p
‖ ≤ 1. Therefore, if F is an m ×∞ matrix with entries fij ∈ H∞(D)

satisfying δ2Im ≤ F (z)F (z)∗ ≤ Im for all z ∈ D, we get an ∞ × m solution G
with entries fj ∈ H∞(D) satisfying

‖MG‖ = ‖MT
G‖ ≤

√
mC1(δm).

For δ ≈ 0, the best estimate of C1(δ) is C0
δ2 ln 1

δ due to Uchiyama (see Nikolski
[7]).

So we only get

‖MG‖ = ‖MT
G‖ ≤

√
m

C0

δ2m
log

1
δm

.

We note that for this particular case, where A = H∞(D), a better estimate in the
matricial corona theorem due to Trent [13] gives

‖MG‖ ≤ C0

δm+1
log

1
δm

.

(2) If Ω ⊂ C is a finitely connected domain, then the corona theorem holds
for H∞(Ω) by Stout [9] and Forelli [4]. (See Fisher [3] for an exposition of these
results.) Our result gives a matricial version.

(3) For A = D2(D) ∩ H∞(D) (where D2(D) denotes Dirichlet space), by
results of Nicolau [6], A satisfies a “finite” corona theorem. Thus our results give
a “finite” matricial version corona theorem for D2(D) ∩ H∞(D).

(4) For A = M(D2(D)), multipliers on D2(D), the ∞-corona theorem is due
to Trent [12]. Our results give a matricial corona theorem for M(D2(D)).

(5) For 1 ≤ p < ∞, let

Hp(Dn) = {f : Dn → l2 | f is analytic, l2-valued in Dn and

|f |pp
def= sup

r↗1
(
∫

T n

‖f(r eit1 , r eit2 , . . . , r eitn)‖p
2 dσ(t1) · · ·dσ(tn) < ∞)}.

In [14], Trent has proven the Hp-corona theorem.
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Theorem (Hp-CT). Let F ∈ H∞(Dn) satisfy 0 < ε2 ≤ F (z)F (z)∗ ≤ 1 for
all z ∈ Dn. Then the Toeplitz operator, TF : Hp(Dn) → Hp(Dn), is onto for each
1 ≤ p < ∞.

[Note: The case that p = ∞ is an unsolved problem for the polydisk.]
A modification of the proof of MCT leads to an Hp-matricial corona theorem.

That is,

Theorem (Hp-MCT). Let F be a m×∞ matrix of elements of H∞(Dn). Assume
that

0 < ε2Im ≤ F (z)F (z)∗ ≤ Im.

Then for 1 ≤ p < ∞, the Toeplitz operator TF : Hp(Dn) →
⊕m

1 Hp(Dn), is onto.

Proof. We will outline the modifications of the proof of the MCT necessary for
this proof. First

‖TF ‖ = sup
z∈Dn

‖F (z)‖B(l2,Cm) ≤ 1

by hypothesis. For
H(z) = f1(z) Q

(1)
f2

(z) · · ·Q(m−1)
fm

(z)
with z ∈ Dn, we have

ε2m ≤ H(z)H(z)∗ ≤ 1.

This follows since
Q

(r)
fj

(z)Q(r)
fj

(z)∗ ≤ (fj(z)fj(z)∗)I ≤ I.

Thus TH : Hp(Dn) → Hp(Dn) is onto. Let h = (h1, . . . , hm) ∈
⊕m

1 Hp(Dn).
Choose uk ∈ Hp(Dn), so that TH(uk) = H uk = hk for k = 1, . . . , m. Let

gT = [Q(1)
2 · · ·Q(m−1)

m u1, . . . , (−1)m−1Q
(1)
1 · · ·Q(m−1)

m−1 um].

Then
F g = h.

Moreover, g can be chosen so that

‖g‖p
p ≤

m∑
j=1

‖uj‖p
p

≤ ‖h‖p
p

≤ m ‖[TH |(ker TH)⊥ ]−1‖p ‖h‖p
p.

Finally,
‖g‖p ≤ m

1
p C1(εm, p) ‖h‖p.

Here C1(δ, p) denotes

‖(TF |(ker TF )⊥)−1‖B(Hp(Dn),Hp(Dn)).

The estimate for C1(δ, p) in [14] is

C1(δ, p) ≤ C0 p2n−1

δ3n+1
.

So

Cm(δ, p) ≤ m
1
p C0 p2n−1

δ(3n+1)m

gives the matricial estimate. �
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Appendix

Let A be an algebra of functions defined on Ω. The basic exterior algebra proof
of the linear algebra results we need concerning the Koszul complex can be found
in, for example, Birkhoff-MacLane [1, Problem 4, page 566].

We will sketch the basic idea. Note that although our operators defined below
are (of course) “bases free”, it is only with respect to a particular choice of basis
that the entries of the corresponding matrices belong to A.

For our notation, l2(n) will denote the exterior product of l2 with itself n-times,
i.e. l2(n) = l2 ∧ · · · ∧ l2 (n times). For n = 0, l2(0) = C. Let {ej}∞j=1 denote the
standard basis in l2. If In denotes increasing n-tuples of positive integers and if
(i1, . . . , in) ∈ In, we let πn = {i1, . . . , in}, and abusing notation, we write πn ∈ In.

Define eπn
= ei1 ∧ · · · ∧ ein

. Then {eπn
}πn∈In

denotes the standard basis for
l2(n).

For fj ∼ {vn}∞n=1 and vn ∈ A, we assume that ε2 ≤ fj(z)fj(z)∗ ≤ 1 for all
z ∈ Ω. Fix z ∈ Ω. For n = 0, 1, . . . define

Q
(n)∗
j (z) : l2(n) → l2(n+1)

by

Q
(n)∗
j (z)(wn) = fj(z) ∧ wn, where wn ∈ l2(n).

Clearly (1) holds and since

Q
(n+1)∗
j (z)Q(n)∗

k (z)(wn) = fj(z) ∧ fk(z) ∧ wn = −Q
(n+1)∗
k (z)Q(n)∗

j (z)(wn)

we see that (4) holds.
Now

Q
(n)∗
j (z)(eπn

) =
∞∑

p=1

vp(z) ep ∧ eπn
,

so with respect to the standard basis, entries of Q
(n)∗
j (z) are 0 or else ±vn(z) for

some n. Thus Q(n)(·) has entries belonging to A with respect to the standard basis.

Proof. Fix z ∈ Ω and let a = fj(z), for fixed j, and Qn = Q
(n)
j (z). Then Q∗

n(wn) =
a ∧ wn. Choose an orthonormal basis {un}∞n=1 of l2 with u1 = a

‖a‖ . (Note that
‖a‖2 ≥ ε2.) Then it follows that for πn ∈ In and uπn

= ui1 ∧ · · · ∧ uin
, we have

that {uπn
}πn∈In

is an orthonormal basis for l2(n).
Thus

Qn(wn+1) =
∑

πn∈ In

〈Qn(wn+1), uπn
〉uπn

=
∑

πn∈In

〈wn+1, a ∧ uπn
〉uπn

= ‖a‖
∑

πn∈In

〈wn+1, u1 ∧ uπn
〉uπn

.(6)

We wish to show that for n = 0, 1, . . . ,

(7) Q∗
nQn + Qn+1Q

∗
n+1 = ‖a‖2Il2(n+1)

.
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For n = 0, Q∗
0Q0

‖a‖2 is the rank one projection of l2 onto a. So given (7), Q1Q∗
1

‖a‖2

is a projection. But then Q∗
1Q1

‖a‖2 must be a projection. Applying (7) again, we see

that Q2Q∗
2

‖a‖2 is a projection. Repeating this procedure, we conclude that QnQ∗
n

‖a‖2 is the
projection onto the range of Qn. Also, given (7), it follows that Ker Qn = ran
Qn+1.

To prove (7) it suffices to check that for wn+1 ∈ l2(n+1),

(8) ‖Qn(wn+1)‖2 + ‖Q∗
n+1(wn+1)‖2 = ‖a‖2‖wn+1‖2.

Denote wn+1 by w. Then from (8), we see that

‖Qn(w)‖2 = ‖a‖2
∑

πn∈In
1/∈πn

|〈w, u1,πn
〉|2

= ‖a‖2
∑

πn+1∈In+1
1∈πn+1

|〈w, uπn+1〉|2.

Also, since

Q∗
n+1(w) = a ∧ w = ‖a‖u1 ∧

∑
πn+1∈In+1

〈w, uπn+1〉uπn+1

= ‖a‖
∑

πn+1∈In+1
1/∈πn+1

〈w, uπn+1〉u1 ∧ uπn+1 ,

we compute that

‖Q∗
n+1(w)‖2 = ‖a‖2

∑
πn+1∈In+1

1/∈πn+1

|〈w, uπn+1〉|2.

So (7) holds.
Let a = fj(z) and b = fk(z) with j 
= k. Then

b = 〈b, a〉 a

‖a‖2
+ b⊥, where b⊥ ⊥ a.

We claim that Q
(n)∗
b Q

(n)
a + Q

(n+1)
a Q

(n+1)∗
b = 〈a, b〉I.

If b is replaced by b = 〈b, a〉 a
‖a‖2 , this follows from (7). So we need only check

that, if c ⊥ a in l2, then

Q(n)∗
c Q(n)

a + Q(n+1)
a Q(n+1)∗

c = 0.

This easily follows by choosing an orthonormal basis for l2, {uj}∞j=1 with u1 = a
‖a‖

and u2 = c
‖c‖ .

For k = 2, . . . , m, let ak
′ = P⊥

sp{a1,...,ak−1}(ak). Then, using (7) and (4) repeat-
edly, we see that for 1 ≤ r ≤ m and z ∈ Ω fixed,

a1Q
(1)
a2

. . . Q(r−1)
ar

Q(r−1)∗
ar

. . . a∗
1 = ‖a1‖2

r∏
j=2

‖a′
j‖2.
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2558 TAVAN TRENT AND XINJUN ZHANG

So when r = m, (5) holds. That is,

a1Q
(1)
a2

. . . Q(m−1)
am

Q(m−1)∗
am

. . . a∗
1 = ‖a1‖2

m∏
j=2

‖a′
j‖2 = det(F (z)F (z)∗).

This completes the proof of the linear algebra material. �
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