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SCALED-OSCILLATION AND REGULARITY

ZOLTAN M. BALOGH AND MARIANNA CSORNYEI

(Communicated by Juha M. Heinonen)

ABSTRACT. We give sufficient conditions for Sobolev and Lipschitz functions
in terms of their lower scaled-oscillation. The sharpness of these conditions is
shown by examples. Our examples also show that a Stepanov-type differentia-
bility theorem does not hold under the boundedness assumption of the lower
scaled-oscillation.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let (X,d, i) be a metric measure space and f : X — R a continuous function.
For x € X define the upper and lower scaled oscillation functions of f as

Ly () = limsup “Rden<r () = F(2)]

r—0 r

and
Supd(m,y)gr ‘f(y) - f(ZIJ)|

r
These functions were recently used by Keith [Kel], [Ke2] to give sufficient conditions
on X under which the Cheeger-Rademacher theorem of differentiability of Lipschitz
functions [C] holds.

Let us recall that if f is a Lipschitz function, then there exists a constant L > 0
such that [y < Ly < L. If X = Q C R™ we can apply the classical Rademacher dif-
ferentiability theorem according to which any Lipschitz function f is differentiable
for L™ a.e. x € ), and at the points of differentiability we have the equality

Li(x) = lf(z) =[V[(z)l.
A generalization of Rademacher’s theorem is Stepanov’s theorem, stating that the
previous conclusion also holds under the weaker assumption that L;(x) < oo for
L" ae. x € . A generalization of Stepanov’s theorem in the general setting of
metric measures spaces was recently obtained in [BRZ].
It is a natural question to study whether this differentiability result holds true
if we replace Ly by ly; namely under the condition lf(z) < oo for L™ a.e. x € .
In this paper we show that this is not the case, however the Sobolev and Lipschitz
functions can be described in terms of some stronger conditions on the lower scaled-
oscillation function [.
This research was motivated by results of Heinonen and Koskela [HK], Balogh
and Koskela [BK] and Kallunki and Koskela [KK1], where quasiconformal mappings

l(z) = llin_}glf

Received by the editors May 27, 2004 and, in revised form, April 3, 2005.
2000 Mathematics Subject Classification. Primary 26B35; Secondary 26B05.

(©2006 American Mathematical Society
2667

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2668 ZOLTAN M. BALOGH AND MARIANNA CSORNYEI

were characterized by certain similar liminf conditions. More recently Kallunki
and Koskela [KK2], [Ka] studied related questions for the more general class of
mappings of finite distortion. Furthermore, in [MRSY] Martio, Ryazanov, Srebro
and Yabukov studied general properties of space mappings of finite length distortion
which are mappings for which the two functions L and [; are finite and comparable
almost everywhere.

It turns out that it is possible to give sufficient conditions on the lower scaled-
oscillation function [y for f to belong to the Sobolev or Lipschitz class. In R" it is
in fact enough to assume that [¢(z) < oo outside an exceptional set E of o-finite
(n—1)-dimensional Hausdorff measure, combined with the condition that [ belongs
to an appropriate LP class. In more general Ahlfors regular metric spaces stronger
assumptions on the size of the exceptional sets are needed. These results appear
to be the right analogues of the corresponding results for quasiconformal mappings
[HK], [BK], [KKI] and are related to removability results for Sobolev spaces [Ko],
[KSTI.

The starting point of our investigation is the following variant of a theorem of
Banach.

Lemma 1.1. Let f : [0,1] — R be a continuous function such that l;(x) < oo for
x € [0,1]\ E, where the set E is at most countable. Then f is differentiable on a
set of positive Lebesgue measure.

Assume also that Iy € L'([0,1]). Then f is an absolutely continuous (AC)
function. In particular f is differentiable for L' a.e. x €[0,1] and

|f'(z)| = lf(z) for L' ae x€][0,1].
We use the above statement to prove the following higher-dimensional result.

Theorem 1.2. Let Q C R™ be a domain and f : Q@ — R a continuous function.
Assume that ly(x) < oo for x € Q\ E, where the exceptional set E has o-finite
(n — 1)-dimensional Hausdorff measure. Assume also that ly € LY (Q) for some
1<p<oo. Then f € Wl’p(Q). If, in addition p > n, we have

loc
ly(z) = Ly(z) = |Vf(z)| for L™ a.e z €.

Let us observe that the above statement complements a result of Koskela [Ko] on
removable sets for Sobolev spaces WP, To see this recall that E C € is removable
for the Sobolev space W1P(Q) if WLP(Q) = WLP(Q\ E) as sets. According to
[Kol, if 1 < p < n, then E C R""! is removable for W17 if E is a p-porous set. One
can see that Theorem implies the classical result that any (n — 1)-rectifiable set
E C Q is removable for continuous Sobolev functions.

Theorem is quite sharp. The following example shows that the integrability
condition [y € L' is crucial. Without this condition, even under the strong point-
wise assumption that l¢(x) < oo for all values of =, we cannot in general conclude
the a.e. differentiability.

Theorem 1.3. There exist a set A C [0,1] of positive Lebesgue measure and a
continuous function f : [0,1] — R such thatl;(x) < oo for allxz € [0,1], Iy € L*[0,1]
for all s <1 and f is not differentiable at any point of A.

Note that in view of Lemma [[.1] the set A in the above statement cannot be of
full measure.
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Let us also mention here that if the exceptional set E is empty, then Theorem
in the case p = oo becomes an exercise (solved, for example, by a covering
argument).

It is a natural question to ask how large the set FF can be and still have the
theorem remain true. The following example shows that the condition that E has
o-finite (n — 1)-dimensional Hausdorff measure cannot be replaced by asking E to
be of Lebesgue measure zero as in the case of Stepanov’s theorem.

Theorem 1.4. There exists a nowhere differentiable, continuous function f :
[0,1] — R such that l¢(x) =0 for L' a.e. x €[0,1].

To formulate corresponding results in the general metric space setting we recall
some basic notions from analysis in metric spaces. We refer to the recent book of
Heinonen [H] for more details on the subject. We consider a metric measure space
(X, d, ) where u is an Ahlfors Q-regular Borel measure for some @ > 0, i.e. there
exists a constant C > 1 such that for x € X and r < diamX we have

(1.1) % 9 < pu(B(x,r) < C-r9,

where B(z,r) stands for the metric ball with center x and radius r. For a family T
of rectifiable curves in X and p > 0 one defines the p-modulus Mod,(T') as

Mod,,(T') = inf/ oPdu,
X

where the infimum is taken over the family of all Borel functions ¢ : X — [0, o0]
for which f,y ods > 1 for each v € I'. A possible generalization of the notion of the
“gradient” from R™ to the general metric setting is the following concept. We say

that a Borel function g : X — [0, 00] is an upper gradient of the function u : X — R
if

(12) ule) ~ uly)] < [ g ds,
v

for each rectifiable curve 7 joining x and y in X. The function g is called a p-weak
upper gradient of u if (LZ) holds except for a family of curves with vanishing p-
modulus. A generalization of Sobolev spaces to the metric setting is the Newtonian
space N'P(X) (1 < p < o0) due to Shanmungalingan [Sh]. The space N1?(X)
consists of those LP(X) functions u : X — R which have a p-weak upper gradient
in LP(X).

Theorem 1.5. Let (X,d, ) be a Q-reqular metric-measure space and f : X — R
a continuous function. Assume that there exists a set E C X and an exponent
1<p<Q suchthatly € LP(X) andl¢(x) < oo forx € X\ E, where H?P(E) = 0.
Then it follows that f € N¥P(X).

In the above statement H®~P stands for the (Q — p)-dimensional Hausdorff
measure with respect to the metric d in X. Let us note that the statement in the
general setting is substantially weaker than the result in R™. This is due to the fact
that the Euclidean space has a fibration by lines parallel to the coordinate axes.

The paper has two sections: in the first one we give the proof of Lemma [[.T] and
Theorems and [[LB] and in the second section we present the constructions of
the examples stated in Theorems [[.3] and .4
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2. PROOF or THEOREMS AND

Proof of Lemma [Tl By theorems of Banach (see e.g. Theorem 1X.7.9 and IX.7.7
in [S]), if a continuous function f fulfils Luzin condition (N) on an interval, then
it is differentiable at the points of a set of positive measure. Furthermore, in
order that f be absolutely continuous on [0, 1], it is necessary and sufficient that f
simultaneously fulfils the Luzin condition (N) and the condition

(2.1) /P f'(z)dz < oo,

where P denotes the set of points at which f has a finite non-negative derivative.
(By definition, a function f fulfils the Luzin condition (N) if f(H) has measure zero
for every Lebesgue null set H C [0, 1].)

First we show that f fulfils condition (N): let E’ denote the set of points at which
Iy is finite. Since [0, 1]\ £’ is at most countable, it is enough to check that f fulfils
(N) on E’. But f fulfils condition (D) at each point of E’ (by definition, f fulfils
condition (D) at z if there is an N such that the set {y: |f(y) — f(z)| < N|y — z|}
has positive lower density at x; for x € E’ this is satisfied with N = 2{;(z)). By
Theorem IX.9.7 in [9], if a function f fulfils condition (D) at each point of a set £,
then it fulfils condition (N) on E’. This implies that f is differentiable on a set of
positive measure.

It is also immediate to see that if f is differentiable at a point x, then |f'(z)| =
lf(x). Therefore if Iy € L'([0,1]), then (2J) is satisfied and f is absolutely contin-
uous. g

Let us observe that in the above lemma the continuity assumption on f was
essential. Indeed, just consider a piecewise constant non-continuous function f
such that If(z) =0 for z € [0,1] \ {1/2}.

Proof of Theorem [[L2. According to Theorem 2.1.4 on p. 44 in [Z] it is enough to
check that f has the (ACL) property, i.e. it is absolutely continuous on almost
every line parallel to the coordinate axes, and that the partial derivatives satisfy

of ‘
oz, el () fori=1,...,n.
We shall only consider lines parallel to the z,-axis that are of the form { = + te, :

teR}.
Let ' C Q be a subdomain such that

d = dist(Q, 09) > 0.

Without loss of generality assume that Q' is the unit cube in R™; Q' = Q/ _; x [0, 1],
where 2/, is the unit cube in R"~!. It is easy to see that for L1 a.e. x € Q) _;
the one-variable function g, : t — f(x + te,) is absolutely continuous. Indeed, by
Fubini’s theorem Iy € LP([z,x +e,]) for a.e. 2 € ), _; and [z, z+e,]NE is at most
countable (see e.g. [V], p. 105). Since [y, (t) < l¢(z + te,), by applying Lemma [Tl
it follows that g, is (AC) for a.e. z € Q0

n—1*
Using the fact that for a.e. x € Q,_; and £ a.e. t € [0, 1] we have
of /
[ (o ten)| = g ()] = Lo, (8) < Uy (o + tea),
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and by applying Fubini’s theorem it follows that

o
/QI%(:E)I” dx S/ng(x) dr |

finishing the proof of the first statement. The second statement follows from the
fact that for p > n functions in WP are differentiable almost everywhere. O

Proof of Theorem [LEl It is a well-known fact (see [H], p. 55) that if f is a Lipschitz
function, then [ is an upper gradient for f. Our proof generalizes this as we check
that [ is a weak upper gradient of f.

Let I'p denote the family of all rectifiable curves that meet E. It is enough to
prove that if H9~P(E) = 0, then Mod,(I'g) = 0. Indeed, we can apply Lemma
[Tl for any curve v € 'y for which Iy oy € LP, and, by definition, {; € L?(X)
implies that [y oy is in LP for all rectifiable curves «y except for a family of curves
of vanishing p-modulus. Let I'}, denote those curves in I'z whose length is at least
1/k. We prove that Mod,(I'5) = 0.

Let ¢ > 0 be arbitrary, and let {B;};,c;r be a countable system of balls B; =
B(x;,r;) whose union covers I and for which ), ripr < e and r; < 1/k for each
i. We choose a subset of indices J C I such that | ;e 9B; covers I/ and the balls
Bj, j € J, are pairwise disjoint. Let

Q:Z%'XﬁBj-

jeJ ' J

Notice that, if a curve v meets £, then it meets at least one of the balls 55;,
and if v has length at least 1/k > r;, then it meets 68; in a curve of length at least
rj. Hence for any v € Ik f,y ods > max; %Hl(fy N6B;) > 1, and therefore

J

p p
1 1
Modp(F’}%)S/ gpdu:/ > Xen, duéK/ > oxp, | dp
X X \Ges 'y X \jes'J

The last inequality holds for any doubling measure space with a constant K that
depends only on the measure u (see e.g. [H], p. 13).

Since the balls B; are disjoint, by the @Q-regularity of u the right-hand side is
estimated as

1 -
K- ) - u(B) <KC:Y 1,977 <KCle.
jeJ J jeJ
This finishes the proof. U

If the exceptional set F is at most countable, the result of Theorem remains
true for p > Q. If in addition the space (X,d, p) satisfies a p-Poincaré inequality,
then we can conclude (cf. [Sh], [BRZ]) that f is (1 — p/Q)-Holder continuous and
u a.e. differentiable in the sense of Cheeger.

3. PROOFS OF THEOREMS [[.3] AND [I4]

The construction of the examples stated in Theorems [[.3] and [[.4] is based on an
iterative argument whose building-block is the following simple geometric observa-
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tion: For a given rectangle R = [z1,22] X [y1,%2] C [0,1]> and 0 < & < =t <12
let
T3 =23 — e(y2 — y1);
ys =y +e(z3 —x1)/2;
Yo =y2 —e(r3 —21)/2;
ys = (1/2 —/2)y1 + (1/2 + q2/2)yo;
Yo = (1/2+¢/2)yr + (1/2 — ¢/2)ya.
Let Th r,e, T2, R, I5,r,c and Ty g . denote the triangles with vertices

T1+x3

(x1,91), (3, 91), ( 2 1 Y3);
(333’ yl)? (%7 y5)a (1‘2, y2);
(z1,y2), (23, y2), (B2 4);
(333’ y2)7 (Iagm ) yﬁ)a (1‘2, yl)
respectively. An easy computation shows that for every function f : [0,1] — R for
which the graph of f‘[xhzz] lies either in 71 rc UTo g or in T3 g U Ty g there
holds

)

supjy <, [F ()~ F(@)|

= <efor x € (x1,23) and r = min(z3 — x, 2 — x1);
SUPg<y—a<r [f(Y)—f ()

)

) m ‘gsfor:v:xl and for every r < x3 — x1;
i) SUP_,<y—a<o [f(¥)—f(2)]

)

)

- < ¢ for x = x3 and for every r < x3 — x1;
fW)=f@)| - y2—u
ly—=z] = z2—m3
% > 2 —¢/2 for © = 5 and for every y € [x1, z3);
N f @)= f(@)] - 1/2—¢/2
V) N 2 a2 T e

= 1/e for z = z3 and for every y € [x3, z3];

> 2% for x = x5 and for every y € [z3, z2].

Therefore, if for a given continuous function f : [0,1] — R and for a given point
x € [0,1] one can find arbitrarily small values € > 0 and arbitrarily small rectangles
R = [z1, z2] X [y1,y2] with e < ﬁ < 1/2, such that « € (x1,x2) and the graph of
fliz1 20 lies either in Ty g . UTy g or in T3 g UTy R, then f is not differentiable
at . Moreover, from (i)-(vi) we can conclude the following:

Claim. Let f :[0,1] — R be a continuous function and x € [0, 1].

(a) If there exist arbitrarily small values € > 0 and arbitrarily small rectangles
R = [z1,22] X [y1,y2] with e < ﬁ < 1/2, such that = € (x1, z3) and such
that the graph of f|j;, 4,1 lies either in Ty g UTs g or in T3 g e UTy R,
then l¢(z) =0 and Ly(x) > 2.

(b) If there exist arbitrarily small values € > 0 and arbitrarily small rectangles
R = [z1, m2] X [y1,y2] with e < 7225 < 1/2, such that z € [23, 23] and such
that the graph of f|j;, 4,] lies either in Ty g UTs g or in T3 g e UTy R,
then Ly(x) = oo.

(c) If there exist an € > 0 and a rectangle R = [z1,22] X [y1,y2] with ¢ <
ﬁ < 1/2, such that the graph of fl;, 4, lies either in 11 g . UTy g or
in T3 re UT4 R, then

(c1) limsup, ,, o+ \%| <g

(c2) limsup,_,. _.o- |%| <e<l<l1/e

< limsup, . o+ |%"

(c3) limsup, ., _.o- |W| > 1/2e.
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Indeed, (a) follows from (i) and (v), (b) follows from (iv), (c1) follows from (ii),
(c2) follows from (iii) and (iv), and finally (c3) follows from (vi).

Our strategy of constructing a function f as stated in Theorems [[3] [[4] is as
follows. By induction for any m € N and sequence of integers n = (n1,na,...,nm)
we define triangles T,, C [0, 1] with vertices (a,,a?), (bn, %), (ca,cl), where a, <

¢n, < by,. We will choose the triangles T}, in such a way that for every n and integer

k:
(0) To D Taws
(1) diamT;, < 1/m;
D <apk <bpr < apptr <bpptr <0

I
(IV) limg—— oo Tn i = (ap, a*ﬂ) and limg_ o0 T e = (bn, b;);

(V) if bk = apn k+1, then bk = G jor1-

To a sequence of triangles as above we associate a function defined as follows.
Set

f(aﬂ7k> = a;,kv f(bﬂ7k> = b;,k

for each k, and extend f to the intervals [by i, an k+1] linearly. On the intervals
[@n K, b k] We require

graph f|[aﬂ,k7bﬂ,k] C Tn k-
Since in the mth step by (II) diam 7,, < 1/m — 0 as m — oo, and since by (I)

T,, O Ty, the function f is well defined on the whole interval [0,1]. One checks
easily that it is also continuous.

Proof of Theorem [L4. The proof is based on a special choice of a sequence of tri-
angles that are related to the rectangles described at the beginning of this section.

Let Ty be the triangle with vertices (0,0),(1/2,0),(1,1). If for some m € N
and n = (ny,ng,...,Ny,) the triangle T,, has been defined, then we choose points
(tg,ux) for every integer k such that

(A) 0< 3m(tk+1 — tk) = \u;H_l — uk| < 1/2m;
(B) [tk, tk+1] X [min(uk, uk;Jrl), max(uk, uk;Jrl)] C Tﬂ;
(C) limp—, oo (tr, ur) = (an,ay,) and limg oo (tg, ux) = (by, by,).

Let Ry = [tk, tk+1] X [min(uk, ugps1), max(ug, uk4+1)] and e = Then

_ 1
3(m3+1)"
ter1 — Tk 1

=-—<1/2.

0<e< =
[ug+1 —uk|  3m

We define Tﬂ)gk = Tl,Rk,a and T@72k+1 = T2,Rk,s if ug < Uk+-1, and Tﬂ72]c = TB,Rk,s
and T}, ok4+1 = Tu R, if ur > upg1. This choice of triangles satisfies (I)-(V) and
hence it defines a continuous function f.

From part (a) of our Claim it follows that {y(«) = 0 at each point z for which
(z, f(x)) is covered by the interior of infinitely many triangles of the form T, of.
On the other hand

2

3m(t —1
M<(tk+1—t1¢)/m,

bp2k+1 — Qn2k+1 = E|Up41 — Uk| =
n,2k+ n,2k+ | + | 3m3 + 1

hence

L{a: (@ f@) g U Taad) <1/m’

nezZ™ ke
Therefore I¢(x) = 0 for £L! a.e. x.
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From parts (a)-(c) of our Claim it also follows that f is not differentiable any-
where. To see this notice that every point « € [0, 1] is included in a nested sequence
of infinitely many triangles for which one of the cases (a), (b) or (¢) from our claim
holds. In case (a) we have lf(z) = 0 < 2 < Lg(x), in case (b) we know that
L¢(xz) = oo, and in case (c) the absolute value of one of the two one-sided deriva-
tives of f at x is zero and the other is infinite. O

Proof of Theorem [L3l We proceed similarly as in the proof of Theorem [[L4l First
we define Tj, and if for some n the triangle 7,, has been defined, then we choose
tr, up that satisfy (A)-(C), and we define Ry and e the same way as before. But
then we choose the triangles T}, . differently: let T, 1. = T1 g, ¢ if up < ur41 and let
Tnk = T3 R, e if up > ur1. We claim that the function f defined by this system
of triangles satisfies Theorem [I.31

Let A be the set of those points which are covered by infinitely many triangles
of our construction. Since

by ke = (th1—tr) =€l —tur| = (tes1—tr) (1—3me) > (toy1—tr)(1—1/m?),

the measure of A is greater than [[~_,(1 —1/m?) > 0.
By (a) of our Claim we know that I;(x) = 0 at each point of A, and that f is not
differentiable at these points. We need to check that [¢(z) < co at every z ¢ A.
This is also immediate, since these points are either on a piece where f is linear,
or they are the endpoints of such a piece. At the endpoints on one side the function
is linear and on the other side

for z = a,, it follows from (cl) that limsup,_, o+ |f( ’3)| <e;
for z = b, it follows from (c2) that limsup,_,_,o- |f y) f ””)| <e.

By choosing a sequence ¢, that goes to zero sufficiently fast and by choosing
€ = &, in the mth step, the above construction gives a continuous function f for
which Iy € (., L*([0,1]). We leave the details to the reader. O
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