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ABSTRACT. The aim of this work is to study operators naturally connected
to Ergodic operators in infinite-dimensional Banach spaces, such as Uniform-
Ergodic, Cesaro-bounded and Power-bounded operators, as well as stable and
superstable operators. In particular, super-Ergodic operators are introduced
and shown to be strictly between Ergodic and Uniform-Ergodic operators, and
that any power bounded operator is super-Ergodic in a superreflexive space.
New relationships between these operators are shown, others are proven to be
optimal or can be ameliorated according to structural properties of the Banach
space, such as the superreflexivity or with unconditional basis.

1. INTRODUCTION

For an infinite Banach space X and a bounded operator T" on X, consider the
sequence {4, },>1 of Cesaro-means of T defined as follows:

n—1
1
Ay ==Y 1% h TF(z) = T(T* ().
- kz_o , where (2) ( (2))

Definitions 1.1. An operator 7' on a Banach space X is

e Ergodic if the sequence {A,,},>1 of Cesaro-means converges in the space of
operators L(X) equipped with the strong operator topology S, i.e. Vz €
X, {A,(x)}s>1 ||-||-converges in X.

o Uniformly Ergodic if the sequence {4, },>1 converges in L(X) equipped
with its natural norm.

e Weakly Ergodic if for any = € X, the sequence {4, (x)},>1 weakly con-
verges in X.

e Cesaro-bounded if the norms of {4, }, are uniformly bounded.

e Power-bounded if the norms of {T"},, are uniformly bounded.

In section 3, “super-Ergodic” operators are introduced, followed by a complete
investigation of all possible relationships between all the operators above as well as
stable and superstable operators (see [Y2]). Counter examples are given to show
that some known or new results are optimal. It is also shown when structures of the
Banach space (reflexivity, superreflexivity, with special complemented subspaces)
affect or not the relationships between these operators.
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2614 M. YAHDI

Throughout this work, unless it is said otherwise, X denotes an infinite-dimen-
sional Banach space with a norm ||.||, and Bx = {z € X : ||z|| < 1} denotes its
closed unit ball.

The space of bounded operators on X is noted by L(X), and T denotes a typical
element of such a space. A norm in L(X) is given by |T|| := sup ||Tx|, and the

r€EBx

strong operator topology is noted S,,.

Recall that for a bounded operator T" in a Banach space X, the spectrum of T
is define by o(T) = {A € C: (T — AI) is not invertible}, and the spectral radius
r(T) of T, satisfies

r(T) == limsup |T"||* = maz{|\| : A € o(T)}.

N is the set of positive integers and {a,}, denotes a countable sequence with
n € N. See [DS], [Rul, [Ro] or [Wo] for other definitions.

2. RELATIONSHIPS BETWEEN OPERATORS RELATED TO ERGODICITY

It is obvious that “uniformly Ergodic” implies “Ergodic”, and that “Ergodic”
implies “weakly Ergodic”. We will see when these implications are strict or when
equivalences are possible. We will also consider Cesaro and power-bounded opera-
tors. But first, we have the following.

Remarks 2.1.

e If T is a bounded operator with spectral radius r(T") < 1, then T is uni-
formly Ergodic because there exists 0 < a < 1 and a positive integer N
such that ||T"] < a™ for all n > N.

1 1
e Since —T" = nt Apy1 — Ay, then:
n
1
(2.0.1) T is Ergodic = lim — ||T"z|| =0 Vz € X.
n—oo N
1
(2.0.2) T is uniformly Ergodic = lim — ||T"| = 0.
n—oo N

By Banach-Steinhaus, it follows from (Z.01]) that any Ergodic operator is Cesaro-
bounded. Clearly a power-bounded operator is Cesaro-bounded. However, both
implications are strict. Indeed, when an operator is power bounded or Ergodic we
have lim,, oo L [|T"z| =0, Vz € X, which fails for the Cesaro-bounded operator
(given by Assani [As]) T = -1 21 , with X = R? and = = (0,1) € R%

From the Mean Ergodic Theorem (see [Ki] or [E]), we deduce that for a power-
bounded operator 1" on a Banach space X, the Ergodicity of T is equivalent to the
weak Ergodicity of T, and in particular that for all z € X, {A,z},ecn has a weak
accumulation point. Since every norm-bounded set in a reflexive Banach space is
weakly relatively compact, the following theorem (of Yosida-Kakutani) follows (also
proved independently by E. Lorch; see [L] or [Ki], p. 73).

Theorem 2.2. Any power-bounded operator on a reflexive Banach space X is
Ergodic.

The reflexivity is necessary in this theorem as shown below.
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Example 2.3. Let X = C([0,1]) be the space of continuous functions on the
interval [0, 1] equipped with the norm ||f|| = sup |[f(z)|.

ze[0,1

Let M be the operator of multiplication defined for all f € X by
Mf(t)=t.f(t) forallte]0,1].

For any positive integer n we have M™f(t) = t".f(t), thus ||M™|| < 1. Therefore,
M is a power-bounded operator. On the other hand, for any continuous function
f € X and any real ¢t € [0,1) we have

2n—1

14nf ~ Asnflle = O] [ kZ nZ
(-

\f()l[ t) - (_ )}

2n 1-—1t
_ @ a2
2n 1-—1t

By replacing t by t, = 1 — %, and since lim,, o0 (t,)" = %, we get

1-1)2
Jim [Auf — Agfl > im0 g g e s B0y,

Hence, if f is chosen such that f(1) # 0, the sequence {A,, f}nen is not Cauchy in
X. Therefore the operator M is not Ergodic.

The next example shows that in Theorem 2.2, “Ergodic” cannot be replaced by
“Uniformly Ergodic”, even in a superreflexive space. Recall that a Banach space X
is superreflexive if any Banach space that is finitely representable in X is reflexive,
or equivalently if X has an equivalent uniformly convex norm.

Example 2.4. Let {\,}nen be a sequence of real numbers such that lim A, =1

n—oo

and |A,| < 1 for all n € N. Consider the multiplication operator defined on the
superreflexive space ¢5(N) by

T:(xn)neN — ()\nxn)neN-

It is clear that T is a contraction, and thus Ergodic (by Theorem 2.2)). Let A, =
1 ZZ;& T*, and let {e; };en be the canonical basis of £5(N). For any positive integers
n and 7, we have
1 1
< — .
5 M 11—

1
|Aneilly = Hno‘io A AT e

Thus, lim [|A,e;], =0 for all i € N. By equicontinuity, it follows that
lim [|Ayz], =0 V& e lr(N).

Assume now that 7" is Uniformly Ergodic. Then necessarily A,, converges uniformly
to 0. But, with A\,, =1 — % we get

11-(1—-25)" 1 1
hm |Anenlly = lim — M: lim1-(1—-=)"=1-—-#0.
n— n e

oo n l n—oo
n
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3. SUPER-ERGODIC OPERATORS

Since we cannot get a Uniformly Ergodic operator if we replace reflexive by
superreflexive in Theorem [2.2] it is natural to investigate the existence of operators
strictly stronger than Ergodic ones (and of course weaker than Uniformly Ergodic).
In this section, super-Ergodic operators are introduced, their relationships with all
previous operators are investigated, and examples are given to show that the results
are optimal. First, we needed to introduce a “super-property” (see [Hel).

For a Banach space X and an ultrafilter i/ on N, we denote by

e (*°(X) the Banach space of bounded sequences in X and C;(X) its subspace
of sequences {zy,}, such that lizgn |zn |l = 0.

o Xy = (°°(X)/Cy(X) the quotient space, called the U-ultrapower of X,
equipped with the canonical norm

IZ|| =U —lim||z,| for any {z,}n € T := {zn}n + Cu(X).

e Ty, is the ultrapower operator of T' defined on X, by

Ty (@) == {Tan}n +Cu(X) forany {x,}n € T := {zp}n + Cu(X).

Definition 3.1. An operator T on a Banach space X is super-Ergodic if for any
ultrafilter & on N, the operator Ty, is Ergodic on Xj,.

The following lemma simplifies the connection between the Cesaro-means and
the ultrapowers.

Lemma 3.2. The ultrapower of a Cesaro-mean is the Cesaro-mean of the ultra-
power (A)u = (Ay)n, noted AY.

Proof. For any T = (zp)pen + Cu(X) in Xy and any n € N, we have

n—1 n—1

(Au(®) = (-3 Tha,), 4 Cul(X) = — 3 [(T¥a,), + Cu(X)]
k:(:)l n—1 1 n—1 =
(A)"(@) = = D T@) = = 3 [(Tha,), + (). O
k=0 k=0

Clearly a super-Ergodic operator is Ergodic; Example B.3] below shows that this
implication is strict. But first recall that an operator T is stable if each of its
orbits Or(z) := {T"(x) : n € N} is relatively compact for every z € X, and T is
superstable if for any ultrafilter U on N, the ultrapower Ty, is stable on X, (see
72)).

Example 3.3. Let X = ¢1(N) and S be the left-shift operator on X. Let {e, }nen
be the canonical basis of X. This operator is clearly Ergodic since lim,,_, [|S™z|| =
0, Vx € X (it is even stable; see [Y2]). However, S is not super-Ergodic. Indeed,
let U be an ultrafilter on N, and AY the n'" Cesaro-mean of Sy. Let € € Xy, the
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class of (ex)ren. We have
HAZ;L{(E) - AZZ/tn(é)HXM =U - hlgl ||A7L(ek) - AQn(ek)HX

1n71 1 2n—1

=U —lim|— i~ 5o i

U 1l£an§ek+ o ;elﬁ_ 1
ln—l 12n—1

=U—lim | — i~ o i
1 1

— U —lim (— - -

u lin(Qn n+2n n)

=1.

So, {AY(€)}nen is not Cauchy, and thus S is not super-Ergodic.

Using this example and relationships between stable and superstable operators
given in [Y2], we have the following corollary.

Corollary 3.4. For any Banach space X, a stable operator is Ergodic, and a su-
perstable operator is super-Ergodic. However, if X contains a complemented (*(N),
then it has a stable but not super-Ergodic operator.

Since for any operator T, any ultrafilter / and any positive integer n, we have
171 < |IT™]|, it follows from Theorem [2.2] that:

Theorem 3.5. Any power-bounded operator on a superreflexive Banach space is
super-Ergodic.
It is without surprise that we have the following result.

Proposition 3.6. The uniform Ergodicity is a super-property.

Proof. Let T be a uniformly Ergodic operator on a Banach space X. Let U be an
ultrafilter on N. Note by {A,,},>1 and {AY%.},, the Cesaro-means associated with
T and Ty. By hypothesis, the sequence { A, },>1 converges in L(X) to an operator
noted A. Let AY be the ultrapower operator of A. Let Z = (z%)ken +Cuy(X) € Xy.

We have
H(A,L{ — Au)(:f)HXM =U - lilgn Az — Azl
Ut |4, — Al o
— Ay AU~ lim ]
< |[An — Al
Therefore ||AY — AY|| < ||A, — A||l. Thus, {A%},>1 norm-converges in L(Xy) to
the operator AY. In other terms, Ty, is uniformly Ergodic. O

Corollary 3.7. Any uniformly Ergodic operator is super-Ergodic.
Proof. Clearly because a uniformly Ergodic operator is Ergodic. O

Most of the results in this section are optimal. In Corollary B4l we saw a condi-
tion that shows that “super-Ergodic” is strictly stronger than “Ergodic”. Actually
it is the case even in a reflexive space as show in Example 3.8 below. In addition,
this example shows that Theorem fails in the absence of the superreflexivity.
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On the other hand, a super-Ergodic operator may not be superstable. In fact even
a uniformly Ergodic operator may not be stable even in a superreflexive space, as
shown in Example

Example 3.8. Let X = (P({); the ¢P-sum of the spaces £2°, n € N, where

n o

1 < p < oo. X is reflexive but not superreflexive. Let (ay)nen be a sequence
strictly increasing in [0,1) that converges to 1. For each positive integer n, let
Tn(&1, .y &n) = (@11, .oy &) € £:°. Consider

T:oy) — ),
(xn)nEN* — (Tnxn)nEN*-

T is a power-bounded operator since it is a contraction. Let
z =(1,...,1) e £,
Zm = (Zm.n)neny € LP(£2°)  with ¢ ™™ ( ) Jebm
Zmn = 0 ifn#m.

Let Z be the class of (Z,,)m in Xy for U a non-trivial ultrafilter on N. Let Ay
(resp. AY) be the N*" Cesaro-mean of T' (vesp. Ty;). We have

1 N-1
AN(Zm) = N Tk(Zm)
k=0
N—1
1
= N (Trlfzm,n)nGN
k=0
m* term
1 N—1
- N(O’ 0,3 (a0l 0, )
k=0
(00w (0T Iy L),
N'l—o 1—ao,
Therefore,
1 ]l/1=ad)? (1-ad)?
AN(Zm) = Aon (Zn) 1 = 5 || ( L m )|
With a choice of o, = 1 — %, we get for all m > N
1— OéN 2
1A (Z) ~ Ao (Z)| > LN
Since U is a non-trivial ultrafilter, it follows that for any N € N,
u u ; (1—-ay)?
[4%(2) = ASn (2)|| = U = Em | AN (Z) = Aon (Zin)]| 2 5
. u u (1 - 1)2 u
Therefore, 1\}1m 1A% (2)— AN (2)]] = Tﬁ >0. Thus the sequence {A%(2)}n

is not Cauchy, and M is not super-Ergodic.

Example 3.9. Let X = L2?(A,u), where A is an uncountable and closed subset
of the unit circle T such that 1 ¢ A and p is a diffuse measure with support A
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(u exists; see [Sc], 19.7.6 and 8.5.5). X is supereflexive. Define the operator of
multiplication M on X by

Mf(\) =Af(\) VfeX and VA€ A.

M is an isometry and thus a power-bounded operator, so M is super-Ergodic (The-
orem B3). On the other hand, the spectrum of M is o(M) = A. Thus, M is
uniformly Ergodic since 1 ¢ o(M) (by the Theorem on page 90 in [Ki]). But M
is not stable. Indeed, first M does not have any eigenvalue because p is a diffuse
measure. From the theorem of decomposition of Glicksberg-De Leeuw ([Ki] 2-4-4,
2-4-5) or [NR]), it follows that

X =X, ={z € X;0 is a weak-point of accumulation in Ops(x)}.

By Corollary 1.4 in [NR], it follows that M is stable if and only if X = {z €
X; lim ||M"z| = 0}, which means X = {0} since M is an isometry. Hence, M
n—oo

cannot be stable.

A natural question is to try to see if there is a general property of the space that
can place a strong limit on what sort of alternative relationships between those
operators might be true, thus eliminating not just one conjectured equivalence, but
many at one stroke. However, with the difficulty of the description of super-Ergodic
operators, this leads to an analogy with questions in Banach space theory concern-
ing the existence or the relationships between mathematical objects according to
the structure of the space of study. Translating these mathematical concepts to
families of sets, then examining their positions in the descriptive set hierarchy has
proved to be a productive approach (see [Y1] and [Y2]). Moreover, application of
descriptive set theory produces dichotomy theorems. Rosenthal’s ¢1-theorem in [R]
and a theorem from Gowers in [G] are examples of such a theorem. An example in
[Y2] is about the set of superstable operators, where it is shown that its complexity
is connected to whether the space has some kind of unconditional basis or whether
it is hereditarily indecomposable. It would be interesting to use similar techniques
for super-Ergodic operators (investigated in a future paper).
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