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REGULARIZED PRODUCT EXPRESSIONS
OF HIGHER RIEMANN ZETA FUNCTIONS

TETSUYA MOMOTANI

(Communicated by Wen-Ching Winnie Li)

ABSTRACT. As a generalization of recent work by Kurokawa, Matsuda, and
Wakayama (2004) we introduce a higher Riemann zeta function for an abstract
sequence. Then we explicitly determine its regularized product expression.

1. INTRODUCTION

It is known ([De]) that the Riemann zeta function ((s) = [, rme(1 —P7%) 7"
has the regularized product expression

TT (52) =271 2(2m) 20 /255 — P(2)C(),

2w
PER

where R is the set of the non-trivial zeros of {(s), and T'(s) is the classical gamma
function.

On the other hand, a higher Riemann zeta function (joo(s) := [[0—, ¢(s + In)
has been introduced and studied in the paper [CL] for | = 1, [KMW] for [ € Z>;.
We now consider a generalized higher Riemann zeta function. Let A = {A\;}rer be
a sequence of complex numbers. Then we define a higher Riemann zeta function
for the sequence A by

Zs, ) =] T[] a-p =M =] cG+N.

AEA p:prime AEA

In this paper, we study several properties of the higher Riemann zeta function.
For a “regularizable” sequence A, we see that Z(s, A) has the regularized product
expression

A —
H (y) = “ gamma factor 7 x Z(s, A).
AEA, pER &

Here Jo[ denotes the “dotted” regularized product due to [KW3].
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2542 TETSUYA MOMOTANI

Further, when A is given by a lattice Q := {njwi + --- + nywyn; € Z>o}, we
show that the higher Riemann zeta function

P R —

ni, - ,n-=0 p:prime

satisfies a certain functional equation of the type s < 1 4+w; + -+ w, —s. We
remark that the form of Z(s, ) looks like the Selberg zeta function (when r = 1)
defined for a discrete subgroup of a real rank 1 semi-simple Lie group (cf. [Go]
[Ku2]).

2. NOTATION

2.1. Regularized product. Let A = {\}xrcs be a sequence of complex numbers.
We call the sequence A “regularizable” if A satisfies the following conditions: (i)
Re(Ar) > Oforallk € I, and Re(\r) — ocoask — oo. (ii) Theseries 37, oy, 2o Ay°
converges for sufficiently large Re(s). (iii) The function ©(z, A) := Y, ., e~ *** has
an asymptotic expansion

Oz, A) ~ Z 2T, (logz) asx — +0,
n=0

where tg <0, tg <t <ty < --- — +00, and T, (z) € Clz] is a polynomial.
For a regularizable sequence, we can define the regularized product as follows.

Lemma 2.1 ([}, [KW3]). Assume that the sequence A = {A\, }rer is reqularizable.
Then, (1) for Re(z) > 0, the function

((s,2,A) =) (z+ M)~

kel

has an analytic continuation as a meromorphic function on s € C. (2) The “dotted”
regularized product

C(s,z7A)}

S

H(z + A;) :=exp { - ngo
kel a

exists, and this is an entire function on z € C with zeros at z = —\, (k € I). Here
CTs=o f(s) denotes the constant term in the Laurent expansion of f(s) at s = 0.

We remark that the dotted regularized product [, . I. ne J(z+am +by) exists if
{am}mer and {b, },cs are regularizable sequences. This follows at once from the
relation ©(x, {am, + by }tmer, nes) = O(x, {amtmer) X O(z, {bn}nes)-

2.2. Multiple gamma function and multiple sine function. Let w =
(w1, ,wy), where w; € C, Re(w;) > 0, and Q := {njw1 + -+ + nywr|n; € Z>o}.
We fix Re(z) > 0. Then the multiple zeta function of Barnes (|[Ba)) is defined by

o0

C(s,2,w) :=((s,2,02) = Z (z4+nwr + -+ npwp) "0

ny, =0

This sum converges absolutely for Re(s) > r. It is seen that the sequence € is
regularizable, and (s, z,w) has a meromorphic continuation to s € C. Further, for
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HIGHER RIEMANN ZETA FUNCTIONS 2543

m € Zx>o, it is known that
(=1)™-m! Bpyr(z,w)
(m+nr)!

Here B,,(z,w) is the multiple Bernoulli polynomials given by

C(_ma Z, OJ) =

Py oo

x"e” B B,(z,w) ,
(1—ew17)... (1 —ewro) Z nt

n=0

for |z| < mini<j<, [27/w;|. We remark that ((s) = ((s, 1, (1)) is the Riemann zeta
function and ¢(—m) = (=1)"By4+1/(m + 1), where B,,, = By,,(1,(1)) is the usual
Bernoulli number.

Now we define the multiple gamma function I'(z,w) and the multiple sine func-
tion S(z,w) by using the regularized product as follows ([Kull):

d (o)
I'(z,w) :=exp {g((s,z,w) 570} = H (z+mwi + - +nw,) L,
- ni, - ,ne=0

S(z,w) =T(z,w) ' T(wy + 4w — 2z,w) V",
It is seen that these functions satisfy the conditions
D(z, (w1, wr—1,wp) =Tz, (w1, ywe1)) - Tz + wp, (W1, wWe1,w1)),
S(z, (Wi, ywr—1,wr)) = S(z, (W1, ywr—1)) - Sz 4+ wp, (W1, Wr—1,wy)).

We also note that T'(z, (1)) = (2m) "2 T'(2) and S(z, (1)) = 2sin(rz).

3. HIGHER RIEMANN ZETA FUNCTION

3.1. Definition and analytic continuation. First of all, we introduce a higher
Riemann zeta function as follows.

Definition 3.1. Define a higher Riemann zeta function for A = {A\;}72 , by
Z(s, M) = Z(s, {0diz0) == [ s+ a0 =TT TI a—p Gt
k=0 k=0 p:prime
To show the absolute convergence of Z(s, A), we prepare the following lemma.

Lemma 3.2. Fiz a positive number x > 2. If the sequence A = {\,}72, satisfies
(i) 0 < Re(Ao) < Re(M) < -+ — oo, and (ii) the sum D yc; y 20N~ converges
absolutely for large Re(s), then we have

|Zgg*/\k| ¢ pRe(X) forallj >0.

k=j
Proof. We observe that

o0 o0
| Zaf)\kw :|a:7)‘j . fo(M*Aj”
k=j k=j

<g~Re(N) . Z 9—(Re(Ax)—Re(};))
k=j

Under condition (ii), the sum of the second factor is bounded. ]
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2544 TETSUYA MOMOTANI

Theorem 3.3. Assume that the sequence A = {\;}72, satisfies conditions (i)
and (ii) in the previous lemma. Then Z(s,A) is defined for Re(s) > 1 — Re(Ao).
Moreover Z(s,A) has an analytic continuation as a meromorphic function on s € C.

Proof. We see from the lemma that

‘ Z Zp—(s+xk)| < Zp—Re(s) Re(Xo)

k=0 p

The right side converges in Re(s) > 1 — Re()\o). Hence Z(s,A) is holomorphic on
this domain. Further, we have

i1
Z(s,{ e }iZo) H Cls+ k) - H Cls+ M) =[] Cls+ M) x Z(s, {0 }32))

k=0
for any j. From the previous lemma, we see that the second factor is now defined
for Re(s) > 1 —Re();). This provides a meromorphic continuation to C. O

We remark that the higher Riemann zeta function has the Dirichlet series ex-
pression Z(s,A) =372 ga(n)n~*, where

ga) = > om0 engMeng?e

no-Mnip-Ng-=n
no>1, n1>1

From this expression, we see that gA(n) is multiplicative and Z(s,A) has the Euler
product

Z(s,0) = ] Z 9(p s forRe(s) > 1= Re(ho).

p:prime m=0

Moreover, using the Tauberian theorem (cf. [Mul), we obtain the behavior of gx(n)

as follows.
Corollary 3.4. If A = {\;}32, satisfies (i) and (ii), and 0 < Ao =--- = Ag_1 <
Ak < -+, then we have

Z ga(n) = (ca + 0(1))951_’\0 Jogh as T — 00,

n<x
where cp 1S a constant which is given by

1 . K 1 0
CA = mélllIEAo(s—1+A0) Z(S7A)— mZ(l-AO,{)\k}kZK). I:l

3.2. Regularized product expression. We first recall the regularized product
expression of the Riemann zeta function.

Lemma 3.5 ([De]). For Re(z) > 1 and Re(s) > 1, we have

(3.1) dle=p) =2+ (z-1)" =) (z+2n)"
pER n=0
R S

k 0 p: prime

where R denotes the set of the non-trivial zeros of the Riemann zeta function. U
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HIGHER RIEMANN ZETA FUNCTIONS 2545

This relation follows by applying Weil’s explicit formula. For a proof, see [De].
From the lemma we see that the function }_ (2 — p)~* has a meromorphic con-
tinuation to s € C and the Riemann zeta function has the regularized product
expression

H(s;ﬂp):i.sfl [_I s+2n C(S)

PER

Further, using properties of the Hurwitz zeta function and the gamma function, we
have

s—p —1 - - i
g<%)2 /2 (2m) 2 s(s = 1) - 72 D(5) - C(s):

We remark that this function is invariant under s < 1 — s.
Next we describe the regularized product expression of the higher Riemann zeta
function as follows.

Theorem 3.6. Let A be a reqularizable sequence. Then the higher Riemann zeta
function Z(s, ) has the following regularized product expression:

sz CS=HEGA HEGS

AEA, pER AEA AeA
At2n, -
I G2 2600).
2m
AEA, n>0

Proof. From (&), we see that

DD EH =) TT=D) AN (A1) Zi(z+>\+2n)*s

AEA pER AEA AEA AeA n=0

_—ZZZ anr/\ logp) 1’

)\EAn 1 p

for Re(z) > 1 and large Re(s). We observe that the right-hand side is now mero-
morphic for any s € C. Therefore the dotted product [, {(z+ A\ —p)/27} exists.
Further we obtain the equation ([B:2)) by using the relation

2 1 n\S—
log Z(z,A)= ZZZWWM) SOS{ m) ZZZ n?zgfm ") 1}.

AEA p n=1 AeEAn=1 p

This completes the proof. (I

3.3. Semi-lattice and functional equation. Let Q := {nwi +--- + n,w;|n; €
Z>o} with Re(w;) > 0. Then it is seen that  is a regularizable sequence. Now, we
consider the higher Riemann zeta function for the semi-lattice (2.

Definition 3.7. Define the higher Riemann zeta function of the weight w =
(w1 - wr) by

Z(s,w) = Z(5,Q) = H H — p~(sFmwrtednrwr)y =1

- ,nr=0 p:prime
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2546 TETSUYA MOMOTANI

We see that this product absolutely for Re(s) > 1 and Z(s,w) has an analytic
continuation as a meromorphic function on s € C. Obviously, this is invariant
under the arrangement of w;’s.

Proposition 3.8. The higher Riemann zeta function Z(s,w) defined for Re(s) > 1
has a meromorphic continuation to the whole complex plane and satisfies

(3.3)
Z(S, (wl,' o ;wr—lawr)) = Z(S, (wl,' o ;wr—l)) . Z(S + wr, (wlv T ;wr—l,wr))v

Z(s,w)x [ Zst w4t wn,w) D =((s).

1<ki<--<k;<r
1<5<r

Proof. We observe that

Z(sa(wh" : 7"‘)’1“717(“}7‘)) = H Z(s+nwra (wla' o 7“4“71))

n=0

= Z(Sa (wla' o 7w7‘71)) : ZZ(5+nwr +wr7(w17"' ;wrfl))

n=0
=2Z(s, (w1, ywr—1)) - Z(s + wyr, (W1, ywp_1,ws)).
Thus the relation (B3] holds. By using (83) repeatedly, we have
((s) = Z(s, () - Z(s +wr, (1)) 7
= Z(s, (w1,w2)) Z(s 4 wa, (w1, ws))
- Z(s 4 wi, (w1, w2)) " Z(s 4 wi + wa, (wi,ws))
=...=Z(s,w) x H Z(5+Wk1+"'+wkj,w)(_1)j.

1§k1<"'<k‘j§'f“
1<j<r

This completes the proof. O
Next we show the regularized product expression of Z(s,w) as follows.

Theorem 3.9. We have
H 8+n1w1+---+nrwr—p)
21

_ exp{(— Br(;!? w) Br(s;! L,w) n Br+1(5a((ff11,)'!" ;Wr))) log(27r)}

xT(s,w) 1 T(s—1,w) ™' -T(s, (2,wr, - ,w,)) - Z(s,w).

Here B, (s,w) is the multiple Bernoulli polynomial and T'(s,w) is the multiple
gamma function.

Proof. We note that

oo

H (z—i—nlwl—l—---—i—ner)
2m

ni, e ,ne=0

o0
— (QW)—C(O,z,w) H (z Fnjwy + -+ nrwr).

Ny, ,ne=0

Then, the result follows from Theorem 3.6. ([l
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From this theorem, we see that the function

. . B.(s,w) Br(s—1,w) Bryi1(s, (2w, - ,w;))
(s, w) =exp { ( o 7! + (r+1)! ) 10g(27r)}
XF(va)il ’ F(S - 13“"’)71 ’ F(Sa (27W1a U awr)) ’ Z(Sa"‘")
is an entire function of order r + 1 with zeros at s = p —njw; — - - - — nyw,.. Further

Z(s,w) satisfies the relation

Z(Sv(wlv"' aw'rflaw'r)) = Z(Sv(wlv"' ;wrfl)) 'Z(5+wr7(w17"' ;W'rflvwr))-

Finally, we give the functional equation of the higher Riemann zeta function
Z(s,w) as follows.

Theorem 3.10. Define the function A(s,w) by
A(s,w) == Z(s,w) - Z(1 +wy + - + w, — s,w)(*l)TH.
Then we have
(3.4)
A(sy (wry e ywr—1,wr)) = A(s, (w1, ywe—1)) - Als + wpy (w1, wr—1, wr)).
Moreover, A(s,w) satisfies the functional equation

(3.5) A(s,w) X H Als+wg, +---+ ij,w)(*l)-j 1

1<k <---<k;j<r
1<5<r

Proof. We observe (83) and
ZA 4w+ +wp1+wp — 8, (Wi, Fwp_1,wy))
_Z(l tw + o FweorFw— (stw), (Wi, Fwro1,wp))
B Z(1+w1+~~~+wr_1fs,(w1,~~~,wr_l)) .
Then the equation ([B4]) follows immediately.
Next, using (4] repeatedly, we have

A(s,w) x H A(s + wg, +~-~+wkj,w)(_1)j ={(s)- {1 —s)"t =1,

1§k1<"'<k‘j§7‘

1<j<r
where
x s—=p — — —s S
) =] (F5) =272 @m) 2 s(s = 1)/ T(5) - ¢(5)
PER
Hence the theorem follows. O
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